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The purpose of this research is to determine the role of quantitative reasoning in the
problem-solving process of the two students who go in sixth grade of secondary
school. In this research, in which the qualitative research method is adopted, there
were five weeks of instruction carried out with students who go in sixth grade of
secondary school in order to determine how the development of quantitative
reasoning led to a change in problem-solving ability. Clinical interviews were
conducted with students selected as the focus at the beginning and end of the
process. Data from this study were also collected from the data of two students who
were interviewed clinically. In the analysis of the data, the thematic analysis method
was used. As a result of the research, it was observed at the interviews that the
quantitative reasoning skills of the two students, who had low quantitative reasoning
ability at the preliminary talks, changed at the end of the teaching process. It has been
determined that this change is reflected in the problem solving process of the
students and that they are also successful in the problems with medium and high
difficulty level according to the pre-teaching. In this process, it has been observed that
students can solve problems more than one way, choose appropriate strategies for
their problem situations and also increase the use of visual representation which has
an effective place to do quantitative reasoning.
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Bu arastirmanin amaci, ortaokul altinci sinifa devam eden iki 6grencinin nicel
muhakeme gelisimlerinin problem ¢6zme sirecindeki rollini belirlemektir. Nitel
arastirma yonteminin benimsendigi bu arastirmada nicel muhakeme gelisiminin
problem ¢6zme becerisinde nasil bir degisime yol agtigini belirleyebilmek igin altinci
sinifa devam eden 6grenciler ile bes hafta slren bir 6gretim gergeklestirilmistir. Bu
surecin basinda ve sonunda odak olarak segilen 6grenciler ile de klinik gortismeler
yapilmigtir. Bu arastirmanin verileri de klinik gorisme vyapilan iki 6grencinin
verilerinden toplanmistir. Arastirmada verilerin analizinde tematik analiz yontemi
kullanilmigtir.  Arastirma sonucunda 6n goérismelerde diisik nicel muhakeme
becerisine sahip olan iki 6grencinin 6gretim siireci sonunda yapilan goériismelerde nicel
muhakeme becerilerinin gozle gorilir sekilde degistigi gozlenmistir. Bu degisimin
6grencilerin problem ¢ézme slreglerine yansidigl ve 6gretim 6ncesine gore guglik
diizeyi orta ve yiksek olan problemlerde de basarili olduklari, problem durumlarina
uygun stratejileri segebildikleri gbzlenmis, ayrica nicel muhakeme yapabilmede etkin
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bir yere sahip olan gorsel temsil kullaniminin da arttigi belirlenmistir.

Introduction

A mathematical problem can generally be solved arithmetically or algebraically, depending on the
age and grade levels. An arithmetic solution includes showing the numbers that are present in the
problem, understanding the relations between these numbers, applying the correct arithmetic
operation between the appropriate pairs of numbers depending on these relations, understanding the
purpose of the operation, and associating it with other operations (Blanton, 2008; NCTM, 2000). An
algebraic solution involves writing an equation containing the unknown and solving this equation (Van
Ameron, 2002). On the other hand, a mathematical problem can also be solved by focusing on the
relations between quantities and quantities, and this approach is called quantitative reasoning (Smith &
Thompson, 2007).

Quantitative reasoning is an analysis of the situation with a structure that contains quantities,
relations between quantities, and new quantities composed of these relations (Thompson, 1988). The
most characteristic feature of quantitative reasoning is that numbers and numerical relations or
variables are secondary in terms of importance. When analyzing the problem situations, first, non-
numerical inferences are made on quantities, and then how these quantities are related to the problem
state is revealed. Thereafter, numbers and the relations between numbers, and the appropriate
numerical operations for calculating the value of the quantity are taken into consideration (Thompson,
1993; Thompson, 2011). Analyzing quantitative information in this way helps students to decide which
methods and strategies will be used to find the solution of the problem (Dwyer, Gallagher, Levin, &
Morley, 2003). In this context, it can be said that quantitative reasoning is a theory that sheds light on
problem solving and makes sense of the solution process.

Problem Solving and Quantitative Reasoning

Problem solving is one of the most basic skills aimed to be developed from the pre-school period
(CCSM, 2010; NCTM, 2000). Problem solving is a way of thinking and a process at the same time. There
are various models in the literature that explain the steps of this process. The models of Polya (1945),
Schoenfeld (1985), Verschaffel, De Corte, Lasure, Vaerenbergh, Bogaerts, and Ratinckx (1999) are some
of these models. The model of Polya (1945), adopted within the scope of this study, consists of four
stages; understanding the problem, preparing the plan for the solution, applying the plan and evaluating
the solution. Various strategies, which are also called the paths of problem solution, such as systematic
list-making, estimation and control, pattern searching, figure-diagram drawing, and drawing a table are
also used in this process (Van de Walle, Karp & Bay-Williams,2016). Quantitative reasoning is an
approach that affects all stages of the problem-solving process and makes the process meaningful. One
of the concepts that take an important place in the development of quantitative reasoning is problems
based on real-world experiences. Smith and Thompson (2007) point out that the concept of “problem”
should be reconsidered at the level of primary and secondary school mathematics for the development
of quantitative reasoning skills of students. According to them, the concept of the problem consists of
real-world situations in which students make reasoning about and conceptualize the relations between
quantities.

If the focus is on the development of quantitative reasoning skills in solving real-world problems,
then routine operations such as a numerical solution or variable assignment and equation solving
cannot be applied. While the focus in an arithmetic solution is on numbers and the relations between
numbers and the focus is on transforming relations into symbols in an algebraic solution, quantitative
solution focuses on expressing quantitative relations and working with quantitative relations (Smith &
Thompson, 2007). The basic approach here is that it is important for a quantitative reasoner to
understand the problem situation and to focus on relations between the quantities in the problem
situation by determining the quantities in this context. Therefore, the concept of quantity is the concept
that comes to the forefront in quantitative reasoning. According to Thompson (1988), quantity is the

61



Tanish & Dur — Gukurova Universitesi Egitim Fakiiltesi Dergisi, 47(1), 2018, 60-108

representation or visualization of the measurable feature of an object in one’s mind. In other words,
quantity is a concept that is created in one’s mind by considering the quality of that object so that one
can understand the measurability feature of an object. Nevertheless, there is no need to measure
quantities or to know the numerical values of their measurement results in order to be able to think
about quantities.

One of the important concepts to be considered in the process of understanding the problem is
quantitative operations. Quantitative operations are mental operations that ensure the formation of a
new quantity from two existing quantities in one’s mind. The new quantity found as a result of the
quantitative operation also shows the relation between two quantities that are present in mind
(Thompson, 1993; Smith & Thompson, 2007). Quantitative operations are not the same as arithmetic
operations but are related when the value of the quantity is known. In other words, arithmetic
operations represent the value of a quantity (Smith & Thompson, 2007). In the process of planning for
the solution of the problem and implementing the solution, it is necessary to find the solution by
interpreting the strategies chosen and the quantitative information, and to evaluate the result obtained
with the problem situation in the ongoing process.

Studies on problem solving show that students from all grade levels have difficulties in various
situations such as understanding the problem (Herscovics & Kieran, 1980; Kamal & Ramzi, 2000; Stacey
& MacGregor 1999), turning the verbal problem into the mathematical language (Lochhead, 1988),
interpreting the problem (French, 2002), and using the appropriate strategy (Verschaffel, De Corte &
Lasure, 1999). Students may have difficulty in the problem-solving process when they solely focus on
algebraic operations by assigning symbols to numerical values, arithmetic operations or unknown and
cannot go beyond the operational dimension (Mayer, Lewis, & Hegarthy, 1992; Smith & Thompson,
2007; Thompson, 1993). Tambychik and Meerah (2010) stated that the reason for students to face
difficulties in the problem-solving process is the lack of mathematical skills such as the concept of
number, arithmetic skills, conceptual and operational knowledge skills, language skills, visual and spatial
skills because students are obliged to apply and integrate many mathematical concepts and skills
throughout the problem-solving process. Thompson (1988) also stated that the difficulties experienced
in the problem-solving process may result from the failure to introduce the quantitative reasoning skill
that considers the more basic, concrete relationship between quantities as of the early ages and is
regarded as more informal than arithmetic or algebraic methods. According to Thompson, the
acquisition of quantitative reasoning contributes both to the understanding of numerical expressions
and operations in arithmetic, understanding of symbolic expressions and operations in algebra, and to
the development of problem-solving skills. In this context, the studies he conducted supported the fact
that the development of problem-solving skills can be ensured by the development of the quantitative
reasoning skill (Smith & Thompson, 2007).

The results of some studies show that the cognitive difficulties that students experience in complex
problem-solving processes can be reduced, and the understanding and internalization of concepts can
be ensured with the development of the quantitative reasoning skill (Ellis, 2007; Moore, 2010; Smith &
Thompson, 2007; Thompson, 1988; Thompson, 1993) because problem solving based on quantitative
reasoning leads students to conceptual learning by moving them away from stereotyped solutions that
are based on multi-dimensional inferences and learning by heart. For example, in a study conducted by
Ellis (2007) who supported this idea, the quantitative reasoning skills of two groups of secondary school
students, determined as the experimental and control groups, were investigated in the context of
generalization. As a result of the study, it was determined that students in the group taught based on
the relationship between quantities and quantities could meaningfully generalize the desired
relationships in real life problems. In a study conducted by Moore and Carlson (2012) on university
students, it was observed that students with advanced quantitative reasoning skills in solving real-world
problems can solve problems more meaningfully. Similarly, another study conducted by Moore, Carlson
and Oehrtman (2009) on university students has shown that quantitative reasoning is effective in
problem solving. In the study conducted by Kabael and Akin (2016) and investigating the strategies and
quantitative reasoning skills used by seventh-grade students when solving algebraic verbal problems, it
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is emphasized that quantitative reasoning skills play an important role in the effective use of both
arithmetic and algebraic strategies in the problem-solving process.

Curricula rich in quantitative reasoning at all levels from primary school are very important in the
multidimensional development of problem-solving and quantitative reasoning skills. For example, when
the mathematics curricula of countries such as China and Singapore are examined, it draws attention
that the programs support quantitative reasoning and students of these countries have developed
problem-solving skills (Cai, Ng & Moyer, 2011). The mathematics curricula in Turkey do not directly
emphasize quantitative reasoning, and it is emphasised that students are expected to express their
thoughts and reasoning easily, and see the deficiencies or gaps in the mathematical reasoning of other
people only in the problem-solving process (MNE, 2017). In Turkey, in many studies conducted on
problem solving at all grade levels, it is expressed that students generally experience difficulties in the
problem-solving process (e.g., Bayazit, 2013; Celik & Giler, 2015; Sener & Bulut, 2015). There are also
various studies investigating the factors affecting the problem-solving process (e.g., Turnikli &
Yesildere, 2005). However, when these studies were examined, it was found out that the role of
quantitative reasoning in the process of problem solving was not investigated, and only one study that
investigates the quantitative reasoning skills of seventh-grade students in the process of solving verbal
algebraic problems was encountered (Kabael & Akin, 2016). Nevertheless, as Thompson (1988) argues,
quantitative reasoning, which has concrete, intuitive and unique models, can be used as an alternative
approach inproblem solving teaching. Based on these ideas, the quantitative reasoning skill levels of
students in Turkey and what kind of a change can occur in the problem-solving skills of students in case
training is provided on the development of this skill necessitated this study. The general aim of the study
is to determine the role of the quantitative reasoning development of two students studying in the sixth
grade of secondary school in the ability to solve real-world problems. The answers to the following two
questions were sought in line with this aim.

1. How do two students studying in the sixth grade of secondary school solve and interpret
real-world problems?

2. How do two students studying in the sixth grade of secondary school solve and interpret
real-world problems after the training?

The study is limited to the clinical interviews before and after the training. It is believed that the
study is important in that it reveals how the skills of the students of determining quantities, determining
the relations between quantities, and interpreting and making inferences from the quantitative
information were at the beginning and at the end in the problem-solving process. Furthermore, the
study is important in that the problems used in the study and the ways which the students follow in the
problem-solving process set an example to teachers, pre-service teachers, and mathematics educators.

Method
Research Design

The teaching experiment design was adopted in this study (Cobb & Steffe, 1983). The reason for
choosing this design is that researchers can see how students' problem-solving skills have changed with
the development of quantitative reasoning before and after the training (Steffe, 1991). In this context,
one of the researchers was present in the environment as a teacher, and he conducted research while
the teaching activities were maintained at school or in the classroom environment.

Teaching was performed on sixth-grade students for five weeks and in 10 course hours. In this
process, training was provided on problem-solving (Van De Walle et al.,, 2016), and the four-stage
problem-solvingmodel of Polya (1945) was used in this framework. In the teaching process, activities
including real-world problems that require quantitative reasoning with different contents and levels
(from simple to complex) similar to those used in the studies of Smith and Thompson (2007) were
created. In this process, the researcher first had the participants solve the problems with individual or
small group studies, and then asked questions such as “What does your finding mean?”, “What are you
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trying to find?” by creating environments that would enable them to share their solutions and thoughts.
Moreover, he tended to listen to his students well. It is important for students to use visual
representations while explaining quantities in the problem-solving process in terms of reasoning in the
classroom interaction. At this point, the researcher asked the students to express the definitions they
wanted to explain by using representations such as diagrams, figures, tables (Smith & Thompson, 2007).
Besides, he encouraged his students to use different strategies in the problem-solving process.

Participants

The participants of the study are two focus students selected among students attending the sixth
grade at a secondary school located in the centre of a province in Turkey. In the selection of students,
criteria sampling among purposeful sampling methods was used (Yildirim & Simsek, 2013) and students’
mathematical achievement levels were taken as a criterion. In this context, a male student with a high
level of achievement and a female student with a middle level of achievement were selected on the
basis of volunteerism within the scope of the study, considering the mathematics lesson grade scores,
the results from the test examinations made at school, and the teacher’s opinion. Students with the low
achievement level were not preferred as participants in this study, since gaining quantitative reasoning
skills actually takes a long time and requires a certain level of readiness in participants.

Data Collection

The main data of the study were collected by the clinical interview technique applied before and
after teaching (Clement, 2000, p. 547). In addition to this, student worksheets, student diaries, the
researcher’s diary were also used as support data. real-world problems were created in quantitative
difference, complex additive situations, combination of differences and quantitative ratio, which can
reveal the quantitative reasoning skills of the students for pre- and post-clinical interview questions. In
this process, the problems in the studies of Smith and Thompson (2007) were used. In problem
situations containing a quantitative difference, the result of comparing two quantities in an additive
manner is present, while in problem situations containing a quantitative ratio, a new quantity is
obtained as a result of the multiplicative comparison of two quantities. Problem situations involving
complex additive situations involve one or more quantitative differences whereas problem situations
involving relational complex situations involve at least six quantities and three quantitative operations
(Smith & Thompson, 2007).

The clinical interview questions prepared were then presented to two expert mathematics
educators. Then, in order to test the comprehensibility of the questions and develop the questions at
the end, a pilot study was carried out on a voluntary student with a medium level of achievement
attending the sixth grade, and necessary corrections were made on the questions. The clinical interviews
were conducted by a researcher and the interview with a student was completed in four days, in a way
that it did not exceed an average of 30-40 minutes per day.

Data Analysis

The thematic analysis method was used in the analysis of the research data. In the thematic analysis,
the existing themes used in various models can be utilized as well as themes and patterns can be found
for the data (Liamputtong, 2009). In this study, the codes and themes were associated with the
problem-solving stages and quantitative reasoning indicators, and the process presented in Figure 1 was
created.
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Problem Solving Steps Quantitative Reasoning Skills

l Determine Quantities

Understand The Problem
Express Quantitative

f The Real World 3 Relations and Quantitative
i Problem : Operation
'.\ i
Devise a Plan and Carry Out Interpretation of
The Plan Quantitative Information

l and Conclusion

Associate a Situation

Look Back X . .
with Other Situations

Figure 1.Relationship between problem solving process and quantitative reasoning skills

The analysis process was performed in two steps. First, the data from the interviews, worksheets,
and the students’ and researcher’s diaries were itemized. Then, the data were read repeatedly, and it
was attempted to understand the thoughts expressed by the participants. In the second step, coding
was started. In the coding process, each type of problem was evaluated separately, and the solution
processes of the students were examined. If the student could express the problem “in his/her own
words” and “if he/she could identify what was given and requested in the problem”, these expressions
were addressed as codes and collected under the sub-theme of “understanding the problem”. Then, the
“strategies” used by the student made up the other code, and this code was defined with the sub-theme
of “devise a plan and carry out the plan”. Finally, if the student “could control and interpret the result of
the solution” this was addressed under the sub-theme of “look back”. All sub-themes defined were
expressed with the theme of “problem-solving process”. On the other hand, in the stage of
understanding the problem, if the student could “determine quantities”, “express quantitative relations
and quantitative operations” and express these relations with “visual representation” in a problem
situation, and if the student “could interpret and make an inference from the quantitative information”
in the stage of planning for the solution and applying the solution, and “associate a situation in the
problem with a situation in another problem” in the stage of assessment, all these expressions were
addressed as codes and defined under the theme of “quantitative reasoning skills”.

The coding and theming process was carried out independently by the researcher and expert in
mathematics education, the reliability was calculated, and 80% reliability was ensured (Miles &
Huberman, 1994, p. 64). Codes and themes were presented in figures in the findings, and the students
were represented using the initials of their nicknames (Atakan and Emel), and their achievement levels
were represented by using the indices “H” for high and “M” for medium. Furthermore, the numerical
value of 1 was used for simple, 2 for medium, and 3 for high, respectively, in order to represent the level
of complexity of the problems, from simple to complex.
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Results

The Problem-Solving Processes and Quantitative Reasoning Skills of Two Students in Solving
Quantitative Difference, Complex Additive Situations, Combination of Differences and Quantitative
Ratio Problems Before Training

The solution performance, solution steps and quantitative reasoning skills of the students in the
process of solving real-world problems presented in Figure 2 containing a quantitative difference are
presented in Figure 3.

The real-world problem containing a quantitative difference

The information on the goals scored by Eskisehir, Trabzonspor and Galatasaray football teams
against one another in the matches is as follows:

1) Eskisehirspor scored 5 goals against Galatasaray, and 4 goals against Trabzonspor;
Galatasaray scored 2 goals against Eskisehirspor, and 3 goals against Trabzonspor; and
Trabzonspor scored 1 goal against Eskisehirspor, and 6 goals against Galatasaray. According
to the information given, compare Trabzonspor’s average goal status at the beginning and
average goal status at the end.

2) Eskisehirspor scores 4 goals against Galatasaray, and 7 goals against Trabzonspor;
Galatasaray scores 1 goal against Eskisehirspor, and 2 goals against Trabzonspor; and
Trabzonspor scores 3 goals against Eskisehirspor and it has 5 more average goals at the end
of the matches when compared to the beginning. Accordingly, find how many goals does
Trabzonspor score against Galatasaray.

3) Eskisehirspor scored --- goals against Galatasaray; --- goals againstTrabzonspor, Galatasaray
scored --- goals againstEskisehirspor; --- goals against Trabzonspor, and Trabzonspor scored --
- goals against Eskisehirspor; --- goals against Galatasaray. Arrange the gaps in such a way
that by the end of the matches, Trabzonspor’s average goals will be 2 less than its average
goals at the beginning.

Figure 2. The real-world problem containing a quantitative difference

As can be seen from Figure 3, when the students' solution performances were examined, it was
observed that only the simple complicated level problem could be solved by Atakan. When starting to
solve the real-world problems containing a quantitative difference, Atakan and Emel expressed the
problems with their own words and determined what was given and requested. In this process, both
students noticed the quantities as “scored goals” and “goals conceded” in the problem. However, both
fell short in explaining the quantitative relations of “the additive difference between conceded and
scored goals” or “how goals averages change”, which was reflected in their problem solutions. For
example, Emel used the strategy of listing (listing the possibilities of a situation) in the solution of the
three problems in the stages of planning and implementation of the plan but failed to solve the
problems. Since Emel could not discover the quantitative relation, in other words, she could not
understand the quantitative difference completely, she performed meaningless arithmetic operations
between the number of scored and conceded goals as can be observed below.
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Figure 3. The problem-solving processes and quantitative reasoning skills of the students in the process
of solving the problems containing a quantitative difference

At the same time, Atakan used the strategy of listing in the solution of the simple complex level
problem in the stage of planning and implementation of the plan; he directly focused on the numbers
and found the correct result with the arithmetic operation of “he conceded 4 goals, conceded 3 goals
and scored 7 goals 4+3=7-7=0". In the assessment stage, he interpreted the solution by checking its
accuracy. Nevertheless, although Atakan succeeded in the first problem and he could interpret the
quantities in the problem, he had difficulty in finding the “additive difference between the goals
conceded and scored by Trabzonspor”, in other words, discovering the quantitative relation, and
interpreting the state of “an average of 5 more goals when compared to the first situation” in the
second problem, which is related to the first question, since he failed to make quantitative reasoning.
He experienced a similar difficulty in the third problem, and he could not explain the state that the “goal
average is 2 less when compared to the first situation,” and he used the trial and error strategy (making
random meaningless arithmetic operations) to solve these problems.

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems containing complex additive situations given in Figure 4 are presented in
Figure 5.
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The real-world problem containing a complex additive situation

There are two classes at a university (S1 and S2) and (M1 and M2).

1) The sum of the numbers of students of M;and M, is 82. The number of the students of
S, is 8 more than the student number of M2, and the number of the students of S2 is 3
less than the student number of M;. As M, has a total of 36 students, what is the total
number of the students of S; and S27?

2) The total number of the students of Mi and M, is 82, and the total number of the
students of Si and S2 is 87. The number of the students of Si is 8 more than the number
of the students of M,, and the number of the students of S2 is 3 less than the number
of the students of M;. M has a total of ... students. Which number or numbers can be
written to the gaps in order to fulfil the situations given in the problem?

3) The total number of the students of M; and M, is 82, and the total number of the
students of S;and S2 is 84. The number of the students ofS, is 8 more than the student
number ofM2, the number of the students of S2 is 3 less than the number of the
students ofMi. There is a total number of --- students in Mi. Which number or numbers
can be written to the gaps in order to fulfil the situations given in the problem?

Figure 5. Solution processes and quantitative reasoning skills of the students in the process of solving a
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Figure 4. The real-world problem containing a complex additive situation
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As can be seen from Figure 5, Atakan and Emel were only able to solve the problem given at the
simple complex level and failed to solve the problems at the medium and high level of complexity. While
beginning to solve the problems, Atakan and Emel expressed the problems with their own words, and
they could determine what was given and required. Nevertheless, in this process, both students directly
focused on numbers and the unknown without focusing on the quantities in all three problems, and
they used the equation writing strategy (writing a mathematical equation in which the unknown is
represented with a letter) in the first problem, and the trial-error strategy in the solution of the other
two problems, in the stage of planning for the solution and implementing the plan, and they performed
the solutions in an algebraic way. In the assessment stage, they checked the accuracy of the result. In
the case of two other problem situations with the increasing level of difficulty that require quantitative
reasoning, the students used the trial and error strategy and could not achieve the correct answer since
they failed to interpret the quantities as the “total number of students in classes” and “the difference
between the total numbers” or “the difference between the two grades in two different departments”,
in other words, the relations between quantities.

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems containing the combination of the differences given in Figure 6 are
presented in Figure 7.

The real-world problem containing the combination of the differences
Ahmet and Batuhan make a bet on which one will have more nets than his sister. It is observed
that Ahmet wins the bet with 12 nets after the exam. Fill in the gaps with the suitable numbers
that will fulfil the problem situation in this exam.

1. Ahmet:92 nets, his sister Emine:76 nets; Batuhan: 98 nets: his sister Sule: --- nets

2. Ahmet:92 nets, his sister Emine:76 nets; Batuhan: --- nets; his sister Sule: --- nets

3. Ahmet: --- nets, his sister Emine: --- nets; Batuhan: --- nets; his sister Sule: --- nets

Figure 6. The real-world problem containing the combination of the differences

As can be seen from Figure 7, Emel could solve only the problem given at the simple complex level.
When starting to solve the problems, both students expressed the problem in their own words, but
Atakan could not determine what was given and what was requested, so he could not understand the
problem. In problem situations, the students are first expected to become aware of seven quantities
(i.e. the scores of Ahmet, his sister Emine, Batuhan, his sister Sule, and the difference between the other
quantities obtained from the two quantities and the difference between the scores of Ahmet and
Emine, and the difference between the scores of Batuhan and Sule, and finally, Ahmet’s claim, which is
the new quantity that arises as the difference of the difference). In this process, it is important that
students first compare the two differences in the context of quantitative reasoning, in other words,
compare the “mathematics score between the siblings” and the “score between the two friends” and
discover the quantitative relationship of “the difference of the differences”. Emel failed in the problems
apart from the first problem, while Atakan failed in the solution of all the problems since he could not
realize this situation.

In the planning and implementation stage, Emel used the strategy of reasoning in all three problems
(obtaining g based on the p state that is correct) but achieved the correct result only in the first
problem. She primarily focused on numbers and operations in the problem, and she found the solution
as “Ahmet has 92 nets and Emine has 76 nets. 92 minus 76 is 16... If the net difference between Batuhan
and Sule is 4, Ahmet wins with 12 nets” by making arithmetic reasoning. In the assessment stage, she
checked the accuracy of the result. Emel is actually aware of the quantities in this problem.
Nevertheless, she had difficulty in other problems with an increasing level of difficulty since she did not
fully conceptualize the quantitative difference and the different relations of the difference. Since Atakan
could not discover the quantities and the relation between these quantities, he used the strategy of trial
and error in all problem situations and could not reach the solution. For example, in the first problem,
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with 12 nets, 76-12=64 and Sule scores 64”.
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Figure 7. Solution processes and quantitative reasoning skills of the students in the process of solving a
problem containing the combination of the differences

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems containing a quantitative ratio in Figure 8 are presented in Figure 9.

The real-world problem containing a quantitative ratio

1) Ayhan will be 45 years old at a later time in the future. Then, Ayhan will be 3 times
older than the age of his daughter Feyza. As Feyza is 11 years old now, how old is
Ayhan?

2) Tap Afills a pool in 60 minutes, while tap B fills another pool with the same capacity
(volume) in 80 minutes. How many minutes later will the amount of water in both pools
be the same, as tap B is opened 15 minutes before tap A?

Figure 8. The real-worldproblem containing a quantitative ratio
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Figure 9.Students’ solution processes and quantitative reasoning skills in the process of solving a
problem containing a quantitative ratio

As can be seen from Figure 9, both students could only solve the problem at the simple complex
level and failed to solve the problem at the highly complex level. When starting the problem at the
simple complex level, Atakan and Emel expressed the problem with their own words and determined
what was given and requested. The students became aware of four quantities (the father’s and
daughter’s current ages, the father's and daughter’s future ages) in this problem situation. Nevertheless,
both students directly focused on numbers and started to solve the problem without fully expressing
the temporal relationship, quantitative difference, and quantitative ratio relations. In this context,
Atakan and Emel used the strategy of reasoning in the planning and implementation stage and in this
process, they performed arithmetic operations in three steps. In the solution, they first determined the
future age of the girl, then they found the difference between the present and the future ages, and
finally, they subtracted this difference from the father’s age. In other words, they reached the correct
solution by selecting three numbers (45, 3, 11) and the correct arithmetic operation (division,
subtraction) to be used in the problem. In the final assessment stage, they checked the accuracy of the
solution. Emine’s solution was presented as an example. Atakan also suggested a second solution for
this problem situation with the following reasoning “ --- 11 plus what makes it a multiple of 45”.

When starting the second problem, both students expressed the problem with their own words and
determined what was given and requested. However, the students were unable to perform reasoning

71



Tanish & Dur — Gukurova Universitesi Egitim Fakiiltesi Dergisi, 47(1), 2018, 60-108

upon the quantities in the problem situation (the durations during which taps A and B fill the pool, the
times when tap B and A start to fill the pool, and the time when the amount of water in both pools is
equal) and quantitative relationships between them (filling ratios and durations of the two taps). In
other words, they failed to interpret the information that the difference between the amounts of water
in the pool would be closed at a rate that is a difference of filling ratios and durations. Therefore, they
used the strategy of trial and error in the planning and implementation stage and performed
meaningless arithmetic operations.

For example, Atakan failed to find the answer to the problem because he initially misinterpreted the
ratios and durations of the taps to fill the pools.

When all problem situations were taken into consideration, it was observed that students focused
more on numbers and numerical relations rather than quantities and the relations between quantities,
and they generally used the trial and error strategy in problems in solving of which they generally had
difficulty. Furthermore, it was observed that in general, they could solve the problem situations given at
the simple complex level, while they had difficulty in solving the problems as the level of complexity
increased. When students’ diaries were examined, it was observed that the students generally claimed
that they had difficulty in solving the problems since they had not encountered such problem situations
before.

Problem Solving Processes and Quantitative Reasoning Skills of the Two Students in Solving the
Problems of the Quantitative Difference, Complex Additive Situations, the Combination of the
Differences and Quantitative Ratio Types after the Training

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems presented in Figure 10 and containing a quantitative difference are
presented in Figure 11.

The real-world problem containing a quantitative difference

Erkan, Alper and Necati are three friends, and they frequently talk on the phone with one
another. When the credits of one of them decrease, the other two friends send him credits. The
amount of credits that the three friends receive from one another after a certain period is as
follows:

Note: Erkan, Alper and Necati do not receive any credits from anywhere in this period and do not
spend any credits at all.

1) Erkan receives 12 credits from Alper, 18 from Necati; Alper receives 24 credits from
Erkan, and 16 credits from Necati; Necati receives 5 credits from Alper, and 8 credits
from Erkan. Based on this information, compare the initial and final amount of credits
of Alper.

2) Erkan receives 16 credits from Alper, 8 from Necati; Alper receives --- credits from
Erkan, and 6 credits from Necati; Necati receives 15 credits from Alper, and 46 credits
from Erkan. At the end of these situations, Alper has 8 more contests than the first
case. According to this, how many credits did Alper'e get from Erkan?

3) Erkan receives --- credits from Alper, --- from Necati; Alper receives --- credits from
Erkan, and --- credits from Necati; Necati receives --- credits from Alper, and --- credits
from Erkan. In case of completing the sending of the above credits, fill in the blanks so
that 4 credits are left according to Alper's initial status.

Figure 10.The real-world problem containing a quantitative difference

As seen in Figure 11, Atakan and Emel could solve the three problems while starting to solve the
problems containing a quantitative difference. Atakan and Emel expressed the problems with their own
words and determined what was given and requested. In this process, they became aware of quantities
such as the “credit sent” and “credit received” in the problem, and they represented the values of these
guantities with the signs plus for the incoming credits and minus for the credits sent. They also
determined the quantitative relationship with regard to “the additive difference between sent and
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received credits” and “how the amount of credit at the beginning and at the end changed.” In this stage,
Atakan showed the quantitative relations he determined by drawing a diagram.

The conceptualization of quantities and the relationship between quantities was also reflected in the
solution processes of both students, and they used the strategies of list making, using the solution of
similar problems (solving by associating it with a simpler similar problem), performing reasoning, and
estimation and checking (making an estimation in relation to the answer to the problem and examining
whether this estimation is the response) in the planning and implementation stage. The list-making
strategy was used correctly by Atakan and Emel in three problems, and the correct solution was found
by the quantitative method. In the assessment stage, the accuracy of the result was checked and
interpreted. Emel’s solution is presented as an example below.

Emel found the solution to this problem by interpreting the quantitative information discovered as
“First, | found the loss. 16+15=31 is the loss, and 6 is the profit. 31-6=25 is the loss. It will first make up
for 25, and then it should be added 25+8=33 to surpass by 8.” As can be seen, Emel used the solution of
the profit-loss problems in the solution of the problem in a similar way with Atakan. At the same time,
Atakan solved the problem as shown in Figure 12, upon the diagram he drew at the beginning of the
problem.

12+5=17 sent
24+10=40 receive
40-17=23 receive

-~

v N +23 creditprofit
AFE A< am T Sn dar o )
o) Ly > E= R WP A
PN e s, D\
=
T e S k= do

Figure 12. Atakan’s solution

Atakan interpreted the quantitative information in the following way: “Necati and Erkan do not have
any importance. So, | just drew Alper. In my first solution, | may have not written the other people. The
important person is Alper. Only the states that Necati and Erkan sent credit to Alper and received credit
from Alper are important. The credits that Necati and Alper sent to and received from one another are
not important”, and reached a solution accordingly. In the assessment stage, the students reached the
result by associating the problem situations respectively with each other since they determined the
guantities, quantitative relations, and operations at the beginning of the problem.

As shown in Figure 11, Atakan and Emel used the strategies of reasoning and estimating and
checking in the solution of the second and third problems. For example, in the solution of the third
problem Atakan made an explanation as follows:

An: The amount of credits Erkan and Necati sent to each other does not concern us. We can write the
numbers we want in the credits they sent to each other. After | write the first 3 states of Alper, | will
judge the final state according to the order. | found that it is correct when | crosschecked it.

Res: Then, which numbers can be written in the gaps here?

An: Many numbers can be written in the gaps. Only if Alper is minus 4 when compared to the initial
state. For example; Alper gave 100 and received 96, then he is minus 4; or he gave 2000, and received
1996, and he is minus 4 again.

Res: What kind of a relationship is there between the numbers that can be written in the gaps?

A;: Any number, as long as Alper has minus 4 credits.
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Figure 11. Students’ solution processes and quantitative reasoning skills in the process of solving
problems containing a quantitative difference

As can be seen from the dialogue, it can be said that the student focused on the state of Alper and
explored the quantitative relation through quantitative reasoning (the relation between Alper’s first
state and the final state) in the problem. At the same time, it seems that the quantitative information he
discovered was interpreted by the strategy of estimation and control and that a solution was reached
(that any number can be written in the gaps as long as it is minus 4). In the assessment stage, both
students tested the accuracy of their results.

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems that contain a complex additive situation given in Figure 13 are
presented in Figure 14.
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The real-world problem containing a complex additive situation

In a knowledge contest between two groups, Emine and Gllsen are in the first group and their
opponents Hakan and Ahmet are in the second group. The following information is given on the
knowledge contest held over 100 questions.
1) The total number of the questions that were answered correctly by Hakan and Ahmet is
94. The number of the correct answers of Emine is 2 less than that of Ahmet, and the
number of the correct answer of Glilsen is 6 more than that of Hakan. As the number of
the questions that Ahmet answered correctly is 42, what is the total number of
guestions that Emine and Giilsen answered correctly? Which group won the contest?
2) The total number of the questions that were answered correctly by Hakan and Ahmet is
94. The total number of the questions that were answered correctly by Emine and
Gllsen is 98. The correct answers of Emine is 2 less than that of Ahmet, and the number
of the correct answers of Glilsen is 6 more than that of Hakan. The number of correctly
answered questions by Gllsen is .... Which number of numbers can be written to the
gap in order to fulfil the situations given in the problem?
3) The total number of the questions that were answered correctly by Hakan and Ahmet is
94. The total number of the questions that were answered correctly by Emine and
Gilsen is 96. The number of the correct answers of Emine is 2 less than that of Ahmet,
and the number of the correct answer of Giilsen is 6 more than that of Hakan. The
number of the questions that were answered correctly by Giilsen is ---Which number of
numbers can be written in the gap in order to fulfil the situations given in the problem?

Figure 13. The real-world problem containing a complex additive situation

As shown in Figure 14, Atakan and Emel could solve three problems. While starting to solve the
problems, Atakan and Emel expressed the problems with their own words and determined what was
given and required. In this process, the students are expected to become aware of the quantities as “the
total number of correct answers of Ahmet and Hakan, and Emine and Gilsen” and “the difference
between the correct answers of Emine and Ahmet, and Giilsen and Hakan”. It is also important that they
determine the quantitative relation between these quantities, i.e., “the difference between the correct
answers of Ahmet and Hakan, and Emine and Giilsen.” In this context, Atakan showed this situation in
all the questions, while Emel found the solution by using the strategy of writing an equation by primarily
focusing on numbers and the unknown, just as in the preliminary clinical interview in the simple
complex level problem. Nevertheless, she tended towards quantitative operations in the second and
third problems with the increasing level of difficulty.

In the stage of understanding the problem, Atakan showed the quantities and the relations between
them by drawing diagrams in all problems, while Emel used diagrams in the second and third problems.
In the stage of planning and implementation of the plan, the students used the reasoning and
estimation and checking strategies, and Emel also used the strategy of writing an equation in the first
problem as mentioned above.
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Figure 14. Solution processes and quantitative reasoning skills of the students in the process of solving a
problem that contains complex additive situations

The solution and explanations of the second problem upon the diagram drawn by Emel in the stage
of understanding the problem are presented in Figure 15.
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Figure 15. Emel’s solution
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Ew: If each student is to make at least 1 net, Gilsen will make at least 7, for Hakan to have 1. At the top;
it is 97 for Emine to have 1. If there is no such thing as each student should have 1 net, then the number
of correct answers of Gulsen should be between 6 and 98 because if Glilsen does not have 6 more than
Hakan, then Hakan will be minus. The total number of correct answers of Emine and Giilsen is 98. If
Gilsen makes 98, Emine will be at least 0; otherwise, Emine will be minus.

As can be understood from Figure 15 and the dialogue, it is observed that Emel determined the
quantities, discovered the quantitative relationship (the additive difference between the total number
of correct answers), and she could determine a range with the estimation and control strategy for the
number of correct answers that could be given as minimum and maximum in the second problem by
interpreting the quantitative information obtained. In the solution of the third problem situation,
Atakan made the following explanation upon the diagram he drew,

Ay: There is something like this (By pointing to the sticks). Hakan lost 6, and Ahmet won with +2 here. As
the loss of Hakan and Ahmet is 4, between 98 and 94 should be 4. It does not prove as 96-94=2.

In a similar manner, Atakan also determined the quantities and the relations between the quantities,
and as it can also be seen in the explanations, he could interpret that the number of correct answers
could not be found based on reasoning by expressing that the difference between the total number of
correct answers that gave the quantitative information (between 94 and 96) and the additive difference
(-2+6=4) was not equal. On the other hand, the fact that the student made an estimation based on the
data and tested his estimation also attracts attention. In the stage of assessment, both students checked
the accuracy of the results they found. In this process, they could associate three problem situations
that were related to each other and had the increasing level of difficulty with each other.

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving problems that contain the combination of the differences given in Figure 16 are
presented in Figure 17.

The real-world problem containing the combination of the differences

Nisa and Elif have two brothers named Alparslan and Fatih, respectively. One day, Nisa and Elif
hold a contest, and the one who juggles more balls in their knee without dropping it when
compared to their brother will be the winner. It is observed that Nisa loses the contest with a
difference of 8 as a result of the contest held.
1) As Nisa could juggle the ball 32 times in her knee without dropping it, Elif 26 times, and
Alparslan 19 times in this contest, find how many times Fatih could juggle the ball.
2) Nisa could juggle the ball 32 times in her knee without dropping it, Alparslan 19 times,
Elif: .... times, and Fatih: ... times in this contest. Fill in the gaps with the appropriate
numbers in such a way that the condition requested is fulfilled.
3) Nisa could juggle the ball: ... times in her knee without dropping it, Alparslan: ... times,
Elif: .... times, and Fatih: ... times in this contest. Fill in the gaps with the appropriate
numbers in such a way that the condition requested is fulfilled.

Figure 16. The real-world problem containing the combination of differences

As seen in Figure 17, Atakan and Emel could solve all three problems. While starting to solve the
problems, both students expressed the problems with their own words and determined what was given
and required. In the problem situations, students are primarily expected to become aware of the seven
quantities (i.e. the scores of Nisa and her brother Alparslan, the scores of Elif and her brother Fatih, and
the other quantities obtained from the two quantities, the difference between the scores of Nisa and
Alparslan, the difference between the scores of Elif and her brother Fatih, and finally the new quantity,
Nisa’s claim that is the difference of the difference). In this process, it is important that the students first
compare two differences in the context of quantitative reasoning, in other words, compare “the juggling
score between the siblings” and “the score between the two friends” and discover the quantitative
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relationship of the “difference of differences”. Emel and Atakan realized this situation in all problems

and showed the relationships they discovered by drawing a diagram.
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Figure 17. The solution processes and quantitative reasoning skills of the students in the process of

solving a problem that contains the combination of the differences

As can be seen in Figure 18, Emel found how many times Fatih juggled the ball with a quantitative

operation based on the difference of the differences between the number of ball juggling of the siblings,
in other words, the new quantities obtained from two quantities, and their difference.

shown in Figure 19.
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Figure 19. Atakan’s solution

Reasoning, estimating and checking strategies were used in the second and third problem situations.
For example, Emel explained the solution of the third problem as follows;

Ev: | gave 29 to Nisa and 17 to Alparslan. The difference between them is 12. As Elif won the
competition with a difference of 8 points, she should first close the gap of 12 scores, and win with a
difference of 8 scores. | gave 34 to Elif, and 14 to Fatih.

Res: Can other numbers be written to the gaps?
Em: Yes. This time Nisa has 42.
Res: Could the correct numbers of Elif and Nisa be equal?

Em: Yes. Here, it is asked who is the one that outscores his/her sibling most rather than who scores
most. In my solution, Alparslan should score more, and Fatih a bit less, so that Elif can win.

Res: Is there any relation between the numbers that can be written to the gaps?

Em: All numbers can be written as long as the difference with which Elif outscored her sibling is 8 more
than the difference with which Nisa outscored her sibling, and the difference with which Nisa and
Alparslan outscored Elif and Fatih is minus 8.

Similarly, in the second problem, a comment such as “any number that fulfils the difference of 21
between Elif and Fatih can be written” was made on the ball juggling numbers of Elif and Fatih by using
the difference of the differences between the number of ball juggling of Atakan siblings and considering
the constant difference of 12 between the number of ball juggling of the two siblings. In all these
processes, both students could conceptualize the quantities and the relationship between the quantities
and interpret the quantitative information. In the assessment phase, both students could show the
accuracy of the results and associate the three problem situations with each other.

The solution performances, solution steps and quantitative reasoning skills of the students in the
process of solving the problems that contain a quantitative ratio given in Figure 20 are presented in
Figure 21.

The real-world problem containing a quantitative ratio

1) There are different amounts of water in water canisters A and Bat the beginning. One
tap with the equal water discharge capacity is opened for each of these canisters to fill
them fully. The followinginformation is given on the canisters and taps. The amount of
water in canister A is 36 liters some time later. In this case, the amount of water in
canister A is 4 times the amount of water in canister B. As canister B has 3 liters of
water at the moment, how many liters of water are there in canister A?

2) Veysel can paint a flat in a building in 12 days alone. Hiirriyet can paint another flat in
this building (with the same shape and dimensions) in 15 days alone. After how many
days will the painted parts of the flats be of equal dimensions as Hiirriyet starts to paint
her flat 2 days before Veysel?

Figure 20. The real-world problem containing a quantitative ratio
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As can be seen in Figure 21, Atakan and Emel solved both problems successfully. When starting the
problems, Atakan and Emel expressed the problem with their own words and determined what was
given and required. In the first problem, the students became aware of four quantities (the amount of
water present in canisters A and B, and the amount of water in canisters A and B some time later).
Furthermore, they discovered the multiplicative relation (quantitative ratio) as “the amount of water in
canister A will be four times the amount of water in canister B at a later point in the future” and the
additive relation (quantitative difference) as “the difference between the amount of water in canister B
in the future and in the present time will be equal to the difference between the amount of water in
canister A in the future and present time”. In this process, Emel showed the quantities and the
relationship between the quantities upon the table.

Atakan and Emel used the strategy of reasoning in two problems in the stage of planning and
implementation of the plan. For example, Emel explained the solution of the first problem upon the
table she drew with the reasoning “Then, as A will be 4 times of B; 36:4=9 litres is the state of canister B
some time later. Then 9, and now 3; so, it is filled with 9-3=6 litres of water. 36-6=30 litres canister A.”

Problem Solving Steps Quantitative Reasoning
Understand The Problem Identifying Quantities
|} A(12),E,(1,2)
Expressing with Your Own
Words AH(1’2)’ EM(1,2) Identifying of Quantitative
ST T T '\\ | Relations and Quantitative
! . Ratio ! Finding Known and A(1,2),E, (1,2)
i 1.Simple Complex Unknown, A (1,2),
' Level i
i . ; E(1.2) Using Visual Representation
i - The Right
i Solution (A, Ey) ! g _J | -DrawaTablo, A (2), E, (1)
: 2. High Comllex i‘ -Draw a Diagram, E, (2)
L Level ! Devise a Plan and Carry Out
! - The Right : The Plan Interpretation of
N solution (A, Ev) . I * _ - Quantitative
''''''''''''''''' Strategies Information and
-Using Reasoning, A (1,2),E, (1,2) Conclusion
g - A (1,2),E, (1,2)
Look Back
Associating a Situation
Checking the Solution and Interpreting the Solution, AH(1,2), B with Other Situations
E,(1,2) A,(1,2,3),E(1,2,3)

Figure 21. Solution processes and quantitative reasoning skills of the students in the process of solving
the problem that contains a quantitative ratio

In the second problem, the students considered “Veysel and Hirriyet’s painting speeds” and the fact
that “Veysel is faster than Hirriyet” as two quantities, and they compared the painting speeds and
discovered the multiplicative relation between the quantities considering the changes in quantities with
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respect to one another. Emel showed this process by drawing a diagram, while Atakan showed it by
drawing a table.

In the stage of planning and implementing the plan, both students used the strategy of reasoning.
For example, Emel explained the problem upon the diagram she drew with the following reasoning:
“Veysel is faster than Hirriyet. The time ratio of Veysel to Hurriyet is 4/5. And the speed ratio will be the
exact opposite 5/4. If Hurriyet starts 2 days before at a speed of 4/4, Veysel will make up this difference
with a speed of %. As Hirriyet also works while Veysel is working, Veysel seems to be working at a speed
of %, as Hurriyet works at a speed of 4/4, and Veysel works at a speed of 5/4, and the difference is %.”

At the same time, Atakan solved the problem upon the table he drew as shown in Fig. 22, and he
explained his solution as follows: “Veysel paints at 1/5 shorter time. The speeds must be the exact
opposite of the time. Because Veysel is using the time better. Hlrriyet’s speed is 4/4, and Veysel’s speed
is 5/4 as we used the same denominator. There is a difference of % between them. Hirriyet started 2
days ago at a speed of 4/4. If | assume each % part as 2, then the 4/4 part is completed in 8 days.”

QKoL =S = 1 T
= S = Time  Speed
PSSR T = / o Veysel: 4/5 5/4
Hurriyet: 5/5 4/4
= s 2 al~ 4/4 Speedy 2 day
) o 1/4 Speedy 8 day
*\"E &t M\ € 55N

A%
Figure 22. Atakan’s solution

In the assessment stage, the two students checked the accuracy of the results and interpreted the
solution.

Discussion & Conclusion

This research, which was conducted on sixth-grade secondary school students but presents the
clinical interviews of two focal students, attempts to determine the role of quantitative reasoning
development in the problem-solving skill. As a result of the study, two important situations were
revealed. The first one of these is that these skills of students can be developed with training provided
on the development of quantitative reasoning pursuant to Thompson (1993)’s claim and as it is
observed in certain studies (Smith & Thompson, 2007; Ellis, 2007; Moore, 2010), while the other one is
that problem-solving skills can also be developed together with this development(Moore, Carlson and
Oehrtman, 2009; Moore and Carlson, 2012). When the mental activities of the students before and after
the training were compared, many proofs were found shoving that this development was ensured. In
the study, the real-world problems of four different types and at three levels of complexity of each type
were presented to the students. While the simple complex level problems could generally be solved
from all problem types before the training, the students had difficulty in solving the problems with the
medium and high complexity level. In the problems that were solved, the students did not have any
difficulty in solving the problems since the “answer” could generally be found as a result of arithmetic or
algebraic calculations. In their solutions, they focused mainly on the numbers to be used in the problem,
and they used more limited strategies by choosing the necessary arithmetic operations. Nevertheless,
the students had cognitive difficulties when the same problem was transformed into a situation, in
which it must be assessed in terms of quantitative relations, in other words, the numbers were pushed
to the background, and first, the quantities and the relations between them should be focused on
(Thompson, 1993). Since meaningless thinking styles emerge for the students after the meaning and
purpose are lost in mathematics (Smith & Thompson, 2007), the students were not able to cope with
this complex situation and mainly used the trial and error strategy and performed meaningless
operations from time to time. Sowder (1988) states that students make unfounded, meaningless
debates about the selection of numbers and operations in their solutions when they do not pay
attention to quantities and relations in problem situations. Therefore, in the study, this situation
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revealed by the students was also an indicator that students failed to make non-numerical inferences in
relation to the problems, in other words, they were unaware of quantities and failed to make inferences
with regard to quantitative relations (Thompson, 1993). This result is parallel to the findings of certain
studies (Kabael & Akin, 2016). At this point, it can be said that the fact that students more frequently
encounter problem situations leading to a uniform outcome may be another reason for their having
difficulty in such problems. Indeed, this situation attracts attention from the statements that students
wrote in their diaries. For example, Atakan explained that he had difficulty in solving the given problem
and that he had never encountered such a problem before as in Figure 25.

The changes observed in the students following the interviews made at the end of the teaching
process gave rise to the idea that the approach of thinking upon quantities and quantitative
relationships may be the focus of the problem-solving process because the teaching focused on the
development of quantitative reasoning made a great difference in the problem-solving skills of the
students. First of all, problems at all levels could be successfully solved using multiple ways and
appropriate strategies. The most important development was achieved especially in the use of a visual
representation (diagram). As it is also emphasized in many studies (Diezmann, & English, 2001;
Jonassen, 2003; Smith & Thompson, 2007; Thompson, 2011), visual representations used in the stage of
understanding and solving the problem are important tools in showing quantities and quantitative
relations. These tools used in the teaching process in the study ensured that the students focused on
the quantities between the information given in the problems and interpreted the quantitative
relations, and as stated by Koedinger and Nathan (2004), developed different solutions, and its proof
was observed in the final interviews. The fact that the students did not use visual representations in
problem solutions before the training supports the idea that “all the difficulties in the transition from
arithmetic to algebra result from the failure to representatively structure the problems” as it is stated in
the studies of Bednarz, Radford, Janvier and Lepage (1992). Similarly, Smith and Thompson (2007)
stated that when the verbal expressions used by students to define a problem situation lose their clarity,
they are more comfortable with expressing these definitions with diagrams. It can be said that the
reason behind the success of the students in problem solving is the development of quantitative
reasoning skills, as claimed by Smith and Thompson (2007) because, in this process, the students
understood the problems better since they focused on the quantities and the relations between the
guantities irrespective of the numerical information in problem situations. They could also distinguish
quantitative operations and arithmetic operations. This result also suggests that students who use
quantitative reasoning skills effectively can solve problems in a short time by understanding them better
and can use algebraic strategies effectively with the help of the quantitative reasoning skill, exhibit more
flexible approaches in the problem-solving process and can perform time saving in parallel with the
result of the study conducted by Kabael and Akin (2016).
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The results of the study have shown that complex problem situations addressed when teaching is
planned make a difference in the development of quantitative reasoning. It is therefore important to
expose students to problem situations that are rich in terms of quantitative relationships that encourage
students to think independently of numbers. Considering the importance of the thinking process rather
than the result, a classroom environment in which students can express their thoughts freely should be
provided, and students should be able to discuss “what is happening here?” In problem solving, it should
be ensured that students focus on quantities and define quantities and quantitative relationships in the
problem before the keywords (more, times, etc.). In this process, students should be encouraged to use
visual representations such as diagrams, tables, figures. This study, which was carried out on the sixth-
grade secondary school students, can make important contributions to the field in different terms by
being conducted on primary school, high school students, or pre-service teachers with different designs.
Furthermore, considering the role of textbooks in the learning and teaching process, research can be
conducted on whether textbooks support the quantitative reasoning skill.
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Tiirkge Siirimui

Girig

Matematiksel bir problem genel olarak yas ve sinif diizeylerine bagl olarak aritmetiksel ya da cebirsel
olarak ¢ozulebilir. Aritmetiksel bir ¢dzimde, problemde var olan sayilari gésterme, bu sayilar arasindaki
iliskileri anlama, bu iliskilere bagh olarak uygun sayi ciftleri arasinda dogru aritmetiksel islemi uygulama,
yapilan islemin amacini anlama, diger islemlerle iliskilendirme s6z konusudur (Blanton, 2008;NCTM,
2000). Cebirsel bir ¢éziim ise, bilinmeyen iceren denklemi yazma ve bu denklemi ¢6zmeyi kapsamaktadir
(Van Ameron, 2002). Diger yandan matematiksel bir problem, nicelikler ve nicelikler arasindaki iliskiler
Uzerine odaklanarak da ¢ozilebilir ki bu yaklasim nicel muhakeme olarak adlandiriimaktadir (Smith &
Thompson, 2007).

Nicel muhakeme nicelikleri, nicelikler arasi iliskileri ve bu iliskilerden olusan yeni nicelikleri iceren bir
yapidaki durumun analizidir (Thompson, 1988).Nicel muhakemenin en karakteristik 6zelligi sayilarin ve
sayisal iliskilerin ya da degiskenlerin 6nem bakimindan ikinci sirada yer almasidir. Problem durumlari
analiz edilirken oncelikle nicelikler Gzerine sayisal olmayan g¢ikarimlar yapilmakta ve bu niceliklerin
problem durumu ile nasil bir iliskisi oldugu ortaya koyulmaktadir. Daha sonra sayilar ve sayilar arasi
iliskiler ve niceligin degerini hesaplamaya yonelik uygun sayisal islemler gz 6niine alinmaktadir
(Thompson, 1993; Thompson, 2011). Nicel bilgilerin bu sekilde analiz edilmesi 6grencilerin problemde
sonuca ulasmak icin hangi yontemlerin ve stratejilerin kullanilacagina karar vermelerine yardimci
olmaktadir (Dwyer, Gallagher, Levin, & Morley, 2003). Bu baglamda nicel muhakemenin problem
¢6zmeye I1sik tutan ve ¢6zlim siirecini anlamlandiran bir teori oldugu séylenebilir.

Problem Cézme ve Nicel Muhakeme

Problem ¢ézme okuléncesinden itibaren gelistirilmesi hedeflenen en temel becerilerden biridir
(CCSM, 2010; NCTM, 2000). Problem ¢6zme bir diisinme yoludur, ayni zamanda bir slrectir. Literatiirde
bu slirecin adimlarini agiklayan cesitli modeller s6z konusudur. Polya’nin (1945), Schoenfeld (1985)’in,
Verschaffel, De Corte, Lasure, Vaerenbergh, Bogaerts, ve Ratinckx (1999)'nin modelleri bunlardan
bazilandir. Bu galisma kapsaminda benimsenen Polya (1945)’'nin modeli problemin anlasilmasi, ¢éziim
icin plan hazirlanmasi, planin uygulanmasi ve ¢oziimiin degerlendirilmesi seklinde doért asamadan
olusmaktadir. Bu siiregte problemin ¢6ziim yolu olarak da ifade edilen sistematik liste yapma, tahmin ve
kontrol, 6rintl arama, sekil-diyagram ¢izme, tablo yapma gibi gesitli stratejiler de kullaniimaktadir (Van
de Walle, Karp & Bay-Williams, 2016). Nicel muhakeme problem ¢6zme siirecinin tim asamalarini
etkileyen ve slreci anlamlandiran bir yaklasimdir. Nicel muhakeme gelisiminde 6nemli yer tutan
kavramlardan biri ise gercek yasam deneyimlerine dayali problemlerdir. Smith ve Thompson (2007),
ogrencilerin nicel muhakeme becerisinin gelistirilmesi icin, ilkokul ve ortaokul matematigi dizeyinde
“problem” kavraminin yeniden dusiinilmesi gerektigini belirtirler. Onlara gore problem kavrami
ogrencilerin nicelikler arasi iliskiler Gizerine muhakeme yaptiklari ve kavramsallastirdiklari gercek yasam
durumlaridir.

Gergek yasam problemlerinin ¢dziimiinde nicel muhakeme becerisinin gelisimine odaklaniliyorsa,
oncelikle sayisal ¢6ziim ya da degisken atanmasi ve denklem ¢6zimi gibi rutin islemler izlenmez.
Aritmetik ¢6ziimde odak noktasi sayilar ve sayilar arasi iliskiler, cebirsel ¢oziimde iliskilerin sembole
donustirilmesi iken nicel ¢oziimde nicel iliskilerin ifade edilmesi ve nicel iliskilerle ¢alisilmasi tzerinedir
(Smith & Thompson, 2007). Buradaki temel yaklasim ise nicel muhakeme yapan kisinin problem
durumunu anlamasi, bu baglamda nicelikleri belirleyerek problem durumundaki nicelikler arasindaki
iliskilere odaklanmasi 6nemlidir. Dolayisiyla nicel muhakemede ©on planda olan kavram nicelik
kavramidir. Thompson (1988)’a gore nicelik, nesnenin olgilebilen 6zelliginin zihinde resmedilmesi ya da
canlandiriimasidir. Diger bir degisle, nicelik kisinin bir nesnenin 6lcllebilme 6zelligini anlayabilecek
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sekilde o nesnenin niteligini diisiinerek zihinde olusturdugu bir kavramdir. Ancak nicelikler hakkinda
disinmek igin niceliklerin dlglilmesine ya da onlarin 8lgim sonuglarinin sayisal degerinin bilinmesine
gerek yoktur.

Problemi anlama siirecinde diisiinilmesi 6nemli kavramlardan biri de nicel islemlerdir. Nicel islemler
zihinde var olan iki nicelikten yeni bir nicelik olusumunu saglayan zihinsel islemlerdir. Ayrica nicel islem
sonucunda olusan yeni nicelik de, zihinde var olan iki nicelik arasindaki iliskiyi gostermektedir
(Thompson, 1993; Smith & Thompson, 2007). Nicel islemler, aritmetik islemlerle ayni degildir, ancak
niceligin degeri bilindiginde iliskilidir. Yani aritmetik islemler bir nicelige deger teskil etmektedir (Smith &
Thompson, 2007). Problemin ¢6zimi igin plan yapma ve ¢6zimi uygulama slrecinde ise segilen
stratejiler ile nicel bilginin yorumlanarak sonuca ulagsmasi, devam eden sirecte de elde edilen sonucun
problem durumu ile degerlendirmesi gereklidir.

Problem ¢ozme (izerine yapilan arastirmalar her sinif diizeydeki 6grencilerin problemi anlama
(Herscovics & Kieran, 1980; Kamal & Ramzi, 2000; Stacey & MacGregor 1999), sozel problemi
matematiksel dile dénistiirme (Lochhead, 1988), problemi yorumlama (French, 2002), uygun stratejiyi
kullanma (Verschaffel, De Corte & Lasure, 1999) gibi c¢esitli durumlarda guglukler yasadiklarini
gostermektedir. Ogrenciler verilen bir problemde salt sayisal degerlere, aritmetik islemlere ya da
bilinmeyenlere sembol atayarak sadece cebirsel islemlere odaklandiklari ve islemsel boyutun 6tesine
gecemedikleri zaman problem ¢6zme siirecinde zorlanabilmektedir (Mayer, Lewis, & Hegarthy, 1992;
Smith & Thompson, 2007; Thompson, 1993). Tambychik ve Meerah (2010) ise 6grencilerin problem
¢6zme slrecinde zorlanmalarinin nedenini 6grencilerin sayi olgusu, aritmetik beceriler, kavramsal ve
islemsel bilgi becerileri, dil becerileri, gorsel ve uzamsal beceriler gibi matematiksel becerilere sahip
olmamalarindan kaynaklanabilecegini ifade etmislerdir. Clinkii 6grenciler problem ¢dzme siireci boyunca
pek ¢ok matematiksel kavram ve beceriyi uygulamak ve biitiinlestirmekle ylkimlidirler. Thompson
(1988)" da problem ¢6zme siirecinde yasanilan gtiglikleri erken yaslardan itibaren daha temel, somut,
nicelikler arasindaki iliskileri goz 6nine alan ve aritmetiksel ya da cebirsel yontemlerden daha informal
olarak gorilen nicel muhakeme becerisinin kazandirilamamasindan yasanabilecegini ifade etmistir.
Thompson’a gore nicel muhakeme kazanimi hem aritmetikte sayisal ifadelerin ve islemlerin, cebirde ise
sembolik ifadelerin ve islemlerin anlamlandiriimasina hem de problem ¢6zme becerisinin gelisimine
katki saglamaktadir. Bu baglamda yaptig c¢alismalarla da nicel muhakeme becerisinin gelisimiyle
problem ¢6zme becerisinin gelisiminin saglanabildigini desteklemistir (Smith & Thompson, 2007).

Yapilan bazi c¢alisma sonuglari da nicel muhakeme becerisinin gelisimiyle 6grencilerin karmasik
problemleri ¢oziim sirecinde yasadiklari bilissel glicliklerin azalabilecegini, kavramlarin anlasiimasinin
ve igsellestirilmesinin saglanabilecegini géstermektedir (Ellis, 2007; Moore, 2010; Smith & Thompson,
2007; Thompson, 1988; Thompson, 1993). Cinki nicel muhakemeye dayali problem c¢ozlimleri
ogrencileri ¢ok yonli c¢ikarimlarla ezbere dayanan kaliplasmis ¢6zim vyollarindan uzaklastirarak
kavramsal bir 8grenmeye yol agmaktadir. Ornegin bu diisiinceyi destekleyen Ellis (2007) tarafindan
yapilan arastirmada deney ve kontrol grubu olarak belirlenmis iki grup ortaokul 6grencilerinin genelleme
baglaminda nicel muhakeme becerileri incelenmistir. Arastirma sonunda nicelikler ve nicelikler arasi
iliskiye dayali 6gretim yapilan gruptaki 6grencilerin gergcek yasam problemlerinde istenen iliskileri
anlamh bir sekilde genelleyebildikleri belirlenmistir. Moore ve Carlson (2012) tarafindan universite
o6grencileri lGzerinde gerceklestirilen bir calismada ise gergek yasam problemlerini ¢6zme sirecinde nicel
muhakeme becerisi gelismis 6grencilerin problemleri daha anlaml ¢ozebildikleri gorilmistir. Benzer
sekilde Moore, Carlson ve Oehrtman (2009) tarafindan Universite 6grencileri lizerinde gergeklestirilen
bir baska calismada ise nicel muhakemenin problem ¢ézmede etkili oldugu sonucuna ulasiimistir. Kabael
ve Akin (2016) tarafindan yapilan ve yedinci sinif 6grencilerinin cebirsel sdzel problemleri ¢ézerken
kullandiklar stratejileri ve nicel muhakeme becerilerini arastirdiklari ¢alismalarinda da problem ¢ézme
siirecinde hem aritmetiksel hem de cebirsel stratejilerin etkili kullanilabilmesinde nicel muhakeme
becerisinin dnemli rol oynadigi vurgusu yapiimistir.

ilkokuldan itibaren devam eden tiim diizeylerde nicel muhakeme agisindan zengin 6gretim
programlari problem ¢ézme ve nicel muhakeme becerilerinin ¢cok yonli gelismesinde oldukg¢a énemlidir.
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Ornegin Cin ve Singapur gibi Glkelerin matematik dersi gretim programlari incelendiginde programlarin
nicel muhakemeyi destekledigi ve bu (lkelerin 6grencilerinin de problem ¢dzme becerilerinin gelismis
oldugu dikkati ¢ekmektedir (Cai, Ng & Moyer, 2011). Tirkiye'de ise matematik dersi 6gretim
programlarinda dogrudan nicel muhakemeye vurgu yapilmamakta sadece problem ¢ézme siirecinde
ogrencilerin disinme ve akil ylrGtmelerini rahatlikla ifade edebilmelerinin, baskalarinin matematiksel
akil yiritmelerindeki eksiklikleri ya da bosluklari gérebilmelerinin beklenildigi vurgulanmaktadir (MEB,
2017). Turkiye’de her sinif diizeyinde problem ¢ézme baglaminda yapilan pek ¢ok calismada da
Ogrencilerin genel olarak problem ¢ézme sirecinde giglik yasadigl ifade edilmektedir (6rn., Bayazit,
2013; Celik & Giler, 2015; Sener & Bulut, 2015). Problem ¢6zme siirecine etki eden faktorlerin
incelendigi cesitli calismalar da bulunmaktadir (6rn., TirnlGkli & Yesildere, 2005). Ancak bu ¢alismalar
incelendiginde problem ¢6zme siirecinde nicel muhakemenin rollnin arastirilimadigina rastlanmis
sadece yedinci sinif 6grencilerin sézel cebirsel problemleri ¢ézme siirecindeki nicel muhakeme
becerilerinin arastirildigi bir calismaya ulasiimistir (Kabael & Akin, 2016). Oysa ki Thompson (1988)’in da
iddia ettigi gibi, somut, sezgisel ve kendine 6zgli modelleri olan nicel muhakeme problem ¢6zme
o6gretiminde alternatif bir yaklasim olarak kullanilabilmektedir. Bu diisiincelerden hareketle Tirkiye’de
ogrencilerin nicel muhakeme becerilerinin ne diizeyde oldugu ve bu becerinin gelisimi Gizerine 6gretim
yapildig taktirde 6grencilerin problem ¢ézme becerilerinde nasil bir degisim olabilecegi bu ¢alismanin
yapilmasini gerekli kilmistir.

Arastirmanin genel amaci, ortaokul altinci sinifa devam eden iki 6grencinin nicel muhakeme
gelisimlerinin gercek yasam problemlerini ¢ozebilme becerilerindeki rolini belirlemektir. Bu amag
dogrultusunda asagidaki iki soruya yanit aranmistir.

3. Ortaokul altinci sinifa devam eden iki 6grenci gergcek yasam problemlerini 6gretim 6ncesi
nasil ¢ozmekte ve yorumlamaktadir?

4. Ortaokul altinci sinifa devam eden iki 6grenci gercek yasam problemlerini 6gretim sonrasi
nasil ¢gozmekte ve yorumlamaktadir?

Calisma sadece 6gretim Oncesi ve sonrasi klinik gérlismeler ile sinirlandiriimistir. Calismanin problem
¢6zme slrecinde 6grencilerin nicelikleri belirleyebilme, nicelikler arasi iliskileri kesfedebilme ile nicel
bilgiyi yorumlayabilme ve sonug ¢ikarabilme becerilerinin basta ve sonda nasil oldugunu ortaya ¢ikarma
bakimindan 6nemli oldugu duslinilmektedir. Ayrica g¢alismada kullanilan problemlerin ve problem
¢6zme slrecinde o6grencilerin izledikleri ¢6zim yollarinin 6gretmenlere, 6gretmen adaylarina ve
matematik egitimcilerine drnek teskil etmesi agisindan da ¢alisma énemlidir.

Yontem
Arastirma Modeli

Bu arastirmada 6gretim deneyi modeli benimsenmistir (Cobb & Steffe, 1983). Bu modelin segilme
nedeni, 6grencilerin nicel muhakeme gelisimleriyle problem ¢6zme becerilerinin 6gretim dncesine ve
sonrasina gore nasil bir degisim gosterdigini arastirmacilarin gérebilmesidir (Steffe, 1991). Bu baglamda
arastirmacilardan biri 6gretmen olarak ortamda yer almis ve arastirmayi okul ya da sinif ortaminda
ogretme faaliyetlerini stirdlrd (gl sirada yapmistir.

Ogretimler bes hafta ve 10 ders saatinde altinci sinif 6grencileri lzerinde gerceklestirilmistir. Bu
siirecte problem ¢ézmeye iliskin bir 6g8retim gercgeklestirilmis (Van De Walle et all, 2016), bu baglamda
Polya (1945)'nin dért asamali problem ¢6zme modeli kullaniimistir. Ogretim siirecinde Smith ve
Thompson (2007) ¢alismalarinda kullandiklari problemlere benzer farkh igerikte ve dizeyde (basitten
karmasiga) nicel muhakeme gerektiren gercek yasam problemlerinin yer aldigi etkinlikler
olusturulmustur. Bu siirecte arastirmaci oncelikle problemleri bireysel ya da kiicik grup galismalari ile
¢ozdlirmis sonra c¢ozumlerini ve duslincelerini paylasmalarini saglayacak ortamlar olusturarak,
“Buldugun neyi ifade ediyor?”, “Ne bulmaya calisiyorsun?” gibi sorular yoneltmistir. Ayni zamanda
6grencilerini iyi bir sekilde dinleme egilimi sergilemistir. Sinif ici etkilesimde 6grencilerin problem ¢6zme
slirecinde nicelikleri agiklarken gorsel temsil kullanmalari muhakeme agisindan 6énemlidir. Bu noktada
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arastirmaci 6grencilerden agiklamak istedikleri tanimlamalari diyagramlar, sekiller, tablo gibi temsiller
kullanarak ifade etmelerini istemistir (Smith & Thompson, 2007). Ayni zamanda problem ¢ézme
surecinde 6grencilerini farkli stratejiler kullanma yéniunde tesvik etmistir.

Katilimcilar

Arastirmanin katihmcilari, Turkiye’de bir il merkezinde yer alan bir ortaokulda altinci sinifa devam
eden 6grenciler arasindan segilen iki odak ogrencidir. Ogrencilerin seciminde amagh 6rneklem
yontemlerinden olglut 6rneklem kullanilmis (Yildirm & Simsek, 2013) ve 6grencilerin matematikteki
basari diuzeyleri 6lgiit olarak ele alinmistir. Bu baglamda matematik dersi karne notlari, okulda yapilan
deneme sinavlarindan alinan sonuglar ve 6gretmen gorusi dikkate alinarak, basari diizeyi yuksek bir
erkek 6grenci ile bagsari duzeyi orta olan bir kiz 6grenci arastirma kapsaminda génullulik esasina dayali
olarak secilmistir. Niceliksel muhakeme yapabilme becerisi kazanmanin aslinda uzun bir siire almasi ve
katimcilarda belli bir hazirbulunusluk dizeyi gerektirmesi nedeniyle disiik basari dizeyine sahip
ogrenciler bu ¢alismada katilimcilar olarak tercih edilmemistir.

Verilerin Toplanmasi

Arastirmanin temel verileri 6gretim ©ncesi ve sonrasi uygulanan klinik gorisme teknigi ile
toplanmistir (Clement, 2000, s.547). Bunun yani sira Ogrenci calisma yapraklarindan, 6grenci
giinliiklerinden, arastirmacinin giinligiinden destek veri olarak da yararlaniimistir. On ve son klinik
gorisme sorulari icin 6grencilerin nicel muhakeme yapabilme becerilerini ortaya c¢ikartabilecek nicel
fark, karmasik toplamsal durumlar, farklarin kombinasyonu ve nicel oran tiriinde gercek yasam
problemleri olusturulmustur. Bu siirecte Smith ve Thompson (2007)'nin ¢alismalarindaki problemlerden
yararlaniimistir.Nicel fark iceren problem durumlarinda iki niceligin toplamsal olarak karsilastiriimasi
sonucu, nicel oran igeren problem durumlarinda ise iki niceligin carpimsal olarak karsilastiriimasi sonucu
yeni bir niceligin elde edilmesi s6z konusudur. Karmasik toplamsal durum igceren problem durumlari bir
ya da daha fazla nicel fark igerirken, iliskisel karmasik durum iceren problem durumlarinda ise en az alti
nicelik ve (g nicel islem s6z konusudur (Smith & Thompson, 2007).

Hazirlanan klinik gériisme sorulari uzman iki matematik egitimcisinin gorisiine sunulmustur. Daha
sonra sorularinin anlasihrhigini test etmek ve sonda sorulari da gelistirebilmek amaciyla altinci sinifa
devam eden orta basari diizeyine sahip génlli bir 6grenci izerinde pilot ¢alismasi gergeklestirilmistir ve
sorular Uzerinde gerekli diizeltmeler yapilmistir. Klinik gorismeler ise, bir arastirmaci tarafindan
ylratilmis ve bir 6grenci ile gorisme, giinde ortalama 30-40 dakikayl gegmeyecek sekilde dort glinde
tamamlanmistir.

Verilerin Analizi

Arastirmada verilerin analizinde tematik analiz yontemi kullaniimistir. Tematik analizde temalar ve
oruntiler veri icinde cikarilabilecegi gibi cesitli modellerde kullanilan mevcut temalardan da
yararlanilabilir (Liamputtong, 2009). Bu arastirmada da kodlar ve temalar problem ¢ézme asamalariyla
ve nicel muhakeme gostergeleriyle iliskilendirilmis ve Sekil 1’de sunulan sireg olusturulmustur.
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Problem ¢6zme Asamalar Nicel Muhakeme

1 Becerileri

Problemi Anlama

Nicelikleri Belirleme

;I Gergek Yasam 3 1 Nicel iliskiyi ve Nicel
i Problemi i islemleri Belirleme
o ; Co6zlim icin Plan Yapma ve

Plani Uygulama — Nicel Bilgiyi

Yorumlama ve Sonug

1 Cikarma

Degerlendirme —p Bir Durumu Diger

Durumla
iliskilendirme

Sekil 1.Problem ¢6zme siireci ile nicel muhakeme becerileri iliskisi

Analiz siireci iki adimda gerceklestirilmistir. Oncelikle gériismelerden, calisma yapraklarindan,
o6grenci ve arastirmaci ginliklerinden elde edilen verilerin dékimleri yapilmistir. Daha sonra veriler
tekrar tekrar okunarak katilimcilar tarafindan ifade edilen disiinceler anlamlandiriimaya calisiimistir.
ikinci adimda ise kodlamaya gegilmistir. Kodlama siirecinde her problem tiirii ayri ayri degerlendirilmis
ve Ogrencilerin ¢6zlim siregleri incelenmistir. Eger 6grenci problemi “kendi clmleleriyle ifade
edebiliyorsa” ve “problemde verilen ve istenilenleri tespit edebiliyorsa” bu ifadeler kod olarak ele
alinmis ve “problemi anlama” alt temasi altinda toplanmistir. Daha sonra 6grencinin kullandig
“stratejiler” diger kodu olusturmus ve bu kodda “¢6zim igin plan yapma ve ¢6zimi uygulama” alt
temasi ile tanimlanmistir. Son olarak 6grenci “¢c6zim sonucunu kontrol edip yorumlayabiliyorlarsa” bu
da “degerlendirme” alt temasi altinda ele alinmistir. Tanimlanan tiim alt temalar ise “problem ¢6zme
siireci” temasi ile ifade edilmistir. Diger yandan problemi anlama asamasinda, eger 6grenci problem
durumunda “nicelikleri belirleyebiliyorsa”, “nicel iliskileri ve nicel islemleri ifade edebiliyorsa” ve bu
iliskileri “gorsel temsil” ile ifade edebiliyorsa, ¢éziim igin plan yapma ve ¢6zUmi uygulama asamasinda
“nicel bilgileri yorumlayip sonug cikarabiliyorsa” ve degerlendirme asamasinda ise “problemdeki bir
durumu baska bir problemdeki durumla iliskilendiriyorsa” tim bu ifadeler kod olarak ele alinmis ve
“nicel muhakeme becerileri” temasi ile tanimlanmistir.

Kodlama ve temalastirma siireci arastirmaci ve matematik egitiminde uzman biri tarafindan
birbirinden bagimsiz olarak yurutilmis ve givenirlilik hesaplamasi yapilarak %80 giivenirlik saglanmistir
(Miles & Huberman, 1994, s. 64). Kodlar ve temalar bulgularda sekillerle sunulmus, 6grenciler ise takma
isimlerinin (Atakan ve Emel) bas harfleri ile basari dlizeyleri de yiiksek icin “Y” ve orta icin “O” indisleri
kullanilarak temsil edilmistir. Ayrica sekillerde basitten karmasiga problemlerin giglik derecelerini
temsilen sirasiyla basit i¢in 1, orta icin 2 ve yiksek icin 3 rakamlari kullaniimistir.

Bulgular

Ogretim Oncesi iki Ogrencinin Nicel Fark, Karmasik Toplamsal Durumlar, Farklarin Kombinasyonu ve
Nicel Oran Tiriindeki Problemleri C6zme Siiregleri ve Nicel Muhakeme Becerileri

Nicel fark iceren Sekil 2’de sunulan gergek yasam problemlerini ¢ozme siirecinde 6grencilerin ¢6zim
performanslari, ¢c6ziim asamalari ve nicel muhakeme becerileri Sekil 3’te verilmistir.
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Nicel fark iceren ger¢ek yasam problemi

Eskisehirspor, Trabzonspor ve Galatasaray futbol takimlarinin yaptiklari maglarda birbirlerine attiklar
gollere iliskin su bilgiler verilmektedir.

1)

2)

3)

Eskisehirspor 5 gol Galatasaray’a; 4 gol Trabzonspor’a; Galatasaray 2 gol Eskisehirspor’a; 3
gol Trabzonspor’a; Trabzonspor ise 1 gol Eskisehirspor’a; 6 gol Galatasaray’a atmistir. Verilen
bilgilere gére Trabzonspor un baslangigtaki gol averaj durumuyla son durumdaki gol averaj
durumunu kiyaslayiniz.

Eskisehirspor 4 gol Galatasaray’a, 7 gol Trabzonspor’a; Galatasaray 1 gol Eskisehirspor’a, 2 gol
Trabzonspor’a; Trabzonspor ise Eskisehirspor'a 3 gol atiyor ve maglarin sonunda ilk
durumuna gore 5 fazla gol averajina sahip oluyor. Buna gére Trabzonspor’un Galatasaray’a
kag gol attigini bulunuz.

Eskisehirspor --- gol Galatasaray’a; --- gol Trabzonspor’a, Galatasaray --- gol Eskisehirspor’a; --
- gol Trabzonspor’a, Trabzonspor ise --- gol Eskisehirspor’a; --- gol Galatasaray’a atmistir.
Maglarin sonunda Trabzonspor’un gol averajinin ilk durumdaki gol averajina gore 2 eksik
olacak sekilde bosluklari diizenleyiniz.

Sekil 2. Nicel fark iceren gercek yasam problemi

-C6zUm Var ve

Problem C6zme Asamalari Nicel Muhakeme

Problemi Anlama h Nicelikleri Belirleme

Kendi Cimleleriyle ifade Etme, Nicel iliskiyi ve Nicel

A,(1,2,3),E(1,2,3) Islemleri Belirleme
— !

Nicel Fark ; Verilen ve istenilenleri Gérsel Temsil
1. Basit Karmasik Tespit Etme, A (1,2,3), i
Diizey v Kullanma

E,(1,2,3) [

Dogru (A)

J -

I. 1

! i

! i

! i

! i

! :

! 2. OrtgnKarma§|k :‘ Coéziim igin Plan Yapma ve

: Uy ! Plani Uygulama Nicel Bilgiyi

i -G6zum Yok ! Yorumlama ve

: ya da Hatall i . B Sonug Gikarma

' 3. Yiksek i Stratejiler '

; Karmasik Diizey : Liste Yapma, A (1), E (1,2,3)

: -Cozim Yok i Deneme-yanilma A (2,3)

i ya da Hatali : I Bir Durumu Diger

. A . ) Durumla
'''''''''''''''''' Degerlendirme iliskilendirme

Cozimi Kontrol Etme ve Cozimi Yorumlama, Av(l)

Sekil 3. Nicel fark iceren problemleri ¢ozme siirecinde 6grencilerin ¢dziim siregleri ve nicel muhakeme
becerileri

Sekil 3’te gorildigi gibi, 6grencilerin ¢oziim performanslarina bakildiginda sadece basit karmasik
diizeyde verilen problem Atakan tarafindan c¢ozilebilmistir. Nicel fark iceren gercek yasam
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problemlerinin ¢6ziimiine baslarken oncelikle Atakan ve Emel problemleri kendi cliimleleriyle ifade
ederek, verilen ve istenilenleri belirlemislerdir. Bu siiregte iki 6grencide problemde “atilan gol” ve
“yenilen gol” olarak nicelikleri fark etmistir. Ancak “yenilen ve atilan goller arasindaki toplamsal farki” ya
da “gol averajlarinin nasil degistigi” ile ilgili nicel iliskileri agiklamada ikisi de yetersiz kalmis, bu durum
onlarin problem ¢éziimlerine yansimistir. Ornegin Emel plan yapma ve plani uygulama asamasinda g
problemin ¢éziimiinde liste yapma stratejisini (bir duruma ait olasiliklarin listelenmesi) kullanmis ancak
problemleri ¢ozmede basarili olamamistir. Emel nicel iliskiyi kesfedemedigi igin diger bir degisle nicel
farki tam olarak anlamlandiramadig icin asagida goruldugi gibi, atilan ve yenilen gol sayilari arasinda
anlamsiz aritmetiksel islemler gergeklestirmistir. Atakan ise, plan yapma ve plani uygulama asamasinda
basit karmagsik dizeydeki problemin ¢oziimiinde liste yapma stratejisini kullanmig, direk sayilara
odaklanarak “4 gol yedi, 3 gol yedi, 7 gol atti. 4+43=7-7=0" aritmetik islemiyle dogru sonuca ulagsmistir.
Degerlendirme asamasinda ise ¢oziimiin dogrulugunu kontrol ederek, ¢6ziml yorumlamistir. Ancak
Atakan birinci problemde basarili olsa da ve problemde nicelikleri belirleyebilse de nicel muhakeme
yapamadigindan birinciyle iliskili olan ikinci problemde “Trabzonspor’un yedigi ve attigi goller arasindaki
toplamsal farki” bulmada yani nicel iliskiyi kesfetmede ve “ilk duruma gore 5 fazla gol averaji” durumunu
yorumlamada zorlanmistir. Benzer zorlugu Uglincii problemde de yasamis, “gol averajinin ilk duruma
gore 2 eksik olma durumunu” agiklayamamis ve bu problemlerin ¢oziimiinde deneme yaniima
stratejisini (rastgele anlamsiz aritmetik islemler yapma) kullanmistir.

Sekil 4’te verilen karmasik toplamsal durum iceren problemleri ¢6zme sirecinde 6grencilerin ¢6ziim
performanslari, ¢6zim asamalari ve nicel muhakeme becerileri Sekil 5’te verilmistir.

Karmasik toplamsal durum igeren gercek yasam problemi

Bir Giniversitede (S;ve S,) ve (M, ve M,) iki sinif bulunmaktadir.

1) My ve M, siniflarinin 6grenci sayilari toplami 82'dir. S;'in 6grenci sayisi M, sinifinin 6grenci
sayisindan 8 fazla, S, sinifinin 6grenci sayisi ise My sinifinin 6grenci sayisindan 3 eksiktir. M,
sinifinda toplam 36 6grenci bulunduguna gore, S; ve S, siniflarinin 6grenci sayilari toplami
kactir?

2) Mjve M, siniflarinin 6grenci sayilari toplami 82, S; ve S, siniflarinin 6grenci sayilari toplami
87’dir. S; sinifinin 6grenci sayisi M, sinifinin 6grenci sayisindan 8 fazla, S, sinifinin 6grenci
sayisi ise M; sinifinin 68renci sayisindan 3 eksiktir. M; sinifinda toplam ---6grenci
bulunmaktadir. Problemde verilen durumlarin saglanabilmesi icin bosluga hangi sayi ya da
sayilar gelebilir?

3) Mjve M,siniflarinin 6grenci sayilari toplami 82, Sy ve S, siniflarinin 6grenci sayilari toplami 84
tir. Sy sinifinin 6grenci sayisi M, sinifinin 6grenci sayisindan 8 fazla, S, sinifinin 6grenci sayisi
ise My sinifinin 6grenci sayisindan 3 eksiktir. M, sinifinda toplam --- 6grenci bulunmaktadir.
Problemde verilen durumlarin saglanabilmesi icin bosluga hangi sayi ya da sayilar gelebilir?

Sekil 4. Karmasik toplamsal durum iceren gercek yasam problemi
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Problem ¢6zme Asamalar Nicel Muhakeme
Problemi Anlama Nicelikleri Belirleme
PSR . Kendi Ciimleleriyle ifade Etme Ni|C9| Illiskiyi \I/eINiCEI
’ N, L Islemleri Belirleme
Karmasik ' A(1,2,3), E;(1,2,3) : :
Toplamsal )
Durumlar Verilen ve istenilenleri Tespit B .
1. Basit Karmasik Etme, A (1,2,3), E(1,2,3) Gorsel Temsil
Dizey _ Kullanma

J _ !

-Coézum Var ve

| \
| |
\ 1
\ 1
: !
; .
\ . 1
: Dogru (A, Eo) ! Goziim igin Plan Yapma ve
. 2.0rta Karmagik i ) Plani Uygulama . o
i Dizey ' Nicel Bilgiyi
! -Coziim Yok : — Yorumlama ve
! ! Stratejiler
i ya da Hatal ' Exitlik Y A (1), E(1) Sonug Gikarma
; N i sitlik Yazma, , |
; 3. Yiksek ; Y ) !
| Karmasik Duizey i | Deneme-yanilma A (2,3), E (2,3)
; P i _
: Cozim Yok ; u
; ya da Hatali i m . .
X / - . Bir Durumu Diger
A T Degerlendirme
------------------- Durumla
B iliskilendirme
C6zumu Kontrol Etme ve Cozimi Yorumlama, AY(l), Eo(l) !

Sekil 5. Karmasik toplamsal durumlar iceren problemi ¢ézme siirecinde 6grencilerin ¢dziim siregleri ve
nicel muhakeme becerileri

Sekil 5’ te goruldiigi gibi Atakan ve Emel sadece basit karmasik dizeyde verilen problemi
¢Ozllebilmis, orta ve yilksek karmasik duzeydeki problemlerin ¢ézimiinde basarili olamamislardir.
Problemlerin ¢6ziimiine baslarken Atakan ve Emel problemleri kendi cimleleriyle ifade etmis, verilenleri
ve istenenleri belirleyebilmislerdir. Ancak bu sirecte iki 6grencide (¢ problemde niceliklere
odaklanmadan dogrudan sayilara ve bilinmeyenlere odaklanarak ¢6ziim igin plan yapma ve plani
uygulama asamasinda, birinci problemde esitlik yazma (bilinmeyenin harf ile temsil edildigi
matematiksel bir esitlik yazma), diger iki problemin ¢oziminde ise deneme vyanilma stratejisini
kullanmiglar, ¢dzimlerini de cebirsel olarak gergeklestirmislerdir. Degerlendirme asamasinda ise
sonucun dogrulugunu kontrol etmislerdir. Gigliik derecesi artan ve nicel muhakeme gerektiren diger iki
problem durumunda ise 6grenciler “siniflardaki toplam 6grenci sayilari” olarak nicelikleri ve “toplam
sayilar arasindaki farki” ya da “iki farkh bolimdeki iki sinif arasindaki farki” diger bir degisle nicelikler
arasi iliskileri yorumlayamadiklari i¢cin deneme vyanilma stratejisi kullanilmis, dogru yanita
ulasilamamislardir.

Sekil 6’da verilen farklarin kombinasyonunu iceren problemleri ¢6zme siirecinde 6grencilerin ¢éziim
performanslari, ¢6zim asamalari ve nicel muhakeme becerileri Sekil 7'de verilmistir.
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Farklarin kombinasyonunu igeren gergek yasam problemi

Ahmet ile Batuhan yapilacak matematik sinavinda hangisinin kendi kiz kardesinden digerine gore
daha fazla net yapacagi konusunda iddiaya giriyorlar. Sinav yapildiktan sonra Ahmet’in 12 netle
iddiay1 kazandigi goriliyor. Bu sinavda problem durumu gergeklesecek sekilde bosluklari uygun
sayilarla doldurunuz.

1) Ahmet:92 net, kardesi Emine:76 net; Batuhan: 98 net; kardesi Sule: ... net

2) Ahmet:92 net, kardesi Emine:76 net; Batuhan: ... net; kardesi Sule: ... net

3) Ahmet: ... net, kardesi Emine: ... net; Batuhan: ... net; kardesi Sule: ... net

Sekil 6. Farklarin kombinasyonunu iceren gercek yasam problemi

Problem Czme Asamalari Nicel Muhakeme
Problemi Anlama Nicelikleri Belirleme Eq(1)

4

Kendi Ciimleleriyle ifade Etme Nicel lliskiyi ve Nicel

- islemleri Belirleme
T o A(L23)E(1,2,3) ; ,
Farklarin )

Kombinasyonu
1. Basit Karmagik
Dizey
-Coézum Var ve

Verilen ve istenilenleri
Tespit Etme, EO(1,2,3)

J -

Gorsel Temsil Kullanma
]

! '\

i !

. |

i !

i !

. ]

G :

i ogru (E,) : » Co6ziim icin Plan Yapma ve

: 2. Orta"Karmaglk i Plani Uygulama Nicel Bilgiyi

. Dizey i

! - i Yorumlama ve Sonug

i -Cozim Yok ! . —

; ya da Hatall ' Stratejiler Cikarma

: 3 viiksek i Muhakeme Yapma, Eo(1,2,3) !

I Karmasik Diizey : Deneme-yanilma Av(1'2'3)

. -CoziimYok ik -

! ya da Hatali : Bir Durumu Diger

.. o Degerlendirme Durumla
________________ iliskilendirme

1
G6zUimi Kontrol Etme ve Coziimii Yorumlama, A (1) :

Sekil 7. Farklarin kombinasyonunu iceren problemi ¢ozme siirecinde 6grencilerin ¢ézliim siiregleri ve

nicel muhakeme becerileri

Sekil 7/ de gorildigiu gibi sadece basit karmasik diizeyde verilen problemi Emel ¢oziilebilmistir.
Problemlere baslarken iki 6grenci de problemi kendi ciimleleriyle ifade etmis, ancak Atakan verilenleri ve
istenenleri belirleyememis dolayisiyla problemi anlayamamistir. Problem durumlarinda o6grencilerin
oncelikle yedi niceligin (yani Ahmet’in, kardesi Emine’nin, Batuhan’in, kardesi Sule’nin skorlari, sonra iki
nicelikten elde edilen diger nicelikler Ahmet ve Emine’nin skorlari arasindaki fark, Batuhan ve Sule’nin
skorlari arasindaki fark, son olarak da farkin farki olarak olusan yeni nicelik Ahmet’in iddiasi) farkinda
olmalari beklenmektedir. Bu siirecte 6grencilerin nicel muhakeme baglaminda oncelikle iki farkin
karsilastirilmasini yani “kardesler arasi matematik skoru” ile “iki arkadas arasinda ortaya konulan
skorun” karsilastirilmasini ve “farklarin farki” nicel iliskisini kesfetmeleri dGnemlidir. Emel birinci problem
disindaki problemlerde, Atakan ise tim problemlerde bu durumu fark edemedigi icin ¢dziimlerinde

basarili olamamislardir.
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Plan yapma ve uygulama asamasinda Emel {i¢ problemde muhakeme yapma stratejisini (dogru olan p
durumundan yola gikarak g nun elde edilmesi) kullanmis ancak sadece birinci problemde dogru sonuca
ulagmistir. Problemde 6ncelikle sayilara ve islemlere odaklanmis ve aritmetiksel bir muhakeme yaparak
¢6zUmind “Ahmet 92 net yapmis, Emine 76 net. 92 den 76 ¢ikarsa 16 bulunur --- Batuhan ile Sule
arasindaki net farki 4 olursa Ahmet 12 netle kazanir” seklinde agiklamistir. Degerlendirme asamasinda
ise sonucun dogrulugunu kontrol etmistir. Emel aslinda bu problemde niceliklerin farkindadir. Ancak
nicel fark ve farkin farki iligkilerini tam olarak kavramsallagstirmadigi igin gliclik derecesi artan diger
problemlerde zorlanmistir. Atakan ise nicelikleri ve bu nicelikler arasindaki iliskiyi kesfedemediginden
tiim problem durumlarinda deneme yanilma stratejisini kullanmis ve ¢éziime ulasamamistir. Ornegin
birinci problemde “Emine 76 yaptiysa 12 netle Sule’yi gegtigi icin 76-12=64 ve Sule 64 net yapar”
seklinde anlamsiz aritmetik islemler gergeklestirmistir.

Sekil 8’de verilen nicel oran iceren problemlerini ¢dzme siirecinde 6grencilerin ¢dziim
performanslari, ¢6zim asamalari ve nicel muhakeme becerileri Sekil 9'da verilmistir.

Nicel oran igeren gergek yasam problemi

1) Gelecekte bir zaman Ayhan 45 yasinda olacaktir. O zaman Ayhan’in yasi kizi Feyza’nin 3 kati
olacaktir. Feyza su anda 11 yasinda olduguna gore Ayhan kag yasindadir?

2) A muslugu bir havuzu 60 dakikada, B muslugu ise ayni kapasiteye (hacme) sahip baska bir
havuzu 80 dakikada doldurabilmektedir. B muslugu A muslugundan 15 dakika énce agildigina
gore kag dakika sonra iki havuzdaki su miktarlari esit seviyede olur?

Sekil 8. Nicel oran iceren gercek yasam problemi

Sekil 9’da goriildigi gibi, iki 6grenci de sadece basit karmasik diizeyde verilen problemi ¢ozilebilmis,
ylksek karmasik dizeydeki problemin ¢éziminde basarili olamamislardir. Basit karmasik diizeydeki
probleme baslarken Atakan ve Emel problemi kendi climleleriyle ifade etmisler, verilen ve istenileni
belirlemislerdir. Ogrenciler bu problem durumunda dért niceliginde (babanin ve kizin simdiki yaslari,
babanin ve kizin gelecekteki yaslari) farkinda olmustur. Ancak iki 6grenci de zamansal iliski, nicel fark ve
nicel oran iliskilerini tam olarak ifade etmeden dogrudan sayilara odaklanmis ve ¢6ziime gegmislerdir. Bu
baglamda plan yapma ve uygulama asamasinda Atakan ve Emel muhakeme yapma stratejisini
kullanmiglar ve bu silirecte ¢ adimda aritmetik islemler gerceklestirmislerdir. Coziimde o6nce kizin
gelecekteki yasini belirlemisler, sonra simdiki ve gelecekteki yaslar arasindaki farki bulmuslar, son olarak
da bu farki babanin yasindan ¢ikarmislardir. Yani problemde kullanilacak g sayiyi (45, 3, 11) ve dogru
aritmetik islemi (bdlme, ¢ikarma) segerek dogru ¢oziime ulasmiglardir. En son degerlendirme
asamasinda ¢oziimin dogrulugunu kontrol etmislerdir. Emine’nin ¢6zimi 6rnek olarak sunulmustur.
Atakan ise ayrica “... 11’ e kag¢ eklersem 45’in kati olur” seklindeki muhakemesiyle bu problem durumu
icin ikinci bir ¢6ziim yolu 6nermistir.

ikinci probleme baslarken iki &grencide problemi kendi ciimleleriyle ifade etmis, verilen ve
istenilenleri belirlemistir. Ancak 6grenciler problem durumunda nicelikler (A ve B musluklarinin havuzu
doldurma sireleri, B muslugu ile A muslugunun havuzu doldurmaya baslama zamanlari ve iki havuzdaki
su miktarlarinin esit olma zamani) ve aralarindaki nicel iliskiler (iki muslugun doldurma oranlari ve
sireleri) Gzerine muhakeme yapamamislardir. Diger bir degisle havuzdaki su miktarlari arasindaki farkin
doldurma oranlari ve sireleri farki olan bir hizda kapanacagina iliskin bilgiyi yorumlayamamuslardir.
Dolayisiyla plan yapma ve uygulama asamasinda deneme yanilma stratejisini kullanmislar ve anlamsiz
aritmetik islemler gerceklestirmislerdir. Ornegin Atakan baslangicta musluklarin havuzlari doldurma
oranlari ve siireleri arasindaki iliskiyi hatali yorumladigi i¢in problemin yanitina ulasamamistir.

93



Tanish & Dur — Gukurova Universitesi Egitim Fakiiltesi Dergisi, 47(1), 2018, 60-108

Problem C6zme Asamalari Nicel Muhakeme
Problemi Anlama Nicelikleri Belirleme
i)} A (1), Eo(1)

Kendi Ciimleleriyle ifade Etme )
A(1,2), E (1,2) — Nicel lliskiyi ve Nicel
___________________ Y ° islemleri Belirleme
\ ,
Verilen ve istenilenleri Tespit
Etme, A (1,2), E(1,2)

Nicel Oran

Gorsel Temsil Kullanma

u _ !

» Coziim icin Plan Yapma ve
Plani Uygulama

1. Basit Karmasik
Dizey
-Cozim Var ve
Dogru (A, E )

2. Yuksek - Nicel Bilgiyi
Karmasik Dizey Stratejiler Yorumlama ve Sonug
-Coziim Yok Muhakeme Yapma, AY(l), Eo(l) Cikarma
ya da Hatali Deneme-yanilma A (2), E(2) !

R el R R R P PP

" ;
.. P

Degerlendirme
Cozimi Kontrol Etme ve C6zUmi Yorumlama, Av(l), Eo(l)

Sekil 9.Nicel oran igeren problemi ¢6zme siirecinde 6grencilerin ¢6ziim siregleri ve nicel muhakeme
becerileri

Tim problem durumlari dikkate alindiginda 6grencilerin problemlerde nicelikler ve nicelikler arasi
iliskiden ziyade daha ¢ok sayilara ve sayisal iliskilere odaklandiklari ve genel olarak ¢o6ziimiinde
zorlandiklari problemlerde deneme yanilma stratejisini kullandiklari gérilmuistiir. Ayni zamanda genel
olarak basit karmasik diizeyde verilen problem durumlarini ¢6zebildikleri, karmasiklik diizeyi artikca
problemleri ¢ézmede zorlandiklari da gdzlenmistir. Ogrenci giinlikleri incelendiginde ise, dgrencilerin
genel olarak daha 6nce bu tiirde problem durumlari ile karsilasmamalarini zorlanma nedeni olarak ileri
sirdikleri gérilmustir.

Ogretim Sonrasi iki Ogrencinin Nicel Fark, Karmasik Toplamsal Durumlar, Farklarin Kombinasyonu ve
Nicel Oran Tiiriindeki Problemleri C6zme Siiregleri ve Nicel Muhakeme Becerileri

Nicel fark iceren Sekil 10’da sunulan problemleri ¢6zme siirecinde 06grencilerin ¢6ziim
performanslari, ¢6ziim asamalari ve nicel muhakeme becerileri Sekil 11’de verilmistir.
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Nicel fark iceren ger¢ek yasam problemi

Erkan, Alper ve Necati li¢ arkadastir ve birbirleriyle sik sik telefonda gériismektedir. iglerinden birisinin
kontoriiniin azalmasi durumunda diger iki arkadas o kisiye kontér gdndermektedir. Ug arkadasin belli
bir suire icerisinde birbirlerinden aldiklari kontér miktari su sekildedir:

(Not: Erkan, Alper ve Necati bu slre zarfi igerisinde baska higbir yerden kontor almamaktadir ve hig
kontdr harcamamaktadir.

1)

3)

Erkan’a, Alper’den 12, Necati’den 18; Alper’e, Erkan’dan 24, Necati’den 16; Necati’'ye, Alper'den 5,
Erkan’dan 8 kontor gelmistir. Verilen bu bilgilere gére Alper’in baslangigtaki kontor miktari ile son
durumdaki kontor miktarini kiyaslayiniz.

Erkan’a, Alper’den 16, Necati’den 8; Alper’e, Erkan’dan --- Necati’ den 6; Necati'ye, Alper'den 15,
Erkan’dan 46 kontor gelmistir. Bu durumlar sonunda Alper ilk durumuna gére 8 fazla kontore
sahip oluyor. Buna gore Alper’e Erkan’dan kag¢ kontor gelmistir?

Erkan’a, Alper’den ---, Necati’den ---; Alper’e, Erkan’dan ---, Necati’den ---; Necati’'ye, Alper'den ---,
Erkan’dan ---, kontdr gelmistir. Yukaridaki kontdr gonderme islemlerinin tamamlanmasi
durumunda Alper’in ilk durumuna gore 4 eksik kontori kalacak sekilde bosluklari doldurunuz.

Sekil 10.Nicel fark iceren gercek yasam problemi

o o A(L2,3),E(1,2,3) —

Problem Cozme Asamalari Nicel Muhakeme
Problemi Anlama Nicelikleri Belirleme
U' A(1,2,3), Eo(1,2,3)

Kendi Ciimleleriyle ifade Etme T .
Nicel lliskiyi ve Nicel

islemleri Belirleme

Nicel Fark ;
, A(L,23), E((1,2,3)
1. Basit i Verilen ve istenilenleri Tespit
) . ' Etme, A (1,2,3), E (1,2,3
Karmagsik Duzey 4 ) ol ) Gorsel Temsil
-Ct’)z(]m(Var V;E ! J - -Diyagram Cizme, A (1)
Dogru (A, E i .
) Or’Za ° ' =Y Co6ziim Igin Plan Yapma ve i
Karmasik Dizey | Plani Uygulama
-C6zUm Var ve :
Dogru (A, E)) ! Stratejiler Nicel Bilgiyi
3. Yiksek i1 -Liste Yapma, AY(1'2’3)’ 50(1,2,3) - Yorumlama ve Sonug
. ;
Kar“m?slk Duzey i+ -Benzer Problemlerin Cézimiinden Cikarma
-IgioEur’r}XarEv;e : Yararlanma, EO(1,2) A(1,2,3), Eo(1'2'3)
ogru (A, !
& Yoo 11 -Muhakeme Yapma, Av(3)' EO(3)
_________________ o -Tahmin ve Kontrol, A (3), E_(3)
U' Bir Durumu Diger Bir
Degerlendirme Durumla

iliskilendirme

A (1,2,3),E (1,2,3
C6zumii Kontrol Etme ve Cézimi Yorumlama, A (1), E (1) {1.2.3), £5(1,2.3)

Sekil 11. Nicel fark iceren problemi ¢ézme siirecinde 6grencilerin ¢6zim slregleri ve nicel muhakeme
beceriler
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Sekil 11’de goruldigu gibi, nicel fark iceren problemlerin ¢6zimune baglarken Atakan ve Emel Ug
problemi de ¢o6zilebilmislerdir. Atakan ve Emel problemleri kendi ciimleleriyle ifade ederek, verilen ve
istenilenleri belirlemislerdir. Bu siirecte ise problemde “goénderilen kontér” ve “gelen kontor ” olarak
niceliklerin farkinda olmus ve bu niceliklerin degerlerini gelen kontorler igin arti, génderilen kontorler
icin eksi isaretleri ile temsil etmislerdir. Ayrica “génderilen ve gelen kontérler arasindaki toplamsal farka”
ve “baslangicta ve sonda kont6r miktarlarinin nasil degistigine” iliskin nicel iliskiyi de belirlemislerdir. Bu
asamada Atakan belirledigi nicel iliskileri diyagram cizerek géstermistir.

Nicelikler ve nicelikler arasi iliskinin kavramsallastiriimasi iki 6grencinin ¢6zim sireglerine de
yansimis ve plan yapma ve uygulama asamasinda liste yapma, benzer problemlerin ¢éziimiinden
yararlanma (daha basit benzer bir problemle iliskilendirerek ¢6zme), muhakeme yapma ile tahmin ve
kontrol (problemin yaniti ile ilgili tahmin ylritme ve yapilan tahminin yanit olup olmadigina bakma)
stratejilerini kullanmislardir. Liste yapma stratejisi (¢ problemde de Atakan ve Emel tarafindan dogru
kullanilmis ve nicel yontemle dogru ¢oziime ulasiimistir. Degerlendirme asamasinda ise sonucun
dogrulugu kontrol edilmis ve yorumlanmistir. Emel’in ¢6ziimii asagida 6rnek olarak sunulmustur.

Bu ¢6ziimiini Emel “Once ben zarari buldum. 16+15=31 zarar, 6 kar. 31-6=25 zarar. Once 25’i
kapatacak sonra da 8 fazlaya geg¢mesi icin 25+8=33 almasi lazim” seklinde kesfettigi nicel bilgiyi
yorumlayarak sonuca ulasmistir. Goruldigu gibi Emel, problemin ¢6ziimiinde Atakan da benzer sekilde
kar zarar problemlerin ¢oziimiinden yararlanmistir. Atakan ise problemin basinda c¢izdigi diyagram
Gzerinden asagida Sekil 12’de verildigi gibi problemi ¢cézmustiir.

e

N e N A
-~ N -~ e e
- oo A P . Ly <> = \ J .
e = eI =\ o
~
e
T R 3= e b &

Sekil 12. Atakan’in ¢ozUmii

Atakan ayrica “Necati ve Erkan’in bir dnemi yok. O yiizden sadece Alper’i ¢izdim. ilk ¢6ziimiimde
diger kisileri yazamayabilirdim. Onemli olan kisi Alper'dir. Necati ve Erkan’in sadece Alper’e
gonderdikleri ve Alper'den kontor aldiklart durumlar o6nemlidir. Necati ve Alper’in birbirlerine
gonderdikleri ve birbirlerinden aldiklari kontérlerin 6nemi yoktur” seklinde nicel bilgiyi yorumlayip buna
gore bir sonuca ulagmistir. Degerlendirme asamasinda ise 6grenciler problemin basinda nicelikleri, nicel
iliskileri ve islemleri belirledikleri icin sirasiyla problem durumlarini birbiriyle iliskilendirerek sonuca
ulagmislardir.

Sekil 11’'de gorildugi gibi, ikinci ve l¢linct problemlerin ¢dzlimiinde ise Atakan ve Emel muhakeme
yapma ile tahmin ve kontrol stratejilerini kullanilmislardir. Ornegin Ugiincii problemin ¢dziimiinde
Atakan;

Ay: Erkan ve Necati’'nin birbirlerine gonderdikleri kontér miktarlari bizi ilgilendirmiyor. Onlarin
birbirlerine gonderdikleri kontoérlere istedigimiz sayilari yazabiliriz. Alper’in ilk 3 durumunu yazarim
sonra da son durumu istenilene gore bulurum. Saglamasini da yapinca dogru ¢ikti.

Ar: Peki buradaki bosluklara hangi sayilar gelebilir?

Ay: Bosluklara bir stiri sayi gelebilir. Yeter ki Alper ilk duruma gore 4 zararda olsun. Mesela; Alper
100 vermistir 96 almistir 4 zararda olur ya da 2000 vermistir 1996 almistir 4 zararda olur.

Ar: Bosluklara gelebilen sayilar arasinda nasil bir iliski vardir?

Ay: Alper’in 4 kontor zararda olmasi sartiyla her sayi gelir.
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seklinde bir agiklamada bulunmustur. Diyalogdan da gorildigu gibi, 6grencinin problemde Alper’in
durumuna odaklandigi ve nicel muhakeme ile (Alper’in ilk durumu ile son durumu arasindaki iliskiyi)
nicel iliskiyi kesfettigi soylenebilir. Ayni zamanda kesfettigi nicel bilgiyi tahmin ve kontrol stratejisi ile
yorumladigi ve bir sonuca (4 eksik olacak sekilde bosluklara her sayi gelebilecegi) ulastig da
gorulmektedir. Degerlendirme asamasinda ise iki 6grenci de sonuglarinin dogrulugunu test etmislerdir.

Sekil 13’te verilen karmasik toplamsal durum igceren problemleri ¢6zme siirecinde 6grencilerin ¢dziim
performanslari, ¢6zim agsamalari ve nicel muhakeme becerileri Sekil 14’de verilmistir.

Karmasik toplamsal durum igeren gergek yasam problemi

iki grup arasinda yapilan bir bilgi yarismasinda Emine ile Giilsen birinci grupta ve rakipleri olan Hakan
ile Ahmet ise ikinci grupta yer almaktadir. 100 soru Gzerinden yapilan bu bilgi yarismasina iliskin
bilgiler agagida verilmistir.

1) Hakan ile Ahmet’in dogru cevap verdikleri toplam soru sayisi 94 tiir. Emine’nin verdigi dogru
cevap sayisi, Ahmet’in verdigi dogru cevap sayisindan 2 eksik, Gilsen’in verdigi dogru cevap
sayisi ise Hakan’in verdigi dogru cevap sayisindan 6 fazladir. Ahmet’in dogru cevap verdigi
soru sayisl 42 olduguna goére, Emine ve Gllsen’in dogru cevap verdikleri toplam soru sayisi
kactir? Yarismayi hangi grup kazanmistir?

2) Hakan ile Ahmet’in dogru cevap verdikleri toplam soru sayisi 94 tir. Emine ile Gilsen’in
dogru cevap verdikleri toplam soru sayisi 98'dir. Emine’nin verdigi dogru cevap sayisi,
Ahmet’in verdigi dogru cevap sayisindan 2 eksik; Gllsen’in verdigi dogru cevap sayisi ise
Hakan’in verdigi dogru cevap sayisindan 6 fazladir. Gilsen’in dogru cevap verdigi soru sayisi --
- dir. Problemde verilen durumlarin saglanabilmesi icin bosluga hangi sayl ya da sayilar
gelebilir?

3) Hakan ile Ahmet’in dogru cevap verdikleri toplam soru sayisi 94 tir. Emine ile Gilsen’in
dogru cevap verdikleri toplam soru sayisi 96’dir. Emine’nin verdigi dogru cevap sayisi,
Ahmet’in verdigi dogru cevap sayisindan 2 eksik; Gilsen’in verdigi dogru cevap sayisi ise
Hakan’in verdigi dogru cevap sayisindan 6 fazladir. Gilsen’in dogru cevap verdigi soru sayisi --
- dir. Problemde verilen durumlarin saglanabilmesi icin bosluga hangi sayl ya da sayilar
gelebilir?

Sekil 13. Karmasik toplamsal durum iceren gergek yasam problemi

Sekil 14’te gorildugu gibi, Atakan ve Emelig problemi de ¢oziilebilmiglerdir. Problemlerin ¢6ziimiine
baslarken Atakan ve Emel problemleri kendi cimleleriyle ifade etmis, verilenleri ve istenenleri
belirlemislerdir. Bu sirecte 6grencilerden “Ahmet ve Hakan ile Emine ve Gilsen’in toplam dogru cevap
sayllar”, “Emine ve Ahmet ile Giilsen ve Hakan’in dogru cevap sayilari arasindaki fark” olarak niceliklerin
farkinda olmalari beklenmektedir. Ayni zamanda bu nicelikler arasindaki nicel iliskiyi yani “Ahmet ile
Hakan ve Emine ile Gulsen’in toplam dogru yanit sayilari arasindaki farki” belirleyebilmeleri de
onemlidir. Bu baglamda Atakan tiim sorularda bu durumu gostermis, Emel ise basit karmasik diizeydeki
problemde 6n klinik gérismede yaptigl gibi, dncelikle sayilara ve bilinmeyenlere odaklanmis esitlik
yazma stratejisini kullanarak ¢6zimu gergeklestirmistir. Ancak glicliik derecesi artan ikinci ve Uglinci
problemlerde nicel islemlere yonelmistir.

Problemi anlama asamasinda ayrica Atakan tim problemlerde, Emel ise ikinci ve (glinci
problemlerde belirledikleri nicelikler ve aralarindaki iliskileri diyagram cizerek gostermislerdir. Plan
yapma ve plani uygulama asamasinda 6grenciler muhakeme yapma ile tahmin ve kontrol stratejilerini ve
Emel ayrica yukarida bahsedildigi gibi birinci problemde esitlik yazma stratejisini kullanmistir.
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[ Problem C6zme Asamalari ] [ Nicel Muhakeme ]
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Sekil 14. Karmasik toplamsal durumlar iceren problemi ¢dzme siirecinde 6grencilerin ¢6zim siiregleri ve
nicel muhakeme becerileri

Emel’in problemi anlama asamasinda ¢izmis oldugu diyagram Gzerinden ikinci problemin ¢6zimi ve
actklamalari Sekil 15’te sunulmustur.

Sekil 15. Emel’in ¢6zimi
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Eo: Eger her 68renci en az 1 net yapacaksa Gllsen en az 7 olur, Hakan’a 1 kalmasi igin. En yliksekte;
Emine’ye 1 kalmasi igin 97 olur. Her 6grenci 1 net yapacak diye bir kaide yoksa Gulgen’in dogru sayisi
6 ile 98 arasinda olur. Ciinki Gilsen Hakan’dan 6 fazla yoksa Hakan eksi olur. Emine ve Gilsen’in
dogru sayilari toplami 98. Giilsen 98 yaparsa Emine en az 0 olur yoksa Emine eksiye diser.

Sekil 15’'ten ve diyalogdan anlasilacagi gibi, Emel’in nicelikleri belirledigi, nicel iliskiyi kesfettigi
(toplam dogru yanit sayilari arasindaki toplamsal fark) ve elde ettigi nicel bilgileri yorumlayarak ikinci
problemde en az ve en ¢ok verilebilecek dogru yanit sayisi igin tahmin ve kontrol stratejisi ile bir aralik
belirleyebildigi gérilmektedir. Uglincii problem durumunun ¢éziimiinde ise Atakan cizdigi diyagram
Uzerinden,

Ay: Simdi soyle bir sey var (Cubuklari isaret ederek) Hakan burada 6 kaybetmis Ahmet ise +2 ile
yenmis. Hakan ile Ahmet’in zararlari 4 oldugu igin 98 ile 94 arasi 4 olmali. 96-94=2 oldugu igin
saglamaz.

seklinde aciklamada bulunmustur. Atakan’da benzer sekilde nicelikler ve nicelikler arasi iliskileri
belirlemis ve agiklamalarinda da gorildigu gibi, nicel bilgiyi verilen toplam dogru yanit sayilari (94 ile 96)
arasindaki fark ile toplamsal farkin (-2+6=4) esit olmadigini ifade ederek dogru yanit sayisinin
bulunamayacagl muhakemesini yaparak yorumlayabilmistir. Ote yandan &grencinin ayni zamanda
verilere dayali tahmin yaptigi ve tahminini test ettigi de dikkati ¢ekmektedir. Degerlendirme
asamasinda ise iki 6grenci de bulduklar sonuglarin dogruluklarini kontrol etmislerdir. Bu silirecte
birbiriyle iliskili olan ve glglik dereceleri artan (¢ problem durumunu da birbiriyle
iliskilendirebilmislerdir.

Sekil 16’da verilen farklarin kombinasyonunu igeren problemleri ¢g6zme siirecinde 6grencilerin ¢oziim
performanslari, ¢6zim asamalari ve nicel muhakeme becerileri Sekil 17'de verilmistir.

Farklarin kombinasyonunu igeren gergek yasam problemi

Nisa ve Elif’in sirasiyla Alparslan ve Fatih isimli iki kardesi vardir. Bir giin Nisa ve Elif bir yarisma
diizenlerler ve bu yarismada kim digerine gére kendi erkek kardesinden daha fazla sayida
diisirmeden dizinde top sektirirse o kisi galip gelecektir. Yapilan yarisma sonucunda Nisa’nin 8
farkla yarismayi kaybettigi goralir.

1) Bu yarismada disiirmeden dizinde; Nisa: 32 kez, Elif: 26 kez, Alparslan: 19 kez top
sektirebildigine gore, Fatih’in kag kez top sektirebildigini bulunuz.

2) Buyarismada dislirmeden dizinde, Nisa: 32 kez, Alparslan: 19 kez, Elif: --- kez, Fatih: ---
kez top sektirebilmistir. istenen sart saglanacak sekilde bosluklari uygun sayilarla
doldurunuz.

3) Buyarismada duslirmeden dizinde, Nisa: --- kez, Alparslan: --- kez, Elif: --- kez, Fatih: ---
kez top sektirebilmistir. istenen sart saglanacak sekilde bosluklari uygun sayilarla
doldurunuz.

Sekil 16. Farklarin kombinasyonunu iceren gercek yasam problemi

Sekil 17’de gorildigi gibi, Atakan ve Emellicproblemi de ¢6zebilmislerdir. Problemlerin ¢oziimiine
baslarken iki ©6grenci de problemleri kendi cimleleriyle ifade etmis, verilenleri ve istenenleri
belirlemislerdir. Problem durumlarinda 6grencilerin 6ncelikle yedi niceligin (yani Nisa’nin ve kardesi
Alparslan’in, Elif'in ve kardesi Fatih’in skorlari, sonra iki nicelikten elde edilen diger nicelikler Nisa ve
Alparslan’in skorlari arasindaki fark, Elif ve kardesi Fatih’in skorlari arasindaki fark, son olarak da farkin
farki olarak olusan yeni nicelik Nisa’nin iddiasi) farkinda olmalari beklenmektedir. Bu siiregte 6grencilerin
nicel muhakeme baglaminda 6ncelikle iki farkin karsilastiriimasini yani “kardesler arasi top sektirme
skoru” ile “iki arkadas arasinda ortaya konulan skorun” karsilastirilmasini ve “farklarin farki” nicel
iliskisini kesfetmeleri 6nemlidir. Emel ve Atakan ise tim problemlerde bu durumu fark etmis ve
kesfettikleri iliskileri de diyagram ¢izerek géstermislerdir.
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Problem C6zme Asamalari Nicel Muhakeme
Problemi Anlama B Nicelikleri Belirleme
g AY(1’2I3)I E0(1I213)
PP - Kendi Ciimleleriyle ifade Etme Nicel iliskiyi ve Nicel
: Farklarin Y A(L2,3),E(1,2,3) L islemleri Belirleme
' Kombinasyonu ! A,(1,2,3), E (1,2,3)
|
: 1. Basit : Verilen ve istenilenleri Tespit ) ]
; Rl - Etme, A (1,2,3), E(1,2,3) Gorsel Temsil
. Karmagik Dizey i -Diyagram Cizme,
. - ;
1 GozimVarve a3 - A(L23),E,(1,23)
. Dogru(A,E)
i 2. Orta ! Goziim igin Plan Yapma ve _
© Karmasik Diizey 1 Plani Uygulama
' -Cézim Varve
i ! Nicel Bilgiyi
| Dogru(A,E) i ) e STe!
; . ° i Stratejiler Yorumlama ve
i ) 3. Yu::ss.l.( ! -Muhakeme Yapma, A (1,2,3), — Sonug Gikarma
t farmasik buzey A,(1,2,3),E(1,2,3)
: -Cozim Var ve : EO(1’2’3) Y °
. Dogru(A,E) i -Tahminve Kontrol, A (2,3), E (2,3)
. Y o N
Bir Durumu Diger Bir
Degerlendirme Durumla
iliskilendirme
Coziimii Kontrol Etme ve Goziimii Yorumlama, A, (1,2,3), E(1,2,3) A[(1,2,3),E(1,2,3)

Sekil 17. Farklarin kombinasyonunu igeren problemi ¢6zme sirecinde 6grencilerin ¢6zim siregleri ve
nicel muhakeme becerileri

Plan yapma ve plani uygulama sirecinde Atakan ve Emel muhakeme yapma ile tahmin ve kontrol
stratejisini  kullanmistir. Problemi anlama asamasinda ¢izmis oldugu diyagram (izerinden Emel
muhakeme yapma stratejisini kullanarak birinci problemi Sekil 18’deki gibi cozmustar.

e _~ = I Vv
— = o T S = < —

— A = =
AT / G
¥ =
ATS =B D
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Sekil 18. Emel’in Cozimii

Sekilde 18'de goruldugi gibi, Emel kardeslerin top sektirme sayilari arasindaki farklarin farkindan
vani iki nicelikten elde edilen yeni nicelikler ve bunlarin farkindan yola ¢ikarak nicel islemle Fatih’in kag
kez top sektirdigini bulmustur.
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Ayni problemi Atakan’da ¢izdigi diyagram lzerinden muhakeme yapma stratejisini kullanilarak Sekil
19’daki gibi ¢cézmustur.

=

Sekil 19. Atakan’in ¢6zimi

ikinci ve Uglincii problem durumlarinda ise muhakeme yapma ile tahmin ve kontrol stratejisi
kullanilmistir. Ornegin Emel Giglincii probleminin ¢6ziimiini,

Eo: Nisa’ya 29 Alparslan’a 17 verdim. Aradaki fark 12. Elif yarismayi 8 farkla kazandigi igin 6nce 12
farki kapatmali sonra 8 farkla da kazanmali. Elif'e 34 Fatih’e 14 verdim.

Ag: Bosluklara baska sayilar da gelebilir mi?

Eo: Gelir. Bu sefer Nisa 42 olsun.

Ag: Elif ve Nisa’nin dogru sayilari esit olabilir mi?

Eo: Olur. Cink{ burada en ¢ok yapan diye degil kardesine en ¢ok fark atan kimdir diye soruyor.
Benim yaptigimda Alparslan’in yaptiklari fazla, Fatih’in ki de biraz az olmali ki Elif kazanabilsin.

Ag: Bosluklara gelebilen sayilar arasinda bir iligski var midir?

Eo: Elif'in kardesine attigi farkin Nisa’nin kardesine attig farktan 8 fazla olmasi ve Nisa ile Alparslan
kardeslerin Elif ve Fatih kardeslerine attigi farkin 8 eksik olma sartiyla tiim sayilar gelebilir.

seklinde acgiklamistir.

Benzer sekilde ikinci problemde Atakan kardeslerin top sektirme sayilari arasindaki farklarin
farkindan yararlanarak ve iki kardesin top sektirme sayilari arasindaki 21 sabit farki gz 6nline alarak Elif
ve Fatih’in top sektirme sayilarina iliskin “Elif'in ve Fatih’in aralarindaki fark 21 olarak saglayan her sayi
gelebilir” gibi bir yorumda bulunmustur. Tim bu siireglerde iki 6grenci de nicelikler ve nicelikler
arasindaki iliskiyi kavramsallastirmis ve nicel bilgileri yorumlayabilmistir. Degerlendirme asamasinda ise

iki O6grencide sonuglarin dogrulugunu gosterebilmis ve (¢ problem durumunu birbirleriyle
iliskilendirmislerdir.

Sekil 20’de verilen nicel oran iceren problemleri ¢dzme siirecinde 6grencilerin ¢6ziim performanslari,
¢6zlim asamalari ve nicel muhakeme becerileri Sekil 21’de verilmistir.

Nicel oran iceren gercek yasam problemi

1) A ve B bidonlarinda baslangicta birbirlerinden farkli miktarlarda su vardir. Bu bidonlari
tamamen doldurmak icin esit su akitma kapasitesine sahip birer tane musluk aciliyor.
Bidon ve musluklarla ilgili olarak su bilgiler veriliyor. Bir siire sonra A bidonundaki su
miktari 36 litredir. Bu durumda A bidonundaki su miktari B bidonundaki su miktarinin 4
katidir. B bidonunda su anda 3 litre su bulunduguna gore A bidonunda kag litre su
vardir?

2) Veysel bir apartmandaki bir daireyi tek basina 12 giinde, Hirriyet ise bu apartmandaki
(ayni bicim ve oOlculerdeki) baska bir daireyi tek basina 15 giinde boyayabilmektedir.
Hirriyet; Veysel’den 2 giin 6nce kendi dairesini boyamaya basladigina gore kag gilin
sonra ikisinin de dairelerinin boyanmis bolimleri esit 6l¢tide olur?

Sekil 20. Nicel oran iceren gercek yasam problemi
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Problem C6zme Asamalari Nicel Muhakeme
Problemi Anlama T Nicelikleri Belirleme
ik A[(1,2), E (1,2)
Kendi Ciimleleriyle ifade Etme Ni(lzel I:i§kiyi \I/eINiceI
Islemleri Belirleme
i m i m e m e Ay(llz)l EO(1,2) o s
- N A(1,2),E (1,2)
Nicel Oran
1. Basit Verilen ve istenilenleri Tespit Gorsel Temsil
Karmagik Diizey Etme, A (1,2), E (1,2) -Tablo Gizme, A (2), E (1)

-Cozim Var ve -Diyagram Cizme, EO(2)

)
|

Dogru (A, E) ! » a8
; Coziim icin Plan Yapma ve
i
i

2. Yuksek Plani Uygulama

Karmasik Dlzey
-Coziim Var ve
Dogru (A, E )

Nicel Bilgiyi
Yorumlama ve
Sonug Gikarma
A(1,2),E.(1,2)

Stratejiler
-Muhakeme Yapma, Ay(1,2),EO(1,2)

U, —

Degerlendirme

Coziimu Kontrol Etme ve C6ziimu Yorumlama, A (1,2), EO(1,2)

Sekil 21. Nicel oran igeren problemi ¢dzme siirecinde 6grencilerin ¢6ziim siregleri ve nicel muhakeme
becerileri

Sekil 21’de gorildigi gibi, Atakan ve Emeliki problemi de basariyla ¢ozmuslerdir. Problemlere
baslarken Atakan ve Emel problemi kendi cimleleriyle ifade etmisler, verilen ve istenileni
belirlemislerdir. Birinci problemde 6grenciler dort niceliginde (A ve B bidonunda simdiki mevcut su
miktari ile A ve B bidonunda bir zaman sonraki su miktari) farkinda olmustur. Ayni zamanda “gelecekte
bir noktada A bidonundaki su miktarinin B bidonundaki su miktarinin dort kati olacagl” seklindeki
carpimsal iliskiyi (nicel oran) ve “Gelecekte ve simdiki zamanda B bidonundaki su miktarlari arasindaki
fark ile gelecekte ve simdiki zamanda A bidonundaki su miktarlari arasindaki farka esit olmasi” seklindeki
toplamsal iliskiyi (nicel fark) kesfetmislerdir. Bu siirecte Emel nicelikleri ve nicelikler arasindaki iliskileri
tablo lzerinde gostermistir.

Plan yapma ve plani uygulama asamasinda ise Atakan ve Emel iki problemde muhakeme yapma
stratejisini kullanmislardir. Ornegin Emel birinci problemde ¢izdigi tablo {izerinden ¢6ziimiinii “O zaman
A, B'nin 4 kati olacagi i¢in 36:4=9 litre B bidonunun bir sire sonraki durumudur. Sonra 9, simdi 3 ise 9-
3=6 litre su dolmus. 36-6=30 litre A muslugu” seklindeki muhakemesiyle agiklamistir.

ikinci problemde ise dgrenciler iki nicelik olarak “Veysel ve Hiirriyet'in boyama hizlarini” ve “Veysel’in
Hirriyet'ten daha hizl” oldugunu distiinmisler ve niceliklerin birbirlerine gore degisimlerini géz 6niine
alarak, boyama hizlarini karsilastirmis ve nicelikler arasi ¢carpimsal iliskiyi kesfetmislerdir. Bu stireci Emel
diyagram, Atakan ise tablo gizerek gostermistir.
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Plan yapma ve plani uygulama asamasinda ise iki 6grenci de muhakeme yapma stratejisini
kullanmiglardir. Ornegin Emel problemi cizdigi diyagram lizerinden ¢dziimiini “Veysel Hiirriyet'ten daha
hizli. Veysel’in Hurriyet'e zaman orani 4/5. Hiz orani da bunun tam tersi olacak 5/4. Hurriyet 4/4 hizla 2
gin 6nce baslyorsa Veysel % lik hizla bu farki kapatacak. Veysel yaparken Hirriyet de yaptigi igin
Hurriyet 4/4 hizla Veysel 5/4 hizla aradaki fark % oldugu icin Veysel % hizla g¢ahsiyor gibi goranar.”
seklinde muhakemesiyle agiklama yapmustir.

Atakan ise problemi Sekil 22’deki gibi, ¢izdigi tablo tzerinden ¢6zmis ve ¢6zimini de “Veysel 1/5
daha kisa siirede boyar. Hizlari zamanin tam tersi olmasi gerekir. Clinku Veysel siireyi daha iyi kullaniyor.
Ayni paydada yazdigimiz i¢in Hurriyet'in hizi 4/4 Veysel'in hizi 5/4 olur. Aralarinda %’lik bir fark var.
Hirriyet 4/4 luk hiziyla 2 giin 6nce basglamis. Her bir % lik kisma 2 dersem 4/4 lik kisim 8 giinde
tamamlanir”seklinde agiklamistir.
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Sekil 22. Atakan’in ¢ozimi

Degerlendirme asamasinda ise iki 6grenci sonuglarin dogrulugunu kontrol etmis ve ¢6zUmi
yorumlamisglardir.

Tartisma ve Sonug

Ortaokul altinci sinif 6grencileri Uzerinde gergeklestirilen ancak iki odak ©grencinin klinik
gorismelerinin ortaya konuldugu bu arastirma ile nicel muhakeme gelisiminin problem ¢6zme
becerisindeki rolii belirlenmeye ¢alisilmistir. Arastirmanin sonunda ise iki &nemli durum ortaya gikmistir.
Birincisi Thompson (1993)'nin iddiasi ve bazi arastirmalarda da goézlendigi gibi (Ellis, 2007; Moore, 2010;
Smith & Thompson, 2007;) nicel muhakemenin gelisimi izerine yapilacak bir 6gretimle 6grencilerinin bu
becerilerinin gelisebildigi digeri ise bu gelisimle birlikte problem ¢ézme becerilerinin gelisiminin de
saglanabildigidir (Moore, Carlson ve Oehrtman, 2009; Moore ve Carlson, 2012). Ogretim 6ncesi ve
sonrasi 6grencilerin ortaya koyduklari zihinsel eylemler karsilastirildiginda bu gelisimin saglandigini
ortaya koyan pek c¢ok delile rastlanmaktadir. Arastirmada 6grencilere dort farkli tiirde ve her tire ait lg
karmasiklik diizeyinde gercek yasam problemleri sunulmustur. Ogretim dncesi her problem tiiriinden
genellikle basit karmasik diizeye sahip problemler ¢oéziilebilmis, orta ve yiiksek karmasiklik dizeyindeki
problemlerin ¢ézimiinde zorlanilmistir. C6zimi yapilan problemlerde “yanit” genelde aritmetik ya da
cebirsel hesaplamalarin sonucu ile bulunabildigi icin 6grenciler bu problemlerde zorlanmamislardir.
Cozlimlerinde ise genelde problemde kullanilacak sayilara odaklanmislar ve gerekli aritmetik islemleri
secerek daha ¢ok sinirli stratejiler kullanmislardir. Ancak ayni problem nicel iliskiler yéniinden
degerlendirilmesi, diger bir degisle sayilar ikinci plana atilip dnce niceliklere ve onlar arasindaki iliskilere
odaklanilmasi gereken bir duruma getirildiginde ise 6grenciler bilissel gliclik yasamiglardir (Thompson,
1993). Matematikte anlam ve amag kaybolduktan sonra 6grenciler icin anlamsiz diislinme tarzlari ortaya
ciktigr icin (Smith & Thompson, 2007) 6grenciler de bu karmasiklik durumuyla basa g¢ikamamislar
cogunlukla deneme vyanilma stratejisini  kullanmislar ve kimi zamanda anlamsiz islemler
gerceklestirmistir. Sowder (1988) o6grencilerin problem durumlarinda niceliklere ve iliskilere dikkat
etmediklerinde ¢oziimlerinde sayilarin ve islemlerin secimi ile ilgili temelsiz, anlamsiz tartismalara
girdiklerini ifade etmektedir. Dolayisiyla arastirmada da 6grencilerin ortaya koyduklari bu durum
problemlere iliskin sayisal olmayan ¢ikarimda bulunamadiklarinin diger bir degisle, niceliklerin farkinda
olmadiklarinin ve nicel iliskilere iliskin ¢ikarimda bulunamadiklarinin bir géstergesi olmustur (Thompson,
1993). Bu sonug bazi arastirma bulgulariyla da paralellik gostermektedir (Kabael & Akin, 2016). Bu
noktada 6grencilerin genellikle tek tip sonuca gotliren problem durumlariyla daha fazla karsilagsmalari
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onlarin bu tiir problemlerde zorlanmalarinin bir diger nedeni olabilecegi soylenebilir. Nitekim
dgrencilerin ginliklerine yazdiklar ifadelerden bu durum géze carpmaktadir. Ornegin Atakan verilen
problemi ¢ézerken zorlandigini ve bu tiir bir problem ile daha 6nce karsilasmadigini Sekil 25'teki gibi
actklamistir.
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Sekil 25. Atakan’in ginligi

Ogretim siireci sonunda vyapilan goriismelerle 6grencilerde gozlenen degisimler, nicelikler ve
nicelikler arasi iliskiler Gzerine dislinme yaklasiminin problem ¢6zme siirecinin odagi olabilecegi
distincesini dogurmustur. Clinki nicel muhakemenin gelisimine odakl yapilan 6gretimler 6grencilerin
problem ¢ézme becerilerinde biiyiik bir degisim yaratmistir. Oncelikle her diizey problem birden fazla
yolla ve uygun stratejiler kullanilarak basariyla ¢dziImistir. En 6nemli gelisme ise 6zellikle gorsel temsil
(diyagram) kullanimda gergeklesmistir. Pek ¢ok g¢alismada da vurgulandigi gibi (Diezmann, & English,
2001; Jonassen, 2003; Smith & Thompson, 2007; Thompson, 2011), problemi anlama ve ¢6zme
asamasinda kullanilan gorsel temsiller nicelikleri ve nicel iliskileri gostermede o6nemli araglardir.
Arastirmada 6gretim silirecinde kullanilan bu araglar 6grencilerin problemlerde verilen bilgiler arasindan
niceliklere odaklanmalarini ve nicel iliskileri yorumlamalarini ayni zamanda Koedinger ve Nathan
(2004)'In da ifade ettikleri gibi farkli ¢éziimler gerceklestirmelerini saglamis ve bunun delili son
gorismelerde goézlenmistir. Ogretim 6ncesi  dgrencilerin  problem ¢oziimlerinde gérsel temsil
kullanmamalari Bednarz, Radford, Janvier ve Lepage’in (1992) ¢alismalarinda belirttikleri “aritmetikten
cebire gegisteki bitlin  guglikler problemlerin  temsilsel olarak yapilandirilamamasindan
kaynaklanmaktadir” duslincesini desteklemektedir. Benzer sekilde Smith ve Thompson (2007)'da
ogrencilerin bir problem durumunu tanimlarken kullandiklari sézel ifadeler agikhgini kaybettiginde bu
tanimlamalarini diyagramlarla daha rahat ifade ettiklerini belirtmislerdir. Ogrencilerin problem
¢6zimlerinde basarili olmalarinin altinda yatan nedenin Smith ve Thompson (2007)'da iddia ettigi gibi,
nicel muhakeme becerilerinin gelismesi oldugunu sdyleyebiliriz. Clnkl bu sirecgte 6grenciler problem
durumlarinda sayisal bilgiden bagimsiz olarak nicelikler ve nicelikler arasi iliskilere odaklandiklari igin
problemleri daha iyi anlamlandirmiglardir. Ayni zamanda nicel islemler ile aritmetik islemleri ayirt
edebilmislerdir. Bu sonug¢ Kabael ve Akin (2016) tarafindan yapilan galismada da, nicel muhakeme
becerilerini etkili sekilde kullanan 6grencilerin problemleri daha iyi anlamlandirip kisa zamanda
¢ozebilmeleri ve nicel muhakeme becerisi yardimiyla cebirsel stratejileri etkili bir sekilde
kullanabilmeleri, problem ¢ézme siirecinde daha esnek yaklasimlar ve zaman tasarrufu yapabilmeleri
sonucuyla paralellik gdstermektedir.

Arastirma sonuglari 6gretim planlanirken ele alinan karmasik problem durumlarinin nicel muhakeme
gelisiminde fark yarattigini gostermistir. Dolayisiyla 6grencileri sayilardan bagimsiz dislinmeye sevk
eden nicel iliskiler yoniinden zengin problem durumlariyla karsilastirmak énemlidir. Sonugtan ziyade
distinme siirecinin 6nemi gdz 6niline alindiginda 6grencilerin dislincelerini rahatca ifade edebilecekleri
bir sinif ortami saglanmali ve 0Ogrencilerin “burada ne oluyor?” tartismasini yapmasina olanak
taninmalidir. Problem ¢o6zimlerinde anahtar kelimelerden (daha fazla, kat vb.) O6nce problemde
o6grencilerin niceliklere odaklanmalari ve niceligi, nicel iliskileri tanimlamalari saglanmalidir. Bu siregte
ogrenciler diyagram, tablo, sekil gibi gorsel temsil kullanmaya tesvik edilmelidir. Ortaokul altinci sinif
ogrencileri Uzerinde gergeklestirilen bu c¢alisma daha farkh tasarimlarla ilkokul, lise ya da 6gretmen
adaylan Uzerinde de gergeklestirilerek alana farkli yonlerden énemli katkilar getirilebilir. Ayrica ders
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kitaplarinin 6grenme ve 6gretme siirecindeki rolli dikkate alindiginda ders kitaplarinin nicel muhakeme
becerisini destekleyip desteklemedigine iliskin arastirma da yapilabilir.
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