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Abstract
In this paper we construct examples of positive definite integral kernels which are also analytic.
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Abstract
Bu calismada ayni1 zamanda analitik olan pozitif taniml integral ¢ekirdek orneklerini olusturacagiz.
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1. INTRODUCTION

To construct examples of positive definite integral kernels which are also analytic,
we need to recall the following definitions (see [2], [3], [4], [S]).

Throughout, let us denote the inner product on any complex Hilbert space H by
(). Welet (f, ) =||f|| and call it the norm of f'.

Definition 1.1. (i) Let denote any interval (finite or infinite) on the real line. L? (I)
is the space of Lebesgue measurable complex valued functions

f:I->a
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Positive Integral Operators with Analytic Kernels

which are square integrable, in the sense that J;| f (t)|2 dt <, with pointwise
operations and inner product
(fg)= [ S(0gar.

So the norm of f is
17 = j} £ @) dt <oo.

(i) Given two intervals [,J I’ (I xJ ) = all measurable complex valued
functions & on I x J such that
2
[ [ JkCs.] duds < 0.
Definition 1.2. Let /4, H, be Hilbert spaces. A linear operator S:H, - H is
bounded if there exists some M €R such that
IS7]| < M||f] forallf e H,.
A linear operator S:H, — H is compact if given a bounded sequence
(/f,) € H,, there exists a subsequence (f, ) < f,, g € H such that
S, > g-
We use B(H,,H)and K(H,, H) for the space of all bounded linear operators and
for all compact operators from /1, into H respectively.
Theorem 1.1. If S € B(H,,H), there exists a unique S € B(H,H,), called
adjoint of S, such that
(SF,8)y ={fS"y -
If H=H, and S=S8",then S is called self-adjoint or symmetric.
Definition 1.3. Let 7 be a self-adjoint linear operator on a Hilbert space

(H,(.,.)) . Then T is called positive, written 7' > 0, if (Tf, /) >0 forall f € H .

Definition 1.4. Let /,J C R be intervals and suppose k € L*(I xJ), then the
formula

Sf(s) = [ k(s,u) f (u)du
where s e, f € ’(J), defines a compact linear operator S mapping L*(J)
into L*(I) . The adjoint S™: L*(I) = L*(J)is given by
§'g(w) = [ g(k(t,
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Soif g € I*(I)
SS*g(s) = L S* g (u)k(s,u)du

= [ [ @k(twk(s.u)drd
= _[,g(l)K(S,t)dt
where K(s,1) = J;k(s,u)mdu siel

()

S'g S
S* S
S
¢ I If
*() > ; )
t T =SS

Figure 1.1.

It is well known that, because k € L*(I xJ), interchanging the order of integral is
legitimate and that K € I (] x 1 )

Theorem 1.2. Here 7 = SS” is necessarily positive written 7 >0 meaning that

(If, f)=0 forall feH.
. IR
g

>
L (J)

Proof: (Tg,g) ., =(55°2,8)x,, =(5°8.5°8) ., =[S

Similarly S*S is positive operator on L*(J) .
This gives us a method of constructing examples of positive integral operators on
L*(I). Whenever ke I’(IxJ), T =SS* will be a positive integral operator on

L*(I) with kernel
K(s,0) = Lk(s,u)k(t,u)du.
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Definition 1.5. Here & is called kernel of S and K is called the kernel of 7.
Remark 1.3. If k(s,u)=1(s,u)h(u) where [h(u)| =1 then
L ke (s, )k (t,u)du = L 1(s,u)l(t,u)du.
Remark 1.4. A result analogous to theorem is true if the Lebesque measure on J is
nultiplied by a positive constant m (usually (1 / 272') ). In this case we have

Sf(s) = [ k(s,u) f u)(melu)
where s eI, f € I’(J) and

S"g(u) = [ k(s,u)g(t)dr
where u € J,tel and g € L*(I)

Tf(s)=SS" f(s) = jl K (s,0)g(t)dt
where K(s,f) = L k(s,u)k(t,u)(mdu) .

Now, we will use this theorem to give examples of positive definite kernels K
using kernels k& which arise in a natural way in mathematical analysis. Specifically we
consider k's which arise from Cauchy's integral formula (C.LF.).

As a sequel we hope to give some more examples using same techniques
considering the Fourier transformation and the Laplace transform (see [1]). In all cases
K will be an analytic kernel of s and 7.

2. Examples suggested by C.LF.

In this section we will give some examples of positive integral operators suggested
by Cauchy's integral formula which were obtained during my M.Sc. study (see [1] ).

We recall the parameterized Cauchy's integral formula. We parameterize the
integral by taking z = @(u).
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y——— > C

Figure 2.1.

Here vy is a positively oriented rectifiable Jordan curve and D is its inner domain.
Let f be an analytic neighborhood of Dand s D

ACIFS
2721 7 Z— s

1 ¢ fo)e'(u) i

Qi ou)—s

Example 2.1. Suppose v is the unit circle, I =[a,b] < (—1,1). Here we shall take

J=[-n,x].

—72' T
Figure 2.2.
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68

We write the Cauchy's integral formula (C.I.F) to get our integral kernel

J; f(z)dz (sel).

27n

If we substitute z = € then dz =ie'’d6 and

f(e )le
(S)_27n f’f e’ —s

This suggests the linear operator S : L ([~7,7]) = L*(I) defined by

do

6= 1052 (k0= )
Hence

. 1 _ 1

S*g(0) = j[ g()—5—dr (k(t,&) e”—zj'
Here

k(s,0)= 191 el’(IxJ).

e —S

For this we need to show that they are square integrable:

f j —dsd < 0 @.1)

Then, equation (2.1) is true since k(s,8) is continuous on I xJ . Sois k(,60).
So SS” has kernel

K(s,1) = [” k(s,0)k(t,0) dO

= f = do.

2.2)
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In general, if / is a function on OA then

O e i dz
h(e™ie’do= | h(z)—
[ ne [
so that

1 dz

_ 2.3
)iZ 2 @3)

[ n(e*ydo = _LA h(z
Now if we use (2.3) in (2.2), then we get

1
K(s,t)=— L~
27 (Z—S)(l—fj iz

1 dz

2ri J;A (Z—S)(I—Zl‘).

The poles of integrand are at z=s and z=1/¢. Since s,7€ I, we know that
|s| <1, |1/t| > 1. Then we have only one pole at z =5 .
Therefore,
1
1
1=zt g, —Res(f(z),5)=——.
J;Az—s (f( ) ) 1—st

e

Kis.n= 27i

Since K is the kernel of SS™, K is positive definite on L*(I) where 1 < (=1,1).
Now we will find another positive definite kernel for vertical strip.

Example 2.2. Let f €R and let D be the open half-plane {Z €€ :Re z> —ﬂ} .
Let y be the boundary line of D and suppose [ =[a,b]< D, (i.e. a>—/f), so that
s,t >— where s,tel.

We shall now construct a positive integral operator on I’ (1) whose kernel is derived
from the Cauchy integral formula for functions analytic in a neighborhood of D.

69



Positive Integral Operators with Analytic Kernels

Q
[
S

Figure 2.3.

We can parameterize y by ¥ = @(u)=—f +iu, ¢'(u)=i —oo<u <o,
Then we have by C.LF.

B f(Z) 1 f(=p+iu).i
S(s)=— i LAZ s meoo —f—s+iu i

This suggests us the operator S : L*(R) — L*(I) such that

_ S@w) du
Sf(s)_JR L+s—iulr
so we have
k(su)—;
’ _ﬂ+s—iu'

Here we have that k(s,u) € L*i(I x R) because

'[]R J‘%dsdu = JIR J;l— dsdu.

"\ B+s—iu| (BHs)yr+u?
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Since the nearest point of / to the line y is @, we have that (B +5)° > (S +a)’
forall s € 1. Then,

1
J N
o s b | e o
= (b-a) du <
R(ﬂ+a) +u
Hence
1 du
K= du
1(8:0) ]R(,B+S—iu)(/5’+t+iu)27r
1 du

T Ru+i(Bre)(u—i(B+0) 27

(f+1) v R
—i(B+5)

A
<--

Figure 2.4.

The pole in the upper half plane is at i(£ +¢). Say

I
(uri(f+s)(u—i(f+1) )
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then
K. (5,) = iRes(h(u),i(f +1))
_ 1
B +i(B+s)
I
T 2f s+t

Since K, (s,¢) is the kernel of SS”, (2.4) is positive definite on r'd.
Suppose now ¥ = f+iu, u€R and D is all points to the left of vy, that is
D:{ze£ :Re z<,b’} and that I =[a,b]< D (i.e. b< f).

i tu
i D

; I

i o—g—© » ﬂ
! a S b

7 Figure25.

In this case C.I.F. reads

£(s) = I.J.Z(_Zs)dzz 1 J-z’f(,BJrz‘u)du

27i 27i Y P+iu—s
which suggests the linear operator S : L* (R) — L*(I) such that

S) du
S = | <4~
/() J]R L+iu—s 21
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Then we have

1
ky(s,u)=——— sel,ueR.
L+iu—s

Here ky(s,u) € L2 (Ix R), because

1 1
[ "
R£|ﬂ+m—42SZ' R (Braf+ud

<j L ! dsdu
R (B+a)P+ P

o [ R

(B-b) +u

So
Ky (5= | 1 il
200= g riu—s)(pu—1) 27

R
R (u—i(B-s))(u+i(B-1)) 271

] -i(B-s) R
~i(f~1)

Figure 2.6.

The pole in the upper half plane is i(f —s) . Say
1

(u —i(ﬂ—s))(u +i(,8—t))

= h(u)
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then K, (s,t) =iRes(h(u),i(ff—s)). Hence
1

KZ(S,Z) :m.

(2.5)

Since K, is kernel of SS”, (2.5) is positive definite on L,([).

For the last part of our example we use the fact that the sum of two positive
operators is positive. So if >0 and I =[a,b] < (—/f,[), we obtain a positive

operator on L, (1)) with kernel K (s,#) which is analyticin Dx D .

A A
u u
D
I
—6p O—w—v —© b S
P a 0 S b
Figure 2.7.

Hence we have
K(s,t)=K,(s,t)+ K, (s,1)
1 1
= +
2+s+t 2p—s—t
_ 4p
46% —(s+1)*

(2.6)

Again since K is kernel of S,S," + 5,5, , (2.6) is positive definite on L, (]).

We now give another example which is similar to the last one. This time D will be
the horizontal strip.
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Example 2.3. Let >0 and let D, be the open half-plane {Z ef:Imz< f } .
Let v be the boundary line of D, and suppose I =[a,b]c D,, s,t € 1.

We shall now construct a positive integral operator on L, (/) whose kernel is

derived from the Cauchy integral formula for functions analytic in a neighborhood of

D,

1-

ip -~

I [ J ]

: D,

| 1 :

i ° o—w —© i

: a s b !

L0 |
Figure 2.8.

This time C.L.F. reads
[

SO == Reip =5

If we put z =i +u then dz = du , then we get

1 fiB +u)
SO = RiBru-—s "

This suggests the linear operator S : L* (R)— I* (/) defined by

o= L0t

if+u—s2m

Hence

S*g(u) = I’——iﬁgfb)t — dt.
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Then we have

k,(s,1) __ and kl(u,t)=;.
if+u—s —if+u—t

Here k,(s,u) € F(Ix IR) because

'[]RJ- dsdu J]R J. u s dsdu

Let u = s+ Btan @ and du = Ssec’ 6dO . Then,

B ,Bsec 0
J]R I(u 9 dsdu rf/zﬂ an’ 01 5 dfds

_ f 2 L 0ds

Z,B+u s|

Then we have

Kysh) = 1 du

R (iﬂ+u—s)(—i,b’+u—t)%
! du
R (u—(s=ip))(u-(@ip+0)2x

A

Figure 2.9.
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The pole in the upper half plane is (t +if ) . Then,
K, (s,t)=iRes(h(u),t+ip)

_ i
- t+if—s+ip
_ i
- t—s+2if
_i(t-s-2ip)
C(1-s) 48>

Hence

K (s.)=2PH =5 %0,
(t—s5)"+4p
Here K, (s,?) is symmetric and positive definite.
For the second part of our example we again let >0 and let D, be the open
half-plane {ZG;E :Imz >—ﬂ}. Let y be the boundary line of D, and suppose
I =[a,b]c D,, s,t €. We shall now construct a positive integral operator on

L,(I) whose kernel is derived from the Cauchy formula for functions analytic in a
neighborhood of D, .

Y.

g
—if8
Figure 2.10.

Weput z=@(u)=—if+u and dz = du in C.LF.
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1 J F-if + u)
=— —du.
/) 27i B _iB+u—s !
This suggests the linear operator S : L (R) — L*(I) such that
§7(s)=] S
R-(if+s)+u2r
Here
k,(s,u) = SR S (I x R), because
—(if+s)+u
1
J. I%dsdu: J. jl dsdu < oo
R T|—(iB+s)+ul RT(u—-sP+ P
Then, J
1 du
K, (s,t)= —.
2(5:) R(~if+s)+u)(—(-if+1)+u) 2x
l/,, O \\\\
! s+if \\‘./ R
t—ip
[}
Figure 2.11.

The pole in the upper half plane is s +i/ . Then,
K, (s,t)=iRes(h(u),s+if3)
_ i
(-0 +ifi+s
1

T 2B +it—s)
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Here K, (s,?) is symmetric and positive definite on L,([/).

For the last part of our example, we again use the fact that the sum of two positive
operators is positive. So if #>0 and I/ =[a,b]< R, we obtain a positive operator

on L,(/) with kernel K(s,?).

ip >
] [ =
i 1 i
i ° o—w —© i
1 a s b !
: 0 ;
i D |
i . >

—lﬂ
Figure 2.12.

K(s.)= 20 +i(t—s) N 20 —i(t—s)
T (t-s) 4487 (t-s5) +45°

46" +(s—1)

Then (2.8) is positive definite on L, (/).

We will now consider more general half-planes.

Example 3.4. Let 0 < @ < /2. We define the two half planes by
D ={zef :-f<argz<-0+r}
D2={26£ :9—7z<argz<6’}
I=[a,b],a>0s0lcD,1 D,. Let y,=0D,, y,=0D, and put w=e".

We can parameterize , by @(u) = ou, uek.,
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Figure 2.13.

So C.LF. for D, can be written as

L] ef@w
2ni R @u—s i

f(s)

where we do not consider @ and 1/ 27 since from Remark 1.3. and Remark 1.4.
This suggests the linear operator S, : L (R) —> L*(I) defined by

Sfts) = I]R SG) du

ou—s 21

Then,

1
k,(s,u) == el’IxR)
wu—=s
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dsdu

|u cos Q—S—lu sin 6|

il
Wl
|

dsdu
]R u> + s —2uscosf
j 1 dsdu
R 1 cos 6?) (u® + %)
(b—a) 1

- < 00,
(1-cos6) Ru? +4?

So that we have

1 du
0= J]R (an—s)u—1) 27
1 du

"R (4 — ws)u— ) 27

’ [ ] \\
4 s \ R
< : v v
. ot
Figure 2.14
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The pole in the upper half plane is @s . Then,

i
ws — wt

K, (s,t)=iRes(h(u),ws) =
_ i
 (s—1f)cosO+i(s+1)sin @

3 1
 (s+1)sin@—i(s—t)cosd

_ (s+1)sin@+i(s—t)cosd
C (s+1)’sin> @+ (s—1)* cos> O

=K, (t,s).

Then we know that K (ss,7) is symmetric and positive definite on L, (1).
Now we will construct our kernel for D,. We can parameterize p, by
ow)=ou, uek .

Figure 2.15.
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So C.LF. for D, can be written as

fee L[ @@y,

2T IR ou—S

This suggests us the operator S from L, (R) to L, (/) such that
S = | S du

R ou—s27

Hence
« ¢
S'g(u)= I]_ngt.
oy —t
Similarly
ky(s,u) = e’ (I x R).
Then we have
j 1 du
K2 (S’t) = — -
R (wu—s)ou—-rt) 27
1 du

R (u — os)(u — ot 2

A
v

o (US

Figure 2.16.
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The pole in the upper half plane is @? . Then,
K,(s,1) = iRes(h(u), of) = ——
wt — s

B i
- (t—s)cos@+i(t+s)sinf
B 1
(t+5)sin@—i(t—s)cos O
_ (t+s)sin@+i(t—s)cosd
" (s+1)*sin> @ +(s—1)* cos> O

=K, (t,s).

Then, we know that K, (s,?) is symmetric and positive definite on L,([/).

Now for the last part of the example we use the fact that the sum of two positive
operators is positive.

Figure 2.17.
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