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ABSTRACT

This study introduces a fundamental transfer matrix formalism for superconductors. The transfer matrix is constructed by solving
Maxwell’s equations under the TM (Transfer Magnetic) mode configuration and including boundary conditions at the interface
of the superconductors. This matrix enables an investigation of the scattering properties of electromagnetic wave interacting
with superconducting surfaces. Then, reflection coefficient (R) and transmission coefficient (T') are derived from elements of the
transfer matrix. This formalism provides a basis for understanding the interaction of electromagnetic waves with the surface of
superconductors for advanced studies such as coherent perfect absorption (CPA), spectral singularities, and PT symmetry. The
results highlight the influence of the London penetration depth on the reflection coefficient (R), the transmission coefficient (T')
and transfer matrix. Additionally, surface currents resulting from TM mode configuration and Meissner effect, are also expressed
in terms of the London penetration depth. In this context, we establish a foundation for studying the potential applications of
superconductors.
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1. INTRODUCTION Materials section). Equations (1) and (2) give relationships of
current density with electric and magnetic fields, respectively.
Typically, the current has two components: normal and super-
fluid. The normal component of current is neglected in the case
of superconductivity. In this regime, the superconducting state
predominates, and the electric current is carried by the super-
current, which is composed of cooper pairs. However, during
phase transitions, as mentinoned in Schmidt (2013), the normal
current must be considered. The normal current corresponds to
the conventional flow of charge carriers, which experiences re-
sistance as a result of scattering mechanisms. In contrast, the
supercurrent is characterized by the movement of Cooper pairs
that flow without resistance.

Superconductors are a significant class of materials that con-
duct an electric current without resistance and energy loss at a
certain critical temperature 7, (Tinkham 1974). In conventional
conductors, electric current is carried by individual electrons,
whereas in superconductors, the current is carried by pairs of
electrons known as Cooper pairs. Above the critical tempera-
ture, Cooper pairing breaks down, and superconductivity dis-
appears. Furthermore, superconductors exclude magnetic fields
below the critical temperature; this phenomenon is known as
the Meissner effect (Tinkham & Lobb 1989). Examining the
intriguing magnetic and electrical properties and analyzing in-
teraction with the electromagnetic waves of superconductors
play a crucial role in developing innovative technologies in var-
ious fields. The London equations, presented in London (1964),
describe the phenomenon of superconductivity within a classi-
cal framework.

T=Ts+1,. A3)

London equations are important to understand the electro-
magnetic behaviour of superconductors at low temperatures.

di.  ne? - These equations combine Maxwell’s equations with the hydro-

- = —F, (1)  dynamic model of superconductors, explaining properties such

dt " 5 as supercurrents and the Meissner effect through the electro-

V X fs = € B. ) magnetic behaviour of the superconducting state. The appli-
m

cation of these equations often depends on the choice of the

Here, J; is the super liquid component of current density, ng
is the liquid charge density, and m is the charge mass (The
London equations are explained in detail in the Supplementary

electromagnetic mode configurations, such as the TM and TE
modes, which provide different insights into the interaction
of electromagnetic waves with superconducting materials. The
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TM mode configuration is particularly crucial for analyzing
the magnetic field penetration and current distributions within
the superconductor, as it directly couples to the magnetic field
component perpendicular to the surface. In contrast, the TE
mode configuration primarily addresses the behaviour of the
electric fields and provides information on phenomena such as
surface impedance and electromagnetic wave propagation.

This study focuses on the TM mode configuration because
it directly engages with the magnetic field component perpen-
dicular to the surface, facilitating an application of the London
equations. Moreover, TM modes are particularly advantageous
for examining the role of the London penetration depth and
boundary conditions which are essential to understanding the
electromagnetic response of superconductors.

The transfer matrix method is highly effective for investigat-
ing surface interactions with electromagnetic waves. As demon-
strated in several studies (Sarisaman & Tag 2018, 2019b,a; Ok-
tay et al. 2020; Sarisaman et al. 2024), this method is widely
used to explore material properties such as coherent perfect ab-
sorbers (CPA), spectral singularity points, and PT-symmetric.
This paper aims to establish a fundamental framework for the
investigation of these properties in superconductors by using
the transfer matrix method.

Firstly, Maxwell equations are solved using the London equa-
tions under the TM mode configuration and obtained boundary
conditions on the surface of the superconductor slab (SC). The
transfer matrix is formed by considering boundary conditions
and R and T coeflicients are formulated. Finally, surface cur-
rents are obtained in the direction of the electric field com-
ponents as a result of electromagnetic wave interaction with
the surface of SC slab under the TM mode configuration. We
predict that our results will significantly contribute to the un-
derstanding of surface behaviour in superconductors.

2. SOLUTIONS OF MAXWELL EQUATIONS

Maxwell’s equations play an important role in analyzing the
interaction of electromagnetic waves with SC slab system. As
shown in Figure 1, the solutions of Maxwell equations must be
obtained for regions I, II, and III. Then, by incorporating the
London penetration depth into these solutions, we can derive
the boundary conditions for the surface of SC slab. We consider
a linear and homogeneous SC slab with thickness L positioned
in the xz-plane as shown in Figure 1. The electromagnetic wave
is sent with incident angle 6 to the SC slab. Here, 6 denotes the
angle between the incident light and the surface normal. The
Maxwell’s equations are expressed as,

VD =p(2). “
V.B=o, )
VxE =-0,B, (©6)
VxH=J(z)+8,D. (7)
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Here, magnetic field B , electric field E and current density J
depend on position and time. We use the notations ¢ = 1/+/uo&o
for speed of hght in vacuum, k = a)/ ¢ for wave vector. Also
notice that, H = B/ u and D = sE, u and & are magnetic
and electric permittivity, respectively. Assuming that u =~ pg
due to the Meissner effect inside of superconductor slab and
& = n*gp, where n is the refractive index. Mo and g¢ are magnetic
and electric permittivity in vacuum, respectively. Using the
time-harmonic oscillation approximation, fields can be sepa-
rated into time and position components as d(F 1) = e TN (F)
where ¢ parameter indicate E, B, J, D, H fields. Then, the time-
independent Maxwell equations are obtained as follows,

VxE =iwB(7), ®)

- - - n?

V x B = uoJ — ik—E(F). ©)
C

In the TM mode configuration, the components of E arein x
and z-direction, the component of B field is only in y-direction
as follows,

E(F) = Ex(x,2)i + E;(x, 2)k, (10)
B(F) = B(x,2)]. (11)

E(x,z) and B(x, z) denote spatial plane waves that propagate
in the x-direction.

By(x,z) = By(z)eikx, (12)
Ex(x,2) = Ex(z)e™, (13)
E.(x,2) = E.(z)e'™. (14)

Considering that the current density J is zero outside a super-

X
A TM mode
1 1l 111
E - 6o L °

SC

Figure 1. The figure represents an electromagnetic wave model which
is sent by 6 angle to the surface normal with the SC slab under the TM
mode configuration. Electromagnetic wave propagate in x-direction
and SC Slab which has L thickness is positioned along the z-axis.

conductor, we take the curl of Equation (9) which is written
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as,

<

2

VXV xB(7) = —ik=V x E(r). (15)
c

The components of the electric field in Equation (10) and the

magnetic field the Equation (11) are placed in Equation (15).

Thus, the 1-dimensional Helmholtz equation, which describes

the motion of the waves due to the magnetic field, is obtained.

V2B, (z) = —k*n*By(z). (16)

The Equation (16) depends on the refractive index, the wave
number and the magnetic field. The solution to 1-dimensional
Helmholtz equation is given by By(z) = Bje'*"% + Bye~iknz,

2.1. Meissner Effect

Below the critical temperature 7, the superconductors do not
allow the electric and magnetic fields to exist their inside. As
a result, surface currents are generated due to the exclusion of
the magnetic field within the material. The electric field is zero
(E = 0) in SC slab system. This situation is named the Meissner
effect and is expressed by the following equation:

VX§=yoj. (17)

Taking the curl of the Equation (17) yields the wave equation
for the interior of the SC slab.

%x?xéz,u()@xf). (18)

The London Equation (2) is replaced in Equation (18) and it
gives the 1-dimensional Helmholtz equation for region II.

2
V2B, (2) = o (%) By (2). (19)

This expression A = \/m/uonse? is London penetration depth
that characterizes the extent the magnetic field can penetrate
into a superconductor. It varies depending on the critical tem-
perature T, and the intrinsic properties of the material. Substi-
tuting A into Equation (19), the Helmholtz equation becomes:

1
V2B, (z) - ﬁBy(z) =0. (20)

The solution of the Equation (20) is given by B, (z) = Ajed +
Ase~ 7 and depends on London penetration depth in z-direction
As a result, the wave modes both inside and outside of the SC
slab are as follows:

Aleiknz + Aze—iknz’ z<0,
By(z) ={Bjei + Bye™1 0<z<L, 1
Cietknz 4 Cye~iknz z> L.

Here, A;, B;, and C; represent the amplitudes of the waves in
regions I, II, and III, respectively.

2.2. Super Currents

The TM mode configuration leads to the emergency of surface
currents in superconductors as a result of the Meissner effect.
These currents occur as a result of the exclusion of the magnetic
field inside the superconductors. The Equation (17) gives rise
to the surface currents that are related to the magnetic field.

O0xBy(x,z) = poJz, (22)
—=0;By(x,z) = poJx. (23)

The current density has two components in x and z- direction.
We obtain these components by taking the partial derivatives
of the Equation (12) according to x and z.

1 .
Iy = —— B\ (2)e'™, (24)
Ho

ik ;
J, = —B,(z)e'*~. (25)
Ho
Jyx is real and J, is the imaginary part of the current density
that is described as,
J=Ud+J.k. (26)

B} (z) is obtained by taking the derivative of Equation (21) as
follows:

Aleiknz _ Aze—iknz z<0

. i z i _z
B’y(z)zzkn —mBietl+ mBre™1 0<z<L
Cleiknz _ Czefiknz z>1L.

27
The electric field and the surface currents are proportional to
each other (E oc J), and the components of E and J are in
the same directions. Firstly, London Equation (1) express the
electric field in terms of the current density.

E(F,1) = (

m

d -

—J(7,1). 28
ner) ZJ () (28)
The current density is given by J(F,1) = e7i®! J(7) and depends
on time and position. By replacing the current density J (7, r)
into the Equation (28), the time-independent version of the
electric field E is obtained.

E(?>=(

Taking into account the components of the current density J,
and J, the components of the electric fields are determined in
terms of the London penetration depth A.

lwm

) J(7). (29)

nge?

E+E k= (%) (P +JK). (30)
nge
E, and E, are imaginary and real parts of the electric field,

respectively.

Bo=- (S5 ) 0 = ibeB et G
nge

E,=- (zam;) J, = PwkBy(z)e™*™. (32)
nge
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Table 1. The components of E s D and J fields inside and outside of SC
slab are demonstrated in TM mode configuration in the table. By (z)
and B; (z) are defined in Equations (21) and (27), respectively.

E D J
. ; B (z

Ex = ilwB}(2)e'** Dy =iA’wegn’B), (z)e'*~ h:—ﬁgl*x

Ey=0 Dy =0 Jy =0

Table 2. This table shows the components of the H and B filed, where
By (z) is defined in Equation (21).

B H
B, =0 H,=0
By — By(z)eikx Hy - BLE)Z) eikx
B,=0 H,=0

Using these field components in Table 1 and Table 2, bound-
ary conditions can be calculated. Table 3 presents these bound-
ary conditions, which are crucial for obtaining the transfer ma-
trix. The transfer matrix gives the relationship with each other
incoming and outgoing waves interacting with the SC slab.
As shown in Table 3, applying boundary conditions (1) and
(3), and performing term by-term addition and subtraction, the
following set of equations is obtained:

B = %[(1+0‘)A1+(1—i0')A2], (33)

B, = % [(1—io)A; + (1 +ioAs] . (34)

Notice that, o = idkn. Similarly, by applying the same opera-
tions of the term by-term addition and subtraction to boundary
conditions (2) and (4), we obtained the new set of equations
which provide B; and B, as follows:

1 . . _
=3 [(1 +ioc)Cretf Lt 4+ (1 - io-)Cge_’k"L] eTL, (35)

1 : . ]
By=5[(1- i) Cre*L 4 (1 + i) Cre L] e (36)

B

Equations (33) and (35) are equal to Equations (34) and (36),
respectively.

aAy +bA; = [aCre™ ™ + bCzefik”L]e%,

bA| +aA; = [bC1e*™ + aCre™ e

(37
(38)

L
A4 .

It should be noted that, a = 1 +io and b = 1 — io. Finally,
Equations (37) and (38) are added and subtract term by term:

1 - - )
C = 5 [(aze% - bzeTL)Al +ab(e% - eTL)Ag] ekl
a? - b?
(39)
1 - - .
G =— [ab(eTL - e%)Al + (azeTL - bze%)Az] etknk.
a? - b?

(40)

These equations form the elements of the transfer matrix. As
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Table 3. Boundary conditions for SC slab are shown in the table. We
define the quantity o = idkn.

Boundary conditions

1)A1 +A2 =31 +Bz

2) Ble% + Bze_% = C]eik"L + Cze_ik"l’
3)0(A1-A2)=B1 - B

4) Biet — Bye™ T = o (Cyetknl — Cye~iknL)

a result of this, the relationship between the incoming and
outgoing on the SC slab in Figure 2, is determined with a

transfer matrix.
C Ay
(& )=m(%)

Al Cl
A2 C,
0 Iz :
SC

Figure 2. Figure shows the amplitudes of left and right waves in
regions I and III, respectively.

3. TRANSFER MATRIX

The transfer matrix is a crucial tool used to determine the
transmitted and reflected waves at the surface boundary of the
materials. It plays an important role to analyses superconduct-
ing behavior on the surface of the material. Using the Equations
(39) and (40), transfer matrix is constructed as follows:

M:( My My )

42
My M» “42)

The transfer matrix (42) contains all the information about the
transmitted and reflected waves on the SC slab. The elements
of the transfer matrix is defined as follows,

My = [e7 L (g2l — p2eLIA)]y, (43)
My = ab[e~ L (eL1A — ¢=LIY)]y, (44)
Moy = ab[e*E (714 — eLI)]y, (45)
My = [ (a2 112 — p2elI)]y. (46)
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Here, y = ﬁ and coefficients A; and A, represent the right
and left wave amplitudes in the I-region, while coefficients C;
and C, represent the right and left wave amplitudes in the III-
region in Figure 2. Notice that, detfM| = 1 and T! = T". The
left and right transmission coefficients 7" and reflection R>"
coeflicients are given by Mostafazadeh (2009).

Pleprer=_L  pr_Mn =
My’ My’ M

We can define R and T coefficients for SC slab by using the
Equation (47) as follows:

4ic _;
—iknL
Z:—eln,

(48)
X
= UEOW e W ar )
X X
We denote that, ¢ = el — e~L/1 5 = 1/4io and y =

a’e L/t — p2el/t Equation (48) is a general formalism for
analysing the surface of SC slab in terms of R and T coeficients.
This formalisation provides a foundation for investigating ap-
plications such as PT-symmetry, CPA, and spectral singularity
for superconductors, as seen in works Sarisaman et al. (2024),

Mostafazadeh (2009), and Mostafazadeh & Sarisaman (2015).

4. CONCLUSION

In this study, to understand the electromagnetic interaction with
superconductors, we solved the Maxwell equations and deter-
mined these fields E , 5, B and H both inside and outside the
material. By using these fields, we derived the boundary condi-
tions for the interface of the SC slab. In this way, we constructed
a general transfer matrix from boundary conditions for super-
conductors in the TM mode configuration. This matrix allows
for the analysis of the interactions between the superconduct-
ing surface and the electromagnetic wave. In this context, the
reflection coefficient (R) and transmission coeflicient (7") are
formulated by London penetration depth A. Furthermore, the
obtained transfer matrix forms a crucial basis for advanced
studies such as CPA, PT-symmetry and spectral singularity. On
the other hand, by considering the Meissner effect, we solved
Maxwell’s fourth Equation (7) and observed the emergence of
the surface currents related to the magnetic field. The compo-
nents of the current generated on the surface (xz- plane) are
perpendicular to the magnetic field. Also, the surface current J
is expressed in terms of the London penetration depth 4. Con-
sequently, this study provides a foundation for research on the
interactions of superconductors with electromagnetic waves.
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SUPPLEMENTARY
London Equations

To obtain the London equations, we determine the current den-
sity as seen in this study Saif (1992),

ju=cE. (50)

Here, o is the electrical conductivity, and E is the electrical
fields. Also, the current j, is proportional to the electric field
E. The force acting on the electrons is defined by the Coulomb
force.

-

F =ma, (51
F = ¢E, (52)
_, v
E=m—. 53
e m 5 (53)
Equation (50) is written for superconductors as follows,
fs = evny. 54)

Here, n; is the density of superconducting electrons. Taking the
time derivative of Equation (54) gives first London Equation
(1), as seen in Saif (1992).

dj,  Ov

e“ng -
at :eEnS:e — | ng = mYE. (55)
Taking the curl of Equation (55),
2
Q(fos):(e ns)(VxE). (56)
ot m
The curl of the electric field is as follows:
. m\o - -
VXE = —(V X js). 57
(ezns ) C()t ( .]S) ( )

This expression gives the relationship of super current den-
sity with electric field. Replacing third equation of Maxwell
Equation (6) into Equation (57):

m (9 2 2N _ 6 g
(ezns)E(VX“)‘ o B (58)

Equation (58) gives the relationship the super current with
magnetic field and second London Equation (2).

d (= - eng\ =
— (V% B|=0.
g (77 () 3) =0

(59)




Tasdemir

2
fosz—(e "S)B. (60)
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