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Calculation of Signal Sources Coordinates
In 2D And 3D Space

Yariy Alyeksyeyenkov!

Abstract

Methods of calculations of coordinate of signal sources which are inaccessible and direct measurement
of their properties is impossible are analyzed. Cases of 2D — 3D spaces and single — multiple sources of
signal are investigated separately. Recommendations and necessary mathematical equations for practical
applications are given. Advantage of sources coordinate measurement using signal parameters in frequency
domain is shown. Experimental analysis of methods on the base of MATLAB modeling demonstrates full
coincidence of theory and practice.

Introduction

In many practical cases analyzing of properties and parameters of system there is no
access to the source of a signal arising inside of it. An example of such system is the
automobile engine in which it is necessary to find out signal sources and the reasons of
non-standard behavior that can be analyzed only when it works. In medicine is actual
research of signals of lungs and heart of the patient for carrying out correct diagnostics
without direct access to a source of these signals. Determining coordinates of signal
source locations can considerably facilitate process of its research and diagnostics.

Let the signal from such an object acts on sensor-receivers and further be applied to
the input of the system analyzing it. Typically, such signal can have any form and from
point of occurrence extends in all directions, achieving sensor with a various time delay
which is defined by speed of distribution of a signal in the environment and distance
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from a source up to a sensor. Absence of well-defined borders of signals, not periodicity,
complicates carrying out of measurements in time. Since the difference of time delays
between various sensors is very small, these differences cannot be measured with a
necessary degree of accuracy. At the same time, carrying out the analysis of these
signals in frequency domain, it is possible to obtain a necessary data set for exact
identification of origination point of a signal. The case of systems of the limited
physical size in which there is no attenuation of a signal at its distribution from a source
up to the receiver is examined. Let a signal x,(t) be registered by a sensor placed in a
point A. A signal x,(1), accepted by a sensor in a point B is the copy of this signal
delayed in time
x, (1) =x,(-At)

>

Where Dy, - time delay of a signal in a point B with respect to point A. By the same
way the signals in other points of receiver locations concerning same point A can be
presented.

Having applied Fourier transform [1], we shall determine spectral representation of
the signal received by sensors. Connection between time and frequency representation
of a signal at point A we shall designate as

X(jo) s x, (1)

The spectrum of a signal received at point B in conformity with time shifting
property can be written in the form of

. F
X(jwye™ & x,(t~At,)

s

o, g . . .
where the factor € specifies phase shift of each spectral component of a signal at point B
concerning a signal accepted at point A. The solution of a problem of the signal sources coordinates

determining is possible, if the phase shift satisties @, = WA, <27 for all spectral components.

The phase difference of signals measured between sensors is proportional to a difference of
distances from a point of occurrence of a signal up to a point of its registration by sensors.
Connection between phase shift and a time delay can be established in the form of equation

_m
@

>

A

where A — length of a wave at frequency w, v — speed of signal distribution in the environment.
Designating a difference of distances from a signal source up to sensors A and B as Al., and having
in mind, that this difference is less than length of a wave, it is possible to define connection of linear
distance differences with a time delay of signal distribution as

Al, = i/’LwAtnb = LAA@,,
2z 2z ,
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where A@,, hase shift of a signal on frequency w and At,,, time shift of a signal at a point
of measuring B with respect to point A.

Here all linear differences, time delays and phase shifts are measured concerning
point A. Thus, measurement of time delays between channels in time domain can be
replaced by measurement of phase shifts between channels in frequency domain. As
points of location of sensors are fixed, also their coordinates are known, the problem is
reduced to determining of a point of location of a signal source on the basis of the phase
shifts analysis between sensors. We shall examine various cases of the decision of this
problem.

Measuring of signal source coordinates in 2D space.

For measuring the source of a signal coordinates a in two-dimensional spaces two
sensors-receivers of signals are necessary, however in case of equal remoteness of a
source from sensors, phase differences at all frequencies will be equal to zero that leads
to indefiniteness of the decision.
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Figure 1. Measuring of signal source coordinates in 2D space.

Here the source of signal can be at any distance from sensors on a line of a
perpendicular constructed in the middle of a line connecting sensors. Hereinafter we
shall make on attention to the mathematical decisions having a positive sign that
specifies location of a signal source inside the investigated environment while the
solution with a negative sign defines a symmetric place of a source location, but from
the external side with respect to the object. To eliminate this indefiniteness we add an
additional third sensor-receiver of a signal C (Fig. 1).
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The source of a signal is placed on a plane in point D which coordinates are
necessary to determine. Three sensors are on an axis x and have coordinates A (0, 0), B
(dy, 0) and C (d,, 0). Entering designations DI; _DB-DA and DI,_DC - DA, having
designated distance between points D and A as r and a angle of an inclination of line
AD with respect to axis x as g, it is possible to write down a number of obvious
equations

AO2 + OD2 = AD2
OB=AB - 0OA =d; - rcos@
DB’ = (d, - rcos6)* + Psin’0=d\ + r* - 2rdicos6

Nd? +r’=2rdcos@ —r=A]

As DB-DA = Al; and

we can write

d? —2rdcos@=2Alr+Al}
Or in other form for triangle ADB it is possible to write down

2(d, cos@+Al)r=d} —Al] 2
Similar expression for triangle ADC looks like

2(d,cos0+AL)r=d; —Al; &)
Carrying out division of (2) on (3) and finding the solution with respect to cosg we have

Al (d} = A=Al (d; ~AL}) _
d1(d22 _Alz2 )=d, (dlz - Alf)

f

cosf =

From which, the value we need
6 = arccos f

To find r, we multiply expression (2) on d», expression (3) on d; and then we shall find their
difference

2[(d,d, cos@+Al,d,)—(d,d, cos @+ ALd)r=(d d, —Al}d,)—(d;d,—Al:d,)
Making obvious transformations and solving equation for r gives

o} = AL~ d, (3 AT
2(Alld2 _Al’ldl)

Measuring of signal source coordinates in point D (xo, yo) is now reduced to calculation of

X, =rcosf

Yo =rsiné
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Measuring of signal source coordinates in 3D space.

Let four receivers of a signal are on a plane xy at distance d from each other and have
coordinates in three-dimensional space (0,0,0), (d, 0,0,), (0, d, 0) and (d, d, 0)
accordingly, and the source of a signal is removed from sensors in space on coordinate
z. Let the coordinates of a source of the signal which is being at arbitrary point A(x),
Yo Zp) be necessary to determine (Figure 2). As well as in the previous case, we
consider the solution with the positive sign, specifying on an arrangement of a source
of a signal inside of investigated system.

The distance between base sensor in a point of origin and point A is

[2, 2, 2
P=X T +2

and differences of distances between point A and points of location of sensors with respect to base
are

Al = (xo_d)2 +y§ +Z§ —-p

AL =+x, + (o —d) +22 —p

Al =(xy =d)" + (3 =d)’ +25 =p @

Coordinates of an investigated point A with use of spherical coordinates can be defined as
X, = psinacos@
Y, = psinasin @

Zp =pcosa = pz_x§_y§ 5)

Expressions (4) in view of (5) can be transformed to a form

P2 =2dx, +d* =Al, +p
NPT =2dy,+d> =Al, +p

0% =2d(x, + y) +d> = Al +p

11
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Figure 2. A projection of arbitrary point A(X,, ¥,, Z,) on coordinate axis.

and expressions (6) can be written down as

d> —AI> =2p(Al, +dsinarcosd) @
d* = A} =20(Al, +dsinasin 0) ®)
2d* = Al? =2p(Al, +dsinasin @ +dsin ocos 8) ©

Making subtraction (7) and (8) from (9) gives
A} +AL =N, =2p(AL, —Al, - AlL)

whence we find value of the vector module r expressed in differences of distances

(10)
_ LA +AL; -AL)

T2 (I,-AlL-AlL)

Doing further transformations, we shall preliminary determine difference of expressions (9)
and (7), having written down

d* +Al} = Al} =2p(Al, - Al +dsin asin 6) (11)
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Now executing cross multiplication of expressions (7) and (8) and, making similar actions
with expressions (7) and (11) we obtain system of equations

(d* = ALY )AL +dsinasin§) = (d” = Al )(Al, +dsin crcos 6) (12)
(d* = AL} )AL — Al +dsinasin) = (d” + A} — ALY )(Al +d sin ocos 6) (13)
Making division (13) on (12) we get
Al —Al +dsinasing _d* +Al} -Al;
Al, +dsinasing d*=Al; (14)
After simplification and solving (14) for SIn@sin& we obtain
sinrsin d* (Al +AL —AL)+ALAL +ALALY - ALAL = A, AL
d(AL; =Al} —AlL})
which in view of (10) can be written down in the form of
2 2 _ 2 _ 2
snosing o 4y ALAL +A122All ZAZ]AI22 AL
d(AL; =Al} —AlL}) (15)

By analogy to actions made above, having determined a difference of expressions (9) and
(8), we get

d* +Al; - AL} =2p(Al, - Al, +dsincos 6)

(16)
Now making cross multiplication of expressions (8) and (16), having writing down
(d* = AL} )AL, — Al +dsinacos§) = (d” +Al; — Al )AL, +dsinasin @) (17
and having carried out division of expression (17) on expression (12) gives
(Al,—Al, +dsinacosd) (d*+Al; —Al)
(Al +dsinacos ) (d? —Alf) (18)
Solving (18) for product of trigonometrical functions SIn €086 we obtain expression
2 2 _ 2 _ 2
Sinorcosf = d N ALAL +A112Al2 2Alel12 A AL
2 d(Al; —Al7 -Al) (19)

Considering (10) and making substitution (15) and (19) in (5), required expressions for
determining of geometrical coordinates of a signal source in three-dimensional space is obtained
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Lod.op (ALAL +ALAL = ALALY —AAL)
2 4d (AIZ —AIP - ALY) 20)

_d.p (ALAL +ALAIL —ALAL —A,ALY)
Y= (AIZ = A2 —ALY) oD
2, =N0 — X = Ve 22)

Where all linear differences Al , according to (1), can be presented as phase shifts AP calculated
from the spectral representation of a signal in frequency domain.

Measuring of signal sources array coordinates in 3D space.

Let the source of a signal be not a dotted, but complex object with an uncertain place of
location of signal sources yx (1), placed in points 4, where k — is a number of a source of a signal (0
< k< M-1) and M - quantity of signal sources. Their parameters and geometrical coordinates can be
determined by receiving a signal with the array of the sensors, placed on a plane xy. In [2] the
measuring system with two sources of a signal was investigated. Here we consider system with
arbitrary number of sources of a signal. Let the sources of a signal be placed inside of investigated
object and produce the signals that are distributed in all directions. As well as in previously
considered cases we think that sensors are on insignificant distance from a source and no attenuation
on amplitude of the signal received by each sensor. Let sensors array of size NxN form a square,
inside of which these sensors are placed with linear step d. To denote position of each sensor we

shall use a notation S"f, where 0<i,j<N _1. Geometrical coordinates of each sensor will be
denoted as Si’f(ld’]d’o).

The signal received by a sensor 8 is superposition of partial signals from all sources, and
this signal can be described by equation

M-1
x, (=Y y,(t-A7)
k=0

R .. PR S,
where Ar? a time delay of signal distribution from k-th source to -/ sensor.

The spectrum of a signal received by each sensor can be presented in form
o _ jonip [
. . g _ . ALY
X, (jo)=|X, ,(jo)e ™" =Y ¥, (jo)e’™ e x, (1)
k=0

Then, the module and phase of a signal spectrum can be presented in the form

M-1

X, o)=Y, o™
k=0

M-1

Im() Y, (jw)e™")
k=0
M-1

Re(Y Y, (jwye'™)

k=0

@, ;(w) = arctan|
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The phase differences between two sensors in points i, j and c, e (O< ce<N _1) at any frequency
o we shall define in the form

Ab; jyee (@) = F(Ati’j A = @, ;(0) -9, (©)
M-1 M-1
Im(Y Y, (je)e™) (Y, (jo)e™")
= arctan — 75 — |—arct
Re(Y Y, (jw)e'™ ") Re(Y Y, (jw)e'™")
k=0 k=0

. . . Ab, . w . .
where the difference of phases of received signal (e (@) , measured between sensors in points
i,j and ¢, e are components of the signals received from sources 4. Creating system of the linear
equations for all possible pairs of sensors and solving them for phases of the signals received from

i,j c.e
each source at all frequencies, we shall have necessary parameters A and A7 , that will be used

for determining of geometrical coordinates of signal sources. The system has solution if the relation
(NxN) >M is satisfied. The subsequent definition of linear differences according to (1) between each
pair of sensors at any points of their location i, j and c, e allows use of (20-22) to define the
geometrical coordinates of each source of signal 4;. Another advantage of this method is that
spectrum structure of each internal source of the signal is determined, that can be useful for future
analysis of system behavior.

Experimental modeling of algorithms.

The algorithms of measuring of coordinates of a signal source in 2D and 3D space
were investigated on a program level by using MATLAB.

Parameters of models were chosen so, that phase shifts for any of examined case did
not exceed 2p. For cases of determining of coordinates in 2D and 3D space, the distance
from sensors up to a source of a signal was within the limits of 1 — 10 cm, speed of
distribution of a signal was in range of 300 <v <500 m/s, the frequencies of a modeled
signals were in range from Hz up to units of kHz.

Measuring of geometrical coordinates of signal sources array was researched by
using the model of sensors system of N= 4, at amount of sources of signals M=10.

Full concurrences of the modeled and calculated geometrical coordinates were
received for all variations of researched parameters.
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