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Abstract

In this work amply finitely weak supplemented module is defined and some properties of it are
investigated. Also it is obtained a gathering of variations of supplements in case R is a Dedekind
Domain.
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Ozet

Bu caligmada askin, sonlu zayif eklenmis modiil tanimlandi ve bazi ozellikleri bulundu. Ayrica,
eklenmis modiillerin tiirlii ¢esitlemelerinin bir birlegsimi bulundu

Anahtar Kelimeler: Eklenmis modiil, Dedekind Tamlik Bélgesi.

1. Introduction:

Throughout R will be an associative ring with unity and all modules are unitary left
R-modules.

Let M be an R-module, a submodule S of M is called small submodule of M, if
S+N # M for every proper submodule N of M. If S is a small submodule of M, then we
denote it by S<<M.

Let U be a submodule of M and let U + V = M for some submodule V of M. If for
every submodule K of V, , then V is called a supplement of U in M.
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An R-module M is called supplemented if every submodule of M has a supplement
in MM is called amply supplemented if whenever M = X + Y where X and Y are

submodules of M, then Y contains a supplement of X.

An R-module M is called finitely supplemented (or f-supplemented), if every
finitely generated submodule of M has a supplement in M. ( See [7], page 349). M is
called amply finitely supplemented, if whenever M = U + V where U,V are submodules
of M and U is finitely generated then V contains a supplement of U.

Note that some properties of (amply) finitely supplemented modules are given in
([7]41, 42).

In ( [2]) weakly supplemented modules are defined: Let M be an R-module and U
be a submodule of M. Then a submodule V of M is called a weak supplement of U in
MifM=U+Vand U n V << M. and . M is called weakly supplemented if every
submodule of M has weak supplement.

Note that finitely weak supplemented ( fws) modules are defined and given some
properties in [1]. An R-module M is called finitely weak supplemented if every finitely
generated submodule of M has a weak supplement in M.

Let’s define amply finitely weak supplemented (amply fws) as expected: Let
M = U + V where U is finitely generated submodule of M and V is a submodule of M.
If V contains a weak supplement of U in M, then M is called amply fws module.

Let’s begin with a very basic result:

Lemma 1.1. Let M be an R-module and U be a submodule of M. A submodule V of
M is called a supplement of Uin M if and only if U+ V=M and U n V << V.

Proof: See [3] Lemma 4.5.
Proposition 1.2. Amply (weak)supplemented modules are (weakly)supplemented.

Proof: Let M be amply (weak)supplemented and U be a submodule of M. Then
M = U + M indeed. Since M is amply (weak)supplemented, M contains a (weak)
supplement of U. That means M is (weakly)supplemented.

However, the converse of above proposition is not always true.

Example 1.3. Let R be an incomplete discrete valuation ring with field of fractions
Q. Then the R-module M = Q @ Q is supplemented but not amply supplemented. (See

[6], page 71.)
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Lemma 1.4.

(1.) Let X be a small submodule of M, then any submodule of X is also small in M.
(2) Let X OY OM. If X<<Y then X<<M.

(3.) Iff:M - N is a homomorphism and L<<M, then f(L)<<f(M).

Proof:

(1.) LetY be a submodule of X. Suppose that Y + A = M for some submodule A of
M. Thensince Y + A [JX + A, it implies X + A = M too. A contradiction with
smallness of X in M.

(2.) Let X + A = M for some submodule A of M. By the modular law, we obtain
X + (Y nA) =Y and since X<<Y, it implies YNA =Y.So Y [JA and hence
X[JA. Therefore X + A=A =M.

(3.) See [7]19.3(4)

Corollary 1.5. Supplemented modules are weakly supplemented.
Proof: By Lemma 1.4(2).

Lemma 1.6. Let M be an R-module with submodules U and V, and let V be a weak

supplement of U in M. Then for a submodule L of U, V+L is a weak supplement of
L

u. M

— in —.

L L

Proof: Since V is a weak supplement of U in M, then M = U + Vand UnV <<M.
M _U+V U V+L

Then — = + . Now with the help of the modular law
L L L L
U V+L UnF+L) UnV+L
—N = ( ) = . Since UnV<<M, then by Lemma 1.4(3)
L L L L
UnV+L < M
L L’

Lemma 1.7. Let M be an R-module and X<<M. Let X [/ A [J M and A be a

supplement in M. Then X<<A too.

Proof: Let X + Y = A for some submodule Y of A, then since A is a supplement in

M, there is a submodule K in M s.t. A is supplement of K in M. Thatis, M = K + A and
KnA <<A.So,M = K+A =K + X + Y, but since X is small in M, then M = K + Y.
Appliying the modular law, A = (AnK)+Y. Hence this implies A=Y.
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An R-module M is called w-projective, if whenever M = A+B for some submodules
A,B of M, there exists f [] End (M) such that Im f [JA and Im(/-f) [JB.

The following result is from [7], page 359.

Proposition 1.9. Let M = U+V. M is zm-projective R-module if and only if the
epimorphism a: U & V — M defined by a((u,v))=u +v splits.

2. Properties of Amply fws Modules.

Proposition 2.1. Let M be an amply fws module and N be a submodule of M. If N

is small or finitely generated submodule of M, then % is amply fws too.

Proof: Let M and N be R-modules as mentioned above. Let A be a submodule of M
containing N. Suppose that %—F% = % for some submodule B of M containing N.
Let % be finitely generated. Then by [7] 19.6 or 13.9(1), A is finitely generated. Since
A+B = M, by assumption B contains a weak supplement A of A. That is A+A) = M

and AnA) <<M. Then by Lemma 1.6. A+ N

is a weak supplement of A . Clearly
A, +N N N

is a submodule of E
N
Proposition 2.2. Every supplement submodule of an amply fws module is amply fws.

Proof: Let M be an amply fws module. Let V be a supplement in M. Suppose that
Vj is a finitely generated submodule of V. Then since Mis amply fws module,
M=Vy+XandVyn X <<M for some submodule X of M. By the modular law,
V=V, + (VnX) and so, Vy nVnX=V,ynX <<M. Since V is a supplement in M then
by Lemma 1.7 V) n X << V. Hence result follows.

Corollary 2.3. Every direct summand of amply fws module is fws.

Proof: Clear by Proposition 2.2.

The following is the direct adaptation of Lemma 2.3 of [4] to finitely weak
supplemented case.

Lemma 2.4. Let M be a fws R-module. If M is nt-projective then M is amply fws.
Proof: Direct adaptation of the proof of Lemma 2.3.

Lemma 2.5. Every projective module is t-projective.
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Proof: Let M be a projective module s.t. M = U + V. It is enough to show, the
epimorphism o : USV — M defined in Proposition 1.9 splits. Let’s construct a diagram:

M
L1,
UV —2>M

where 1, represents the identity map. Since M is projective, there exists a map
B: M- U8V s.t. ayf3 = 1), That is the epimorphism a: U@V - M splits. Hence by
the Proposition 1.9., M is T-projective.

Theorem 2.6. Let R be a Dedekind Domain, then the following are equivalent:

1. R is weakly supplemented.

. R is amply weak supplemented.

. R is amply fws.

. Ris fws.

. Every finitely generated R-module is weakly supplemented.

. Every finitely generated torsion-free R-module is amply weakly supplemented.

. Every finitely generated torsion-free R-module is fws.

(e BN BN e Y I NS )

. Every finitely generated torsion-free R-module is amply fws.

Proof: (1)0 (2) Since our rings are rings with identity, then R is finitely generated.
Clearly R is torsion-free when considered as an R-module. Hence by [5] Corollary
11.107 R is projective. Result follows by Lemma 2.4.

(2) O (3) Clear.

(3) U (4) By Proposition 1.2.

(4) O (5) Let M be a finitely generated R-module, then by [2] Proposition 2.2 and
Corollary 2.6. M is weakly supplemented.

(5 O (6) Let M be a finitely generated torsion-free R-module, then by [5] Corollary

11.107, M is projective by (5) it is also weakly supplemented. Hence by [4] Lemma
2.3., M is amply weakly supplemented.
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(6) O (1) R is finitely generated and torsion-free and hence it is amply weakly
supplemented and so weakly supplemented.

(5) O (7) Clear.

(7) O (8) Just like proof of (5) O (6).

(8) U (1) By assumption R is amply fws and so fws. But since R is a Dedekind

domain, it is Noetherian and hence every ideal of R is finitely generated too. Therefore
R is fws if and only if weakly supplemented.
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