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ABSTRACT: This study investigates the nondimensional buckling behavior of a functionally graded
material (FGM) sandwich nanoplate. The analysis consider variations in material gradation
parameter, length ratio, thickness ratio, incline angle, nonlocal parameter and size parameter. Higher-
order shear deformation theory (HSDT), Nonlocal strain gradient theory (NSGT), Hamilton's
principle, and the Navier solution with simply supported boundary conditions are employed to derive
and solve the governing equations of motion. The effects of nonlocal elasticity, strain gradient
elasticity, dimension change of the core layer on the thermomechanical buckling behavior of the
sandwich nanoplate have been examined in a broad framework. It is observed that the thickness ratio
and incline angle in the core layer are effective on the thermomechanical buckling behavior of the
sandwich nanoplate whereas length ratio change has a neglectable results. Material gradation
parameter changes buckling behavior significantly. The research provides critical conclusions for the
design of FG nanoplates in advanced thermal and mechanical applications, emphasizing the
adjustability of buckling behavior via material and structural modifications.
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1. INTRODUCTION

FGMs are abundantly studied by researchers for their significant and unique resistance to
environmental conditions. FGMs are researched in many different structure types such as plate, beam,
hollow pipe, sphere or as shell to these specific structure types (Abuteir and Boutagouga, 2022; Akgoz
and Civalek, 2014; Chen et al., 2022; Ozalp and Esen, 2025). These models are used as helpful for
the production of dental applications, space technology, smart nanoelectromechanical systems,
nanosensors, and invisibility technology.

FGMs are not just produced as one material as they are produced of generally metal and ceramic
materials in terms of different volumes along the thickness. This characteristic of FGMs features a
distinct and specific response to environmental conditions compared to composites. Also FGMs can
be used with different structure types such as a plate with pure metal foam core between two FGM
surface layers (Al-Walily et al., 2022). Additionally, honeycomb can be used instead of foam core and
supply different results for different conditions.

Because of its cellular design, honeycomb structures have special mechanical qualities that
enable effective distribution of load and energy absorption. Geometric setup, material anisotropy, and
temperature fluctuations all affect these structures' thermal buckling response. For instance, the angle
parameter of honeycomb cell will have the largest load capacity. This can be seen in the nanobeam's
lowest level of displacement and its highest level of critical buckling stress. Different results are
obtained with auxetic honeycomb structures compared to materials with positive Poisson's ratios.
These structures have variable stiffness and negative Poisson's ratios, which are affected by their
geometric features (Van Lieu et al., 2024).

FGMs are made with different properties that can be changed to lower stress levels and make
them more resistant to heat. A lot of research has been conducted on the thermal buckling of
cylindrical shells with FGM coatings. This studies show how defective cylinder shells react to thermal
stress (Dang et al., 2024; Wang et al., 2016). The results show that the difference in the material's
properties has a big effect on the critical buckling temperature. This shows that FGMs can make
honeycomb structures more resistant to heat. The addition of auxetic materials to honeycomb
constructions is very helpful in situations where high energy absorption and structural resilience are
needed.

One important feature of honeycomb structures is how they change when they are hit.
Experiments are conducted to assess the damage patterns that happen when high-speed impact hit
honeycomb sandwich structures with FGM face plates (Arslan and Gunes, 2018). The test results
showed that changing the FGM face plates' material makeup changed the types of damage they could
take, how much energy they could absorb, and how well they could withstand impacts. There was
also energy absorption from the honeycomb core through plastic buckling of the cell walls and lateral
crushing deformations.

Spaceship bus designs should make designs more flexible and lighter without sacrificing
functionality. To keep the needed rigidity while minimizing mass, a spacecraft structure needs to be
very efficient. Because they are light, stiff, and strong in bending, honeycomb sandwich shapes are
being used more and more in industry (Boudjemai et al., 2013).

Modern computing methods, like finite element analysis (FEA), have led to more about how
honeycomb FGM plates react to temperature changes. The study of how new re-entrant circular
auxetic honeycombs react to dynamic crushing shows how accurate numerical models can be at
predicting what complex structures will behave under different loading conditions. Results show that
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design factors might make honeycomb-FGM structures work better in terms of heat and force (Qi et
al., 2022).

Biological tissues, including bone, wood, and sponge, demonstrate hierarchical cellular
structures that are lightweight and exhibit enhanced energy absorption properties. A study on bio-
inspired hierarchical honeycombs demonstrates the ability of these materials to exhibit improved
reliability and energy absorption characteristics (Yin et al., 2018). Plates also can be utilized in many
areas at nanoscale such as nanocardboard could be used as a structural element for scanning probe
cantilevers, microflyer or interstellar lightsail wings, and other microscopic and macroscopic systems
(Lin etal., 2018)

Mentioned literature reveals that the examination of FG surface plates with honeycomb core
sandwich structures affected by temperature forms a relatively unexplored research area. Recent
studies have concentrated on these structures because of the remarkable mechanical and thermal
properties associated with honeycomb configurations. Honeycomb structures, due to their
metamaterial characteristics, have the potential for novel applications in various fields. This study
examines the thermomechanical buckling properties of composite nanoplates, consisting of a
honeycomb core layer and FG metal/ceramic surface layers. This research provides a comprehensive
analysis of the thermomechanical buckling response of sandwich nanoplates, with findings presented
in detail. The investigation's results demonstrated that the buckling response of the sandwich
nanoplate can be substantially altered to meet defined conditions and requirements. The findings of
this study will contribute to important application areas, such as aerospace and submarine vehicles,
which need protection against ultrasonic and mechanical waves in both standard and high temperature
conditions. The results obtained are expected to be relevant for radar stealth applications and for the
protection of nanoelectromechanical systems operating in high noise and vibration environments.

2. FG NANOPLATE SANDWICH STRUCTURE

Figure 1 presents a schematic representation of the sandwich nanoplate under investigation,
while Figure 2 depicts core layer structure comprised of honeycomb. The sandwich structure consists
of a honeycomb core layer (Ti-6Al-4V) between top and bottom FGM layers (Ti-6Al-4V; Al>Og).
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Figure 1. (a) Top and bottom FGM plates with honeycomb core (b) SSSS plate boundary conditions
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Figure 2. Honeycomb core layer and dimension symbols

2.1 Core Layer
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Gibson formula (Gibson, 2003) is used to find the properties of honeycomb layer changing with

structural dimensions as follows:
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Gij ik jk » Vij, Eiz jj and p denote Shear moduli, Poisson's ratio, Elastic modulus, and density,
respectively, for the hexagonal core. i denotes the thermal conductivity coefficient while « is thermal
expansion coefficient. Coefficient subscript ¢ stands for the honeycomb material (eg., E. as Elastic
moduli). For other honeycomb coefficients, a., b.., and t. denote inclined lengths, vertical length and
thickness of the cell rib respectively, while 8 represents the inclination degree. {; denotes length ratio
and {5 represents thickness ratio (Figure 1, 2).
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2.2 FGM Face Layers
Numerous distribution functions have been proposed in the literature for the simulation of FGM
structures (Touloukian, 1967). This research examines the applied Voigt model (Markworth et al.,
1995).

Top layer:
z 1\?
P = [P — Rt B, Vo= (345),  VetVp=1, (13a)
h, <z < hg

Bottom layer:

z 1\
P) =[P =Bl + B Vo= (345) Vet V=1, (130)
hy <z<h

Each layer can have a different P(z) which symbolizes effective material parameter and it
changes along the z-direction. P¢ stands for the properties of ceramic constituent and Pm denotes metal
property characteristics. The volume fraction of the ceramic material is represented by V¢ and Vm
correspond to ceramic and metal material, also the power distribution, denoted as p, ranges from zero
to infinity. In the condition of p=co, the layer completely contains metal, but at p=0, it purely contains
ceramic (Equation 13a, 13b). From h, to h; are the boundaries of bottom plate thickness and from
h, to hs is defined as top plate thickness boundaries. For the core plate thickness boundaries range
from h, to h,.

The calculation of temperature dependent material coefficients can be conducted using a
nonlinear temperature function (Table 1), as accounting for the temperature effect is crucial for
precise predictions of the structure's behavior (Markworth et al., 1995).

Py =Py (P_iT™+ 1+ P,T + P,T? + P;T3) (14)

The characteristics of each material are determined by its P; (i=0,1,2,3) values, corresponding
to various temperature ( T ) values.

2.3 The Temperature Effect
To find uniform, linear and nonlinear temperature rise in the equation, FG nanoplate
temperature is raised to its final temperature in the condition of initial temperature is To=300K and
plate is stress-free.

AT =T —T, (15)
Based on the assumption that the temperature increases linearly (LTR) from Tt to Ty across the
thicknesses, the temperature of a horizontal surface that extends in the z-axis with the temperatures

of its bottom and upper surfaces, Tp and T, respectively, can be computed as follows (Kiani and
Eslami, 2013):
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T(z) =T, + (T, —Tp) (h il 22) (16)
2h
Table 1. Temperature dependent coefficients of the FG sandwich plate (Reddy and Chin, 1998)

Material Property P4 Po P1 P, P3
E(Pa) 0 122.56x10° -4.586x10* 0 0
v 0 0.2884 1.121x10* 0 0
Ti-6Al-4V a(K™) 0 7.5788x10°® 6.638x10 -3.147x10° 0
P(W/mK) 0 1.000 1.704x107 0 0
p(kg/m3) 0 4420 0 0 0

E(Pa) 0 349.55 x10° -3.853 x10* 4.027 x107 -1.673 x101°
v 0 0.26 0 0 0
AlLOs a(K™1) 0 6.8269 x10°® 1.838 x10* 0
YW/mK) 2'3_ 6 -14.087 -6.227 x1073 0 0
p(kg/m?) 0 3750 0 0 0

The one-dimensional heat transfer problem can be analyzed under conditions of a nonlinear
temperature increase (NLTR) across the thickness of the nanoplates, utilizing defined temperature
boundary limits to determine the upper and lower surface temperatures (Tp and T¢) of the plate (Ozalp

ApoD)-o 1) (-

Y represents the thermal conductivity coefficient. The temperature at any position along the
thickness of the z-axis, given a specific boundary condition, can be determined as follows:

and Esen, 2024).

z 1
o Sl

T(2) =Ty + (T, = Tp) I :

g RO

2.4 Application of Nonlocal Strain Gradient Elasticity
The calculations for shear and normal stresses at any particular position can be performed using
al, and al, the total stress in the xz and xy directions as follows (Arani, 2017):

t _— 2
Oxx = Jxx -V Jxx

t _— 2
Oxz = ze -V sz
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Where:
Oty = fVE(z)aO(x’,x, eo)Exy(xHdV'’ (20a)
ol =12 fVE(z)al(x’,x, e,a)VeL, (x)dV'’ (20b)
0%, = '[;/G(z)ao(x’,x, eoa) &y, (xdV’ (20c)
ol =12 fVG(z)al(x’,x, e,a)VeL,(x"dV' (20d)

Here, o¢ and o represent the normal and shear stresses of higher-order and classical types,
with V utilized as the Laplacian operator. Additionally, the size parameter I quantifies the impact of
size at the nanoscale. The functions ao (x', x, eya) and a1 (x', x, e;a) denote the nonlocal weakening
functions associated with the strains &, and &,,,. Additionally, V signifies volume. The nonlocality
coefficients are represented as eo and e; (Arani and Jalaei, 2017). Assuming eo = e1, and utilizing a
linear differential operator, we can derive the next equation pertaining to the Nonlocal Strain Gradient
Theory (NSGT) (Lim et al., 2015):

[1 — (epa)® V?]at, = [1— I4V?]E(2)ex, (21a)
[1 = (eoa)? V?]at, = [1—14V?]G(2)ey, (21b)

where &,,, denotes normal strain, y,., signifies the shear strain, and o¢ represents the total stress:

d%at d%¢

Ohx —(€0a ) ——= = [sxx — = ] E(z) (222)
d%ot 0%y,

O-ng - ( eod )2 axzz = lyxz - lrzn axzz I G(Z) (22b)

2.5 Displacement Fields and Strains
The HSDT (Shimpi, 2002) is developed based on the subsequent assumptions:

ow ow
w (6,20 = ulxy,0) =22~ f(2) 2> (23a)
ow,, 0w,
u,(x,y,z,t) =v(x,y,t) — Za—y - f(2) 3y (23b)
us(x,y,z,t) =wy(x,y,t) + wg(x,y,t) (23c)

Here, f(2) = —z/4 + 5z3/3h2. The displacements along the coordinate directions (x, y, z) are
represented by u4, u,, us. The variables u and v indicate the displacements of a point on the midplane
along the x and y directions. For the transverse displacement, w, is shear component and w,, is
bending component. The variable h signifies the thickness length. The HSDT, as stated earlier,
neglects the effect of the thickness stretching considering a uniform transverse displacement
throughout the thickness. The displacement field in equation (23c) is altered by integrating
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supplementary variables addressing the thickness stretching that signifies the transverse
displacement.

u3(ny'ZJ t) = Wb(x' Y t) + Ws(x'y' t) + g(Z)WZ(X,y, t) (24)

The displacement function w, denotes an unspecified function that accounts for the influence
of thickness stretching. The shape function g(z) is established in accordance with the stress-free
boundary conditions at the upper and lower surfaces of the nanoplate. Utilizing the same methods
described by Reddy, the form function g(z) is derived as (Reddy, 1984):

5 472
9D =1-f@ =Z(1—h—i) 25)

The linear strains associated with the newly established displacement field in equations (23, 24)
are as follows:

" _ _ 26a
o ox 0x? /@) 0x2 (262)
ov  0%w, 0%wy
2 _ 26b
w=g," "5 DG (26)
& = g'(2)w, (26¢)
ou ov 0*wy, 0%wg
=— 4 —— - 26d
Vay dy Ox Zaxay f( )axay (26d)
dwg  dw,
= 26e
_ (E)WS N (’)Wz) (266)
Vyz - g(Z) ay ay
The tensions develop due to constitutive interactions.
Oy 7 1 -v —v 0 0 0 Exx 117
Oz _ 1 |-v —v 1 0 0 0 €22 1
o |TE@|0 0 0 20+w) 0 0 Yay | THAT o] @7
Oxz 0O 0 0 O 21+v) 0 Yxz 0
[0y | o 0 0 0 0 2(1 + v)1lYyz L0-
Ciji, represents the three-dimensional elastic constants.
1+v) %
& =g O T @) Ty + adTy;; (28a)
B E(2) { 4 v } EaAT 28b
T+ T A —20)) 12wl (28b)
0;j = Cijkl(gkl - aATSkl) and &j = Sijklo-kl - C(AT)/U (28C)
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E(2) VE (2)
Cijri = 20+ VaYjr + VikYj) + 1= 2v)(1 ) YijYki (28d)
d+v)
Sijlr = 2E(2) ——— (raVjr + YieVjr) — E(z ))’U)’kl (28e)

In the absence of the thickness stretching effect (i.e., &,=0), Equation (27) is modified for
constitutive relations as follows:

1 v 0 0 0
. v 1 0 0 0 |, 1-
9 a2y 1l
Iacjcyyl—L R " yexyy 4 Ledl 1 (29)
IayZJ| 1-v" 0 o (1217) 0o n: 1_2"8
O-xZ (1_v) )/xZ _0_

00 0 -

Given the negligible influence of Poisson's ratio on the response of FG plates (Kitipornchai et
al., 2006; Yang et al., 2005), it is assumed to be constant for simplicity. This study suggests that
elastic moduli exhibits variation throughout the nanoplate thickness, following a power-law
distribution based on the volume fraction of the constituents.

The mathematical expression for the strain energy of the nanoplate is as follows:

=3 (>

The area is denoted by A. By replacing equation (26) into equation (27) and subsequently
applying the results in equation (30) allows for the reformulation of the strain energy expression as:

(oxex + 0y&y + 0,6, + Oy Vuy + OuzVaz + ayzyyz)dz> dA (30)

hn-1

_ _ s Mb _MS
oz Mg Y My G My 5

U= J k+1vx (a_:axa_v)_zw Pwy e P (o 2%) 4, <6Ws awz>)dA (31)

Y\dy = ox oxdy - Y oxdy ox

/ ou L Pw, o 9Pw v 9w, 9%w; R

Here N, M, Q, and R represent the specified stress resultants.

3 n,

(N N, N. y) ZJ (ax,ay,axy)dz (32a)
hn-1
n= 3 N

(M2, M2, M2,) = Z J (G, Oy, Oy ) dz (32b)
hn-1

(Mfg, ij) ZL (O‘x,O'y, axy)f(z)dz (32¢)
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(00:0y) = Z [ (Gueore)atrdz (320)
hp—1
hn

R, = Z f 0,9'(z)dz (32¢)
n=1"hn-1

Replacing equation (25) into equation (26) and subsequently incorporating the resulting values
into equation (32) allows for the representation of stress resultants in the form of displacement
components (U, V, Wp, Ws, Wy).

N, = Ay, Z—Z + Ay, gv B, aa;‘;” _ By, a;;;” BS, a;x; BS, a;;;s + Xypaw, (33a)
N, = A g—’; + 4y, g; By, aazxz ~B,, a;;;” B, a;;;s —BS, Ei,;y“;s + Xpsw, (33b)
Nyy = Age (g_; + g_Z) — 2Dge 52_1/;; —2B3s aa;—lg; (33c)
ME =1 3%+ B~ D Vb, aayW;’ s, 2 (330)
Mb =B, g—z + B,, g; Dy, aa:;” Dy, aa;;” — D5, % — D5, a;—;;s + Yyaw, (33e)
3 n,

=2 | wg @z (331)

n=1"Im-1
MS =BS, 37; +BS, g; DS, a;;;” DS, a;;;” HS, %2:‘;5 —HS, a;;f YW, (33g)
My =B7, 3_1; + B3, gv D3, aa;:;b D3, aaz;;b HY, a;;S H3, 662;5 + V33w, (33h)
M3y = Bge (Z_u g_Z)_ ge%_ZHsseij—‘g; (33i)
R, = X13 Z_Z + Xo3 Z; Yis aa;:;b Y23 6;;1/2 — Y% aa M;S Y23 a;;;s + Z33w, (33))

Where
(A, A3, Bij, B, Dij, D HY) = Z Jh (1,9%2f,2% fz,f2)C;dz (34)
ne1

(Xu Yo ¥i 245) = Z fh (9'.9'%.9'f 9™)Cydz (3)

net

92



Ozalp, A. F. JournalMM (2025), 6(1) 83-102

The effects of transverse loads g which are externally applied can be expressed as follows:

V=-— f q(wy, + wg + gw,) dA (36)
A

The expression for Kinetic energy is:

e (>

n=1"fn-1

p(u? +ué + ug)dz> dA (37)

The axial force due to temperature variation is specified for both directions.

hn
NL =b M ()T (2)d 38
Zl fh " @@ (382)
3 n,
My =ay [ @ PTG (380)
n=1"ln-1

From the mid-plane distance (z) at a particular layer (n); the variable a™ denotes coefficient
of thermal expansion of the FG sandwich plate. Q11 represents the honeycomb core elastic moduli.
The external potential energy of thermal loads and in-plane mechanical loads are N,, and N,

V= f [(_Nox - Ngx)(wb,xx + Ws,xx) + (_Noy - N;Y)(vayy + WS,yy)] df) (39)
QO
_ aZWb _ aZWb _ 2°w _ %w
Where Whaxx = ox2 Whyy = a_yz v Wsxx = axzs_, Wsyy = ayzs

Here, Hamilton's principle is applied to determine the equations of motion. The following is an
analytical expression for the principle:

T
fS(U+V—K)dt=O (40)
0

The variational operator is J. Replacing the formulas for U, V, and K from equations (23, 24,

37, 39) into equation (40), integrating, and collecting the coefficients of (du, v, dws, ows, dW;) yields
the subsequent motion equations as:

ON,  ONyy owy, 0w
: =Jyit — [} — — 41a
ou 0x dy lot =1 d0x S dx (413)
any (?Ny aWb aWs
. 2= -] —— 41b
o + 3y oV —1Ih 3y N1 3y (41b)
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9°MP 9°Mb, 0?Mb
Wy —— + =
dx? oxdy  0y?

+ (N;y + Noy)(Wb,yy + Ws,yy) (41c)

—-q + (N;x + Nox)(Wb,xx + Ws,xx)

- ) du 0v 2 2
= IO(Wb + WS) +]0WZ + 11 (a + @) - Izv Wp _jzv Wq

C0*ME _0°M3,  0°M; L 00 0Qyz

5Ws- q + (N;x + Nox)WO,xx

0x?2 + oxdy  0y? 0x dy (41d)
+ (N;y + Noy)(Wb,yy + Ws,yy)

anz aQyz
-~ T oy R, — 9q + (N 4 Noy) (Wp xxe + W xx) + (N + Noy ) (W yy + Ws yy) (41¢)

=]0(Wb + Ws) + Kow,

Swy:

The following is the definition of the mass moments of inertia, which are denoted by I;, Ji, Ki.

3
(o) I, 1) = Z fh " (2,2 pdz (42a)
n=1 ""m-1
3,
Gotid = | " (o fpdz (42b)
n=1 "Mm-1
3,
Kok = ) [ (0.1 f2)pdz (420
n=1 ""m-1

Using HSDT, the motion equations are generated by equation (41) if the influence of thickness
stretching effect is ignored (w,=0) (Thai and Choi, 2011; Thai; Thai and Choi, 2012; Thali, et al.,

2012).
Replacing equation (27) into equation (32) allows for the expression of the motion equations in

forms of displacements (u, v, Wp, Ws, W-).

B=(1 — (L) V) ()
D=(1 —(eoa)* v?) (+30)
92 92 92 03 Dwp
Aqq # + Age a_ylzl + (A1 + Age) ﬁ —Bu ?M;b — (Biz + 2B56) ax;);z
% _BS 63Ws_(BS +ZBS )m+X aWZ 43
11 53 12 667 gxayz | 13 gx (9
_ y 0wy, 0ws
—Q(Iou - L—"—] E)

2y 2y 0%u 3wy,

( \
B k 5 5, w, awz) (43d)

Wb D,
—(Byz + ZBse)m + Bzza_yg — (Bi2 + 2Bg)
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—1)(1 5] oWy, 6W5>
= oV 1 dy J1 dy

3u o3u 3v 23v 0*wy,
Bi4 Fr (B12 + 2Bee) x0y? o2 3y + By EEln Dy, W\\

4 4 4
d2*wy, awb_ 0*wy

|
— |
y |
0*wy 0*w, azwz / (43e)

_2(D12 + 2D66)a 2 a 2
- - . ) } aw av
=LV, — VAW + To(Wp + W) + JoW, — 11

—q + (N;x + Nox)(Wb XX + stx) + (N;y + Noy)(Wbyy + Wsyy)

3 3 3 3 4
B, Gt + (B8 +2820) (o + e ) 485 32— D
*wy, o*wy, o*wy
—D3 —— 3" —2(D{, +2D8e) == ax2 0y H11W
0*wy 0*wy 0%wy 0%wy

—H3, —— 3" —2(H{; + 2H66)a 29y? + Azs 522 44552 (43f)

0*w 0*w
+(¥75 + Ags) _ZZ + (Y35 + ALl a_zz +q
. . ow, 0, . .
Loty 1) = Joti + 1 (G + 5 ) = SV — Kol — g

+(N9?x + Nox)(Wb,xx + Ws,xx) + (N;y + Noy)(Wb,yy + Ws,yy)

ou ov 0*wy, 0’w 0%w;
_X136 X236 + Vi3 3x2 + Y23 32 +(Y13 + Az 5)6—2
B s R ’w, - 0w,
+(Y23+A44) +A55 522 +A44a—yz—z33Wz 43g)

-9 (]O(Wb + Ws) + (N;x + Nox)(Wb,xx + Ws,xx))
+KoWr,+(Ngy + Noy ) (Wp yy + Ws )

2.6 Closed-Form Solutions
The Navier method is used to get the analytical solutions to equation (43) for simply supported
plates. The Navier approach states as follows:

u(x,y,t) = Z Z Umneiwt cos ax sinfy (44a)
m=1n=1
v(x,y,t) = Z Z Vipne'“t sin ax cosfy (44b)

1 1

3
I
3
[
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wy(x,y,t) = z Z Wymne'®t sin ax sinfy (44c)
m=1n=1

wg(x,y,t) = Z Z Wymne @t sin ax sinfy (44d)
m=1n=1

w,(x,y,t) = z Z W,mne 't sin ax sinfy (44e)

3
Il
=
S
Il
=

Here, i=+v-1, a=mn/a, B =nn/b. The coefficients are denoted as
(U Vi Womm Wemmn» Waemn)- IN this context, w denotes the angular frequency. A modification in
the double-Fourier sine series is used to represent the transverse load g.

q(x,y) = Z Z Qmmn Sin ax sinfy (45)

m=1n=

The following lists the coefficients Q,,,,, for a number of sample loads:

4 a rb
Qmn = —j j q(x,y) sin ax sinfy dxdy
ab J, J,

do for sinusoidally distributed load (46)
= 11640 for uniformly distributed load
mr?

The uniform distributed load is denoted as g,. The closed-form solutions can be obtained by
replacing equation (43), with equations (44, 45).

When the thickness stretching effect is eliminated (i.e., &; =0), the precise HSDT solutions are
given as (Thai and Choi, 2011; Thai; Thai and Choi, 2012; Thai, et al., 2012).:

[k11 kiz kiz kig kls] [M1 0 my3; my, O N[ Umnn 17T 0 1
kiz kiyy ks kaso Kas | 0 My Ma3z My, 0 [ ] an | 0 |
kizs kys ki ksy ki3s|— w? |m13 Mp3 Mgz May m35| |Wbmn| =10Qmn (47)
kis kos ks kg kys Mg Myy M3zy My, m4—5J lM/san Qmn
kis kis kss kus Kss 0 0 m3s mys mssl/ LW, 0
Where
1—v 1+v
kll =A<0(2 +Tﬁz> Cz, k12 :TAaﬁCZ (488)
—v
kzz = A( 0(2 + ’BZ) Cz, k13 = —BO[(O(Z + ﬁZ)CZ (48b)
ki3 = —Ba(a? + B?)c,, ki, = —BSa(a? + f?)c, (48¢)
kia = —Ba(a® + B*)c,, k23 = —BB(a* + B*)c; (48d)
kyy = —B*B(a”* + B*)c,, ks = D(a® + B?)?c, + € (48e)
ks, = DS(a? + B?)?c, + €, koo = (H(@? + B2 + A5(a® + B?))cy + € (48f)
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My = Myy = [yCy, My3 = Myy = —alicy (489)
My3 = Myy = —Plic, M3z = Iy + L(@* + )y (48h)
msy = I +]2(“2 + ﬁz)cp Myy = Iy + Kz(az + ,32)6'1 (48i)
€ = (—q+(NL + No)a? + (NI, + Noy)B?)cy (48))
c; = (1 + (epa)?)(@? + B2),c; = (1 + (Lp)?) (@ + B?) (48Kk)
3. h
n E
(4,B,BS,D, DS, H) = Z f (1,2 f, 22 zf, fZ)L)Zdz (48)
n=1"hn-1 I=v

S (Mt g2E(2)
AS = Z f = dz (48m)

h . 2(1+v)

n=1 "m-1

[k11 ki kiz kqa k15” Unn 1 [O]
|k12 Koz kaz kas Kas|| Vin | |O]
|kiz  kaz ksz ks kss||Wpma|=10]
[km Kos ksa kus s |Wsan| llOJl

0

l (49a)
k15 k25 k35 k45 k55 VVZTflTl

With

an
d =|Wymn (49b)
VVsmn
M/Zmn

The stiffness matrix K incorporates all thermal and external loads as specified in equation (48).
By setting the determinant of K to zero, one can derive the critical buckling loads. When the K matrix
equals zero, the thermal force terms are moved to the right, and the terms on the left are divided by
the coefficients of the force terms to determine the critical buckling load NZ.(m,n) as presented in
equation (52).

(K)d = 0 (50)

NT.(m, n) = det(K)lp— wNT (51)

Under the assumption that the determinant of the K=0, the entire set of coefficients for the
thermal force of magnitude NTin the equation is represented by the symbol .
The dimensionless buckling load of the modes (m, n) is represented by the following equation:
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12(1 — v?)N,,.a?

E (52)
C

Aer(m,n) =

The critical buckling load is denoted by 4., and E. is the ceramic material's elasticity moduli.

3. NUMERICAL RESULTS

A sandwich plate with the dimensions of a=b=L=500 nm, FG face-layers comprised of Ti-6Al-
4V and Al;O3 with Ti-6Al-4V honeycomb is studied for the present study. The nondimensional
buckling response A, is observed according to applied thermal environment with the change of p, {3,
(3, 0, eyga, L,,, parameters.

It is observed that p rise in FG face plates drops down the buckling load 4, in Figure 3a. At
p=0, 1, 2, 10, buckling temperatures are 2161 K, 2131 K, 2106 K, 2006 K respectively. Furthermore,
at fixed temperature analysis with respect to p raise, p=0 shows higher buckling load results. p rise
slopes down the dimensionless buckling load as it is seen in Figure 3b. Thermal expansion ratio
directly affects the result as it is fully ceramic at p=0.

2_ 2 _ 5 10 2_ 2 _ . _ 40
. (e,2) —‘0, @) —9, 51—1.5? (3—0.15? 0=15 (e,a) —‘0, ¢ )™=0, 51‘1'57 ¢;~0.15, =15
p=0 60 —AT=0K
60 —p=1 |7 — AT=200K
I =2 || AT=600 K
o — 507 — AT=800K|’
40 -
a A oAl
30t
20 30r
10 i
0 1 L L L 1 1 i
0 500 1000 1500 2000 0 1 2 3 4 5
AT p
a) b)

Figure 3. Relationship between the dimensionless buckling load and (a) temperature rise for different values of p (0, 1,
2, 10), (b) material grading index p of face-plates (0-5) for different values of temperature rise (AT=0, 50, 100, 125 K);
hc=0.2h, hy,=0.4h, h=L/10

Increase in length ratio (;) doesn’t affect the response of buckling load very much (Figure 4a),
however thickness ratio rise (¢3) and especially incline angle (8) rise directly change the A, response
(Figure 4b and 4c). After an intersection point, buckling load curve starts sloping down with increase
of {5. Before intersection point larger {5 values cause higher buckling load. Unlike {5, 8 rise drops
down the A, response and after intersection point, A, response rises together with 6 rise.
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=1, (e a)’=0, (I_)*=0, ¢,=0.15, 6=15° =1 -0, (1 )*=0, ¢ =1.5, 6=15"
=1, 0 >V 253 "’ p_’(eﬂa)_’(lnl)_’gl_.l" = .
— (=15 — (=7 20
20 - ? L
_ — ¢ —¢l0 s,
15+ 4 I5¢
~ 10- ~< 10 \
— (7005 — (02
al 5tl—¢=01 — (=025
~—_ (015
; B\ 0 1
0 500 1000 1500 2000 0 500 1000 1500 2000
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a) b)
2 2
- p=1, (e‘oa) =0, (lm) =0, §1=I1'51 C3=0'1‘5
—6=15°
15 - —6=30°
6=45°
e O
10 =60

\

500 1000 1500 2000

AT

c)
Figure 3. Relationship between the dimensionless buckling load and temperature rise for different values of (a) ¢1=(1.5,
3,5,7,10), (b) (3=(0.05, 0.1, 0.15, 0.2, 0.25) (c) 6=(15°, 30°, 45°, 60°) ; hc=0.8h, h,=0.1h, h=L/10

At p=1 which is %50 Ti-6Al-4V and %50 Al>Oz constituent FG face layers, sandwich plate
buckling load decreases with nonlocal parameter (e, a) rise due to softening effect (Figure 5a). Unlike
eoa, size parameter (1,,,) shows opposite results and [,,, increases the A, due to hardening effect. For
(e,a)*=0, 1, 2, 4 nm? nondimensional buckling loads are 23.93, 19.98, 17.18, 13.37 at 1500 K,
respectively. Additionally, for ( I, )>=0, 1, 2, 4 nm? nondimensional buckling loads are 23.93, 28.65,
33.31, 42.81 at 1500 K respectively

p=1, (lm)2=0, (=15, (~0.15, 6=15° p=1, (eoa)2=0, ¢ 15, ¢,~0.15, 6=15°

50 80
— (el)a):z:o == (Im)2=0
2 2 2 2
40 (e,@)=1 nm 60 - —( y=1nm"| |
( eoa)2=2 nm? (1"1)2:2 nm’
s (e()a)2=4 nm? || (/”1)2_4 —
< ~< 40 1
20 ¢
20 -
10 -
0 : ‘ : : 0 : ‘
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
AT AT
a) b)

Figure 4. Relationship between the dimensionless buckling load and temperature rise for different values of (a) (eqa)*=
(0, 1,2, 4 nm?), (b) (I,,)*= (0, 1, 2, 4 nm?); h,=0.3h, h,=0.35h, h=L/10.
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4. CONCLUSIONS

A FGM sandwich nanoplate with honeycomb core layer and FG surface plates is analyzed in
thermal environment to observe dimensionless buckling load according to changing parameters as p,
{1, {3, 0, ega, L,. For the solution higher-order shear deformation theory is considered. Using the
Hamilton principle, the equations of motion of the plate are derived and written in terms of the
displacement components. Assuming simply supported boundary conditions, the Navier solution is
considered for the displacement components and rotation using the time harmonic function and
harmonic solution along the plate length.

In summary, the results demonstrate that the structural stability of FGM sandwich nanoplates
is highly sensitive to material gradation, geometric parameters, and nonlocal effects. The ceramic-
rich composition (lower p values) enhances buckling resistance, while variations in thickness ratio
(¢3) and incline angle () exhibit nonlinear trends, with critical intersection points dictating their
influence on structural performance. Additionally, the softening effect associated with the nonlocal
parameter (ey,a) reduces buckling strength, whereas the hardening effect linked to the size parameter
(L,,,) improves it. These findings contribute to the optimization and design of advanced nanostructures
for applications requiring superior thermal and mechanical performance in fields such as nanosensors,
aerospace technology, and dental applications.
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