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ABSTRACT 

The dimensional of the footing is crucial parameter affecting the ultimate bearing capacity 
and failure surface geometry. However, the recommendations found in the literature often 
conflict with one another. Therefore, in this study, rigorous parametric three-dimensional 
finite element analyses using PLAXIS 3D with the Hardening Soil (HS) model were 
conducted to examine the unit weight component of the shape factors (Sγ), the pressure-
settlement responses and the failure mechanisms of rectangular footings with an aspect ratio 
(L/B), defined as the ratio of the length (L) to the width (B) of the footing, ranging from 1 to 
10. These analyses were performed four relative densities (Dr) of the sandy soil ranging from 
10% to 80%. The results revealed that Sγ values increased with the L/B ratio, peaking at 
L/B=1.5, followed by a decline as the L/B ratio continued to increase. An increase in the 
internal friction angle of the soil led to higher Sγ values. This behavior contradicts some 
earlier studies and is attributed to the three-dimensional interaction of the failure surface, 
failure surface geometry and displaced soil volume. Furthermore, non-linear regression 
analysis was performed to produce novel equations to predict Sγ for rectangular footings and 
unit weight component of the bearing capacity factor (Nγ) for strip footings in sandy soil, 
demonstrating strong agreement with FE results. 
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1. INTRODUCTION 

The design of a shallow footing, which is a geotechnical structure that transfers the 
superstructure's load to the underlying soil, requires the evaluation of both settlement and 
ultimate bearing capacity. The traditional ultimate bearing capacity equation was first 
introduced by Terzaghi [1] for strip footings under plane strain conditions. This equation 
incorporates bearing capacity factors for cohesion (Nc), surcharge (Nq) and unit weight (Nγ), 
all of which depend on the soil's internal friction angle value. Several researchers have 
proposed different Nγ equations due to variations in the footing failure surface geometries 
although the equation proposed by Prandtl [2] for Nc value and the equation proposed by 
Reissner [3] for Nq value are widely accepted in the literature. The equations for the 
prediction of the Nγ values suggested by various researchers are summarized in Table 1. The 
proposed equation for strip footings is modified for rectangular footings by incorporating 
shape factors: cohesion component (Sc), surcharge component (Sq) and unit weight 
component (Sγ). The cohesion (c) and surcharge (q) values are zero when the shallow footing 
is placed on the ground surface and the underlying soil is cohesionless. In this situation, the 
ultimate bearing capacity is as in Equation (1) and Sγ value is determined as the ratio of 
ultimate bearing capacity of the rectangular footing to that of the ultimate bearing capacity 
of strip footing, as given in Equation (2). 

 

Table 1 - Summary of the Nγ equations in the literature 

Researchers Nγ Researchers Nγ 

Terzaghi [1] (𝑁௤ + 3)tan (1.34𝜙) Hjiaj et al. [10] 𝑒ቂగ଺(ଵାଷగ௧௔௡థቃ(tan𝜙)ଶగ/ହ 

Meyerhof [4] (𝑁௤ − 1)tan (1.4𝜙) Martin et al. [11] ൣ𝑁௤ − 1൧tan (1.338𝜙) 

Hansen [5] 1.5(𝑁௤ − 1)tan (𝜙) Kumar and Kouzer [12] ൣ1.012𝑁௤ − 0.226൧tan (1.426𝜙) 

Vesic [6] 2(𝑁௤ + 1)tan (𝜙) Lyamin et al. [13] ൣ𝑁௤ − 0.6൧tan (1.33𝜙) 

Michalowski [7] 𝑒(଴.଺଺ାହ.ଵଵ௧௔௡థ)tan(𝜙) Jahanandish et al. [14] ൣ𝑁௤ + 1൧tan (1.5𝜙) 

Soubra [8] ൣ1.374𝑁௤ − 0.162൧tan (1.343𝜙) Kumar and Khatri [15] ൣ𝑁௤ − 1൧tan (1.264𝜙) 

Zhu [9] ൣ2𝑁௤ + 1൧(tan𝜙)ଵ.ଷହ TBEC [16] 2(𝑁௤ − 1)tan (𝜙) 

Note: 𝑁௤ = 𝑡𝑎𝑛ଶ ቀ45 + థଶቁ 𝑒గ௧௔௡థ [3], 𝜙 refers to the internal friction angle of the soil beneath the footing 

 𝑞௨௟௧ = ଵଶ 𝐵𝛾′𝑁ఊ𝑆ఊ (1) 

𝑆ఊ = ௤ೠ೗೟(ೝ)௤ೠ೗೟(ೞ) (2) 

where qult is the ultimate bearing capacity of  a surface footing, that is, a shallow footing 
placed on ground surface, on cohesionless soil, B is the width of the footing, γ’ is the effective 
unit weight of the soil under the footing, Nγ is the unit weight component of the bearing 
capacity,  Sγ is unit weight component of the shape factor, qult(r) is the ultimate bearing 
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capacity of the rectangular surface footing on cohesionless soil, qult(s) is the ultimate bearing 
capacity of the strip surface footing on cohesionless soil. 

Over the last six decades, several experimental [4, 17-23] and numerical [13,24-31] studies 
have been conducted to predict Sγ values for rectangular footing with different aspect ratios 
(L/B), defined as the ratio of the footing's length (L) to its width (B). The Sγ equations 
recommended by researchers are outlined in Table 2. Terzaghi [1] recommended a constant 
Sγ value of 0.8 exclusively for square footings, based on the plate load test results reported 
by Golder [32]. Meyerhof [4], Hansen [17, 18], De Beer [19] and Perau [20] proposed semi-
empirical Sγ equations derived from small-scale laboratory test results. Researchers [17-20] 
noted that Sγ values increase with an increase in aspect ratio (L/B) of footing, whereas 
Meyerhof [4] proposed the opposite trend. Furthermore, Meyerhof [4] and Hansen [18] stated 
that the internal friction angle of the soil influences Sγ values, while Refs. [17, 19, 20] argued 
that it has no impact. 

Many of researchers have investigated the Sγ values using three-dimensional (3D) numerical 
models and laboratory model tests due to the large discrepancies in the semi-empirical 
recommendations. Michalowski [24] conducted numerical analyses based on upper bound 
limit analysis, utilizing a multi-block rupture mechanism. Michalowski [24] reported an 
increase in the Sγ value by increasing L/B for an internal friction angle less than 16°, while 
the maximum Sγ values were observed in square footing for higher internal friction angle 
values. Zhu and Michalowski [25] investigated the effect of aspect ratio of the footing on the 
Sγ values using a displacement-based finite element (FE) method. Researchers found that Sγ 
value initially increases with the L/B ratio, typically reaching a local peak, and then decreases 
as the L/B ratio continues to increase, particularly for cases where the internal friction angle 
exceeds 30°. Similar findings have been observed by several researchers [13, 26, 27, 30] 
using upper and lower bound based FE limit analysis, kinematic FE limit analysis and finite 
difference (FD) analysis. These researchers also noted that relationship between Sγ and L/B 
is influenced by the dilative characteristics of the soil and observed failure surface geometry 
of the footing. Lyamin et al. [13] performed 3D-FE upper and lower bound limit analysis to 
determine ultimate bearing capacity of a rectangular footing on sandy soil and reported that 
the differences between upper and lower bound results were found to be significant. Thus, 
these researchers recommended using the average of the corresponding lower and upper 
bound solutions to predict the ultimate bearing capacity. Shafiqul Islam et al. [28] studied the 
Sγ values of circular, square and strip footings through both laboratory model tests and 3D-
FE analysis. They observed that ultimate bearing capacities of square footings were 
approximately 1.21 times higher than that of circular footing and Sγ values for both circular 
and square footing exceeded 1 when the internal friction angle was greater than 30°. 
Mohapatra and Kumar [29] and Osman [31] stated that both the bearing capacity and shape 
factor values increased with the roughness of the footing, as determined through rigorous 
finite element analysis. 

Numerous studies in the literature have investigated the unit weight component of the shape 
factor (Sγ) values for footings with varying aspect ratios; however, conflicting findings have 
resulted in significant uncertainty for geotechnical designers when determining Sγ values for 
rectangular footings under field conditions. Therefore, in this study, rigorous parametric 
three-dimensional (3D) finite element (FE) analyses were conducted on sandy soil with the 
Hardening Soil (HS) model in PLAXIS 3D software to provide data on the Sγ values. In the 
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FE analyses, rectangular footings with seven different aspect ratios (L/B=1, 1.25, 1.5, 2, 3, 5, 
10) and strip footing, along with sandy soil at four relative densities (Dr= 10%, 30%, 55%, 
80%), were utilized to investigate the effects of footing geometry and internal friction angle 
on the Nγ and Sγ values. The Nγ and Sγ values obtained from 3D-FE analysis were compared 
with the recommendations in the literature to evaluate whether the existing methods are 
applicable to sandy soils. The failure mechanism of the footing with different aspect ratios at 
various relative densities was interpreted using the failure surface geometry obtained from 
the FE analysis results. Additionally, a new Nγ equation, based on the internal friction angle 
of the soil and a new Sγ equation, based on the internal friction angle of the soil and aspect 
ratio of the footing, were proposed to assist geotechnical designers in accurately predicting 
the ultimate bearing capacity of footings. 

 

Table 2 - Summary of the Sγ equations in the literature 

Researchers Sγ Methods Remarks 

Terzaghi [1] 0.8 Semi-empirical 

Independent of the 
internal friction 
angle of the soil 

and recommended 
only for square 

footings. 

Hansen [17] 1 − 0.3 𝐵𝐿  Semi-empirical 
Independent of the 

internal friction 
angle of the soil. 

Hansen [18]  1 − 12 (0.2 + 𝑡𝑎𝑛଺𝜙) 𝐵𝐿  Semi-empirical - 

Meyerhof [4] 1 + 0.1 𝐵𝐿 𝑡𝑎𝑛ଶ ൬45 + 𝜙2൰ Semi-empirical - 

De Beer [19] 1 − 0.4 𝐵𝐿  Semi-empirical 
Independent of the 

internal friction 
angle of the soil. 

Perau [20] 
11 + 𝐵/𝐿 Semi-empirical 

Independent of the 
internal friction 
angle of the soil. 

Zhu and 
Michalowski [25] 

1 + (0.6𝑡𝑎𝑛ଶ𝜙 − 0.25) ஻௅ for 𝜙 ≤ 30° 1 + (1.3𝑡𝑎𝑛ଶ𝜙 − 0.5) ቀ௅஻ቁଵ.ହ 𝑒ିಽಳ for 𝜙 > 30° FE analysis using by 
ABAQUS 

- 

Lyamin et al. [13] 1 + (0.0336𝜙 − 1.0611) 𝐵𝐿  
Upper-lower bound 

based FE limit analysis
- 

Puzakov et al. [26]
1 + (0.6𝑡𝑎𝑛ଶ𝜙 − 0.25) ஻௅ for 𝜙 ≤ 30° 1 + (1.3𝑡𝑎𝑛ଶ𝜙 − 0.5) ቀ௅஻ቁଵ.ହହ 𝑒ି଴.ଽಽಳ for 𝜙 > 30° FD analysis using by 

FLAC 

- 

Shafiqul Islam et al. 
[28] 1 + (1.8𝜙ଶ − 0.29) FE analysis using by 

ABAQUS 

Recommended 
only for square 

footings. 

Note: The design codes outlined by Eurocode 7 [32] recommend the use of the Sγ equation proposed by Hansen [17], 
while FHWA [33], AASHTO [34], CFEM [35] and GEO [36] recommend the use of the Sγ equation proposed by 
De Beer [19]. 
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2. NUMERICAL SIMULATION 

In this study, the pressure-settlement behavior of footings with different aspect ratios on 
cohesionless soil of different relative densities was simulated using commercial 3D-FE 
software (PLAXIS 3D, Version 20) to determine the unit weight component of the bearing 
capacity Nγ and shape factor (Sγ) values.  

The Hardening Soil (HS) constitutive model, an elasto-plastic hyperbolic soil model, was 
chosen for its ability to perfectly simulate the non-linear and stress-dependent behavior of 
cohesionless soil. In contrast to conventional elastic-perfectly plastic models—such as Mohr-
Coulomb and Drucker-Prager— which assume constant Young’s modulus and neglect strain-
dependent behavior, the HS model offers a more realistic and robust representation of soil 
response under varying loading conditions [37–40]. However, this model does not account 
for the post-peak softening behavior typically exhibited by dense cohesionless soil and over 
consolidated clay. The HS model captures the increase in soil stiffness during unloading-
reloading, in contrast to the initial virgin loading. Furthermore, the HS model exhibits 
superior performance over conventional Duncan-Chang hyperbolic model by incorporating 
advanced plasticity principles that enable the realistic simulation of complex soil behaviors. 
These include the dilatancy effect, characterized by volume changes during shear 
deformation, a tension cut-off that captures the transition of dilating soils to a critical state 
where further dilatancy ceases, and a yield cap that accounts for irreversible plastic 
volumetric and shear strains arising from soil yielding. 

In the present study, the footings were modeled as linear elastic plate structural elements due 
to their ability to efficiently simulate bending behavior, load transfer, and soil-structure 
interaction without the need for complex volumetric modeling. Similarly, several researchers 
[38-46] have recommended using plate structural elements for footing modeling. 
Additionally, a strength reduction factor (Rint) of 1 was applied to represent a fully rough 
condition (Equations (3)), where the interface friction angle (δ) between the soil and the 
footing is equal to the internal friction angle of the soil (ϕ).  𝑅௜௡௧ = ௧௔௡ఋ௧௔௡థ (3) 

The geometry of finite element (FE) models used in the parametric studies is shown in Figure 
1 for both rectangular and strip footing. In the present study, only one-quarter of the total 
problem was modeled due to symmetry. Additionally, several researchers [13, 24-30] have 
conducted numerical studies using one-quarter or one-half of the total model to reduce 
analysis time and to better observe the failure surface geometry beneath the footing, as 
opposed to using the whole model. The soil volume boundary dimensions were established 
in accordance with recommendations from previous numerical and experimental studies in 
the literature [14, 25-30, 39-48]. Therefore, any potential side effects caused by the failure 
surface interacting with the outer boundaries of the soil volume were effectively eliminated. 
In the present study, the soil volume boundary dimensions were selected as 5B in the footing 
width direction and L/2 + 4.5B in the footing length direction (Figure 1a) for rectangular 
footing analyses. To accurately simulate plane strain conditions in 3D-FE analyses with strip 
footings, the boundary dimension in the footing length direction was not extended and the 
length of the strip footing was assumed to be equal to 10B. However, the boundary dimension 
was extended a distance of 4.5 times the footing width beyond the periphery of the strip 
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footing (Figure 1b). Furthermore, for all FE models, depth of the soil volume was taken as 
5B.  

   
(a)                                                                             (b) 

Figure 1 - Geometry of FE analysis: (a) rectangular footing; (b) strip footing 

 

In the FE modeling, a fixed support condition was applied at the base of the soil volume to 
constrain movement in all three directions, thereby simulating the behavior of deeper soil 
layers that remain unaffected by the footing load and ensuring numerical stability. 
Simultaneously, simple support conditions were assigned to the side boundaries of the soil 
volume, preventing horizontal movement in both directions while allowing vertical 
displacement of the soil. This boundary configuration in the one-quarter model enables an 
accurate representation of the three-dimensional failure surface interaction, while avoiding 
unrealistic stress concentrations at the side boundaries. The boundary conditions adopted in 
this numerical study are consistent with those employed in previous research [13, 25–28, 31]. 
The effect of groundwater was not considered in these analyses. The soil cluster was 
discretized using 10-node tetrahedral volume elements, each with three translational degrees 
of freedom per node (ux, uy, uz), while 6-node triangular plate elements were employed to 
simulate footing behavior. Additionally, 12-node elements were utilized for interfaces in the 
FE model to simulate the interaction between the soil and the footing or roughness of the 
footing. Furthermore, soil volume, plate and interface element consists of 4, 3 and 6 Gauss 
integration points, respectively, for evaluating stress-strain responses within each element. 
The simulation was carried out in two distinct phases. First, the initial stress field was 
established using the formula for the at-rest earth pressure coefficient as proposed by Jaky 
[48]. Then, an increasing uniform pressure was applied on the surface of the footings until 
collapse occurred in all FE analyses. 
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2.1. Verification of the Numerical Models 

Verification of finite element (FE) analyses through experimental or in-situ testing is 
essential for ensuring the accuracy of numerical simulations [38, 42]. In this context, the 
laboratory model tests conducted by Khezri et al. [23], which involved footings with aspect 
ratios (L/B) of 1 and 2.25 placed on loose sand with a relative density of 35% and medium-
dense sand with a relative density of 65%, were simulated in PLAXIS 3D using a quarter 
model. The pressure–settlement responses obtained from the physical experiments were 
subsequently compared with those derived from the numerical simulations. The laboratory 
model tests were carried out in a steel tank with internal dimensions of 800 mm × 1260 mm 
× 750 mm (width × length × height). A square footing measuring 150 × 150 mm and a 
rectangular footing measuring 100 × 250 mm were utilized, and the thickness of all footings 
was 20 mm. Furthermore, the internal friction angles of the loose and medium-dense 
Firouzkouh dry silica sands used in the experiments were reported as 35.2° and 37.7°, 
respectively. In the verification FE analyses, the dimensions of the test tank and footings, as 
well as the properties of the sandy soil and footings, were modeled to match those of the 
laboratory model test conditions. To enhance the accuracy of the simulations, a fine mesh 
density was employed. The footing pressure-settlement curves obtained from both the 
laboratory model tests and the FE analyses are presented in Figure 2. The results indicate that 
the outputs of the 3D-FE simulations were in good agreement with the experimental findings. 

 
Figure 2 - Comparison of the laboratory model test with the numerical model 

 

2.2. Parametric Studies 

2.2.1. Properties of the Materials 

The soil parameters utilized were derived from empirical equations proposed by Al-Defae et 
al. [49] for cohesionless sandy soil, as summarized in Table 3. In the present study, four 
distinct relative density values (Dr= 10, 30, 55 and 80%) were selected to investigate the 
effect of internal friction angle of soil, ranging from 31° to 45°, on the unit weight component 



The Effect of Aspect Ratio on the Shape Factors of Rectangular Footings on Sandy Soil 

42 

of the shape factors (Sγ). A relative density of 10% was incorporated into in the 3D-FE 
analysis to enrich the dataset for Nγ and Sγ values, despite the fact that sandy soils with a 
relative density below 25% are seldom encountered in field conditions. 

 
Table 3 - The empirical HS parameter equations proposed by Al-Defae et al. [49] 

Parameters Symbols Units Equations 
Dry unit weight 𝛾ௗ௥௬ kN/m3 14.5+3Dr/100 

Saturated unit weight 𝛾௦௔௧ kN/m3 18.8+1.8Dr/100 

Reference secant modulus 𝐸ହ଴௥௘௙ kPa 1.25𝐸௢௘ௗ௥௘௙ 
Reference tangent primary oedometer 

modulus 
𝐸௢௘ௗ௥௘௙ kPa 200Dr/100+2022 

Reference unloading-reloading modulus 𝐸௨௥௥௘௙ kPa 3𝐸௢௘ௗ௥௘௙ 

Reference confining pressure 𝑝௥௘௙ kPa 100 

Peak internal friction angle 𝜙 ° 29+20Dr/100 
Dilatancy angle 𝜓 ° -4+25Dr/100≥0 

Poisson’s ratio for unloading-reloading 𝜐௨௥ - 0.2 
Exponential power 𝑚 - 0.6-0.1Dr/100 

Failure ratio 𝑅௙ - 0.9 

 
Table 4 - Implemented properties of the sandy soils with different relative density 

Parameters Unit 
Values and Properties 

Dr=10% Dr=30% Dr=55% Dr=80% 
- - HS HS HS HS 
- - Drained Drained Drained Drained 𝛾ௗ௥௬ kN/m3 14.80 15.40 16.15 16.90 𝛾௦௔௧ kN/m3 18.98 19.34 19.79 20.24 𝐸ହ଴௥௘௙ kPa 28400 34650 42462.5 50275 𝐸௢௘ௗ௥௘௙ kPa 22720 27720 33970 40220 𝐸௨௥௥௘௙ kPa 68160 83160 101910 120660 𝑝௥௘௙ kPa 100 100 100 100 𝜙 ° 31 35 40 45 𝜓 ° 0 3.5 9.75 16 𝜐௨௥ - 0.2 0.2 0.2 0.2 𝑚 - 0.59 0.57 0.55 0.52 𝑅௙ - 0.9 0.9 0.9 0.9 
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The use of small-scale model footings under laboratory conditions produced higher Nγ values 
than those predicted by theoretical recommendations or large-scale test results [6, 19, 40, 46]. 
This phenomenon, known as the scale effect, was attributed to lower confining stress levels. 
Moreover, Cerato and Lutenegger [46] observed in their experimental study that the 
discrepancy between Nγ values for circular and square footings on soil with three different 
relative densities (Dr=13%, 43% and 70%) was negligible for footing widths or diameters 
higher than 0.5 m. Thus, in this study, to eliminate the scale effect on the Nγ and Sγ values, 
the width of the footings was set at 1 m. The conventional parameters for C30 concrete, 
including unit weight, Young's modulus, and Poisson's ratio, were used for the footings. The 
properties of sandy soil with varying relative densities and footings are presented in Table 4 
and Table 5, respectively. 

 
Table 5 - Properties of the footings 

Parameters Symbols Unit Values and properties 
- - - Linear elastic 

Young’s modulus 𝐸 kPa 32000 
Shear modulus 𝐺 kPa 13333.33 

Unit weight 𝛾 kN/m3 23.5 
Poisson’s ratio 𝜐 - 0.2 

Thickness 𝑑 m 0.1 
 

2.2.2. Determining the Ultimate Bearing Capacity from Pressure-Settlement Curves 

The footing pressure-settlement curves are used to determine ultimate bearing capacity from 
experimental and numerical analyses. Demirdöğen et al. [47] discussed five distinct 
approaches for estimating the ultimate bearing capacity derived from the pressure-settlement 
curve, namely the tangent intersection method, the 0.1B method, the minimum slope method, 
the log-log method, and the semi-log method. These methods yield varying ultimate bearing 
capacity values, and the minimum slope and log-log methods are not applicable to loose or 
very loose sandy soils [47, 50]. In the present study, the tangent intersection method was 
selected due to its widespread use in interpreting the ultimate bearing capacity of footings, 
particularly in PLAXIS 3D analyses [41-44, 51-53] as illustrated in Figure. 3. 

 
2.2.3. Program of the Parametric Finite Element Analyses 

In the present study, three series of parametric finite element (FE) analyses were performed. 
In all FE analyses, the footing width was assumed to be constant at 1 m. Series A was 
conducted to determine the appropriate mesh density for use in the other FE analysis series, 
with the L/B ratio and Dr were kept constant. Series B focused on estimating Nγ values for 
strip footings, while Series C aimed to determine Sγ values for rectangular footings with 
varying aspect ratios (L/B), ranging from 1 to 10. Additionally, to investigate the effect of 
relative density or internal friction angle on the Nγ and Sγ values, analyses were carried out 
for 4 different relative densities, ranging from 10% to 80% in both Series B and C. The 
program of the parametric FE analyses is presented in Table 6. 
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Figure 3 - Determination ultimate bearing capacity of the footing from pressure-settlement 

curve using tangent intersection method 

 
Table 6 - Implemented properties of the sandy soils with different relative density 

Series Footing type Variable parameters Constant 
parameters 

Purpose of analyses 

A Rectangular Mesh density: very coarse, 
coarse, medium, fine, very fine

B=1 m 
L/B=1.5 
Dr=55% 

The effect of mesh 
density 

B Strip Dr=10%, 30%, 55%, 80% Fine mesh 
B=1 m 
L/B=10 

The effect of relative 
density on the Nγ values 

 

C Rectangular L/B=1, 1.25, 1.5, 2, 3, 5, 10 
Dr=10%, 30%, 55%, 80% 

Fine mesh 
B=1 m 

The effect of aspect ratio 
and relative density on 

the Sγ values 
 

3. RESULTS AND DISCUSSIONS 

3.1. Mesh Density 

PLAXIS 3D FE software provides five distinct mesh densities, ranging from very coarse to 
very fine. As it well known, mesh density affects the accuracy of the finite element model 
and the computing time. Therefore, mesh sensitivity analyses were conducted in Series A 
(Figure 4). The result of Series A revealed that the difference between in the ultimate bearing 
capacity (qult) values obtained from fine mesh compared to very fine mesh was less than 
0.4%. However, the very coarse, coarse and medium meshes led to an overestimation of the 
ultimate bearing capacity compared to the fine and very fine mesh densities. Consequently, 
a fine mesh density was selected for Series B and C to achieve a balance between high 
accuracy and computational efficiency. 
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Figure 4 - The effect of mesh density on the ultimate bearing capacity 

 
3.2. Unit Weight Component of the Bearing Capacity Factor Values 

The variation of the effective unit weight component of the bearing capacity factor (Nγ) 
values, derived from PLAXIS 3D finite element analyses conducted with various relative 
densities (Dr) or internal friction angles (ϕ) on sandy soil for strip footings are illustrated in  

    
(a) (b) 

    
(c) (d) 

Figure 5 - Comparison of the Nγ values obtained from PLAXIS 3D and theoretical 
recommendations: (a) ϕ=31°; (b) ϕ=35°; (c) ϕ=40°; (d) ϕ=45°. 
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Figure 5. In this study, Nγ values were obtained as 20.9, 38.7, 96.7, and 256.5 for sandy soil 
with internal friction angles of 31°, 35°, 40° and 45°, respectively and were compared with 
theoretical recommendations from the literature [1, 4-16]. It was observed that the Nγ values 
obtained from PLAXIS 3D were consistent with those in the literature, particularly the 
recommendations of Refs. [9, 12, 16]. Consequently, it was concluded that the footing width 
used in the FE analyses was sufficiently large to eliminate scale effects, and that PLAXIS 
3D provided highly accurate predictions of ultimate bearing capacity of shallow footings. 

 

3.3. Unit Weight Component of the Shape Factor Values 

The footing pressure-settlement curves obtained from 3D-FE analyses in both Series B and 
C for rectangular footings with different aspect ratios (L/B) and strip footing under different 
relative densities are presented in Figure 6. The results of the FE analyses revealed that an  

    
(a) (b) 

    
(c) (d) 

Figure 6 - The obtained pressure-settlement curves from FE analyses in Series B and C for: 
(a) ϕ=31°; (b) ϕ=35°; (c) ϕ=40°; (d) ϕ=45° 
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increase in relative density or internal friction angle increased both the initial stiffness of the 
pressure-settlement curves and the bearing pressure performance. It was observed that as the 
relative density increased, the linear region of the pressure-settlement curve extended, while 
the transition and hardening regions contracted. Furthermore, L/B ratio of the footing is also 
a key parameter influencing the ultimate bearing capacity (qult), as demonstrated in Figure 6. 

 
(a) (b) 

 
(c) (d) 

Figure 7 - The comparison of the Sγ values obtained from PLAXIS 3D with the 
recommendations of various researchers for: (a) ϕ=31°; (b) ϕ=35°; (c) ϕ=40°; (d) ϕ=45° 
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(L/B=1, 1.25, 1.5, 2, 3, 5, 10) on sandy soil with different relative densities (Dr=10%, 30%, 
55%, 80%) are presented in Figure 7. Moreover, obtained Sγ values are compared with the 
recommendation provided by various researchers [1, 4, 13, 17-20, 24-31]. It was observed 
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that the Sγ values obtained from this 3D-FE study varied between 0.88 and 1.63 depending 
on relative density (Dr) of the soil and aspect ratio (L/B) of the footing generally aligning 
with the numerical results reported in Refs. [25-27, 29, 30].  

In this study, it was observed that Sγ values initially increased as the L/B ratio increased, 
reaching a maximum value at L/B=1.5 across all relative densities of sandy soil. Beyond this 
point, the values declined as after the L/B ratio continued to increase, although the rate of 
decrease diminished significantly for L/B≥3. Similarly, several researchers [13, 25-27, 29, 
30] reported that local peak Sγ values occurring between L/B=1 and L/B=2.5. However, the 
findings of this study contradict conventional semi-empirical approaches [1, 17-20], which 
propose that the maximum Sγ value occurs for strip footings and the minimum Sγ value is 
observed for square footings. Additionally, it should be noted that current design codes [32-
36] and geotechnical reference books [50, 54-59] continue to recommend the use of the unit 
weight component from the shape factor (Sγ) equation proposed by Hansen [17] and De Beer 
[19] for shallow footings. Furthermore, the Sγ values exhibited a tendency to increase with 
increasing internal friction angle or relative density of the soil beneath the footing, as shown 
in Figure 6, aligning well with current numerical approaches [13, 23-30] and the 
recommendations of Meyerhof [4]. This finding contrasts with the semi-empirical 
recommendation of Terzaghi [1], Hansen [17], De Beer [19] and Perau [20] stated that Sγ 
values are independent of the internal friction angle of the soil. It also contradicts Hansen 
[18], who reported that Sγ values decrease as the internal friction angle increases. The 
discrepancies between the Sγ values observed in this study and those reported in previous 
numerical studies can be attributed to several factors: variations in the methods used for 
determining ultimate bearing capacity, in the numerical analysis techniques (upper and lower 
bound limit analysis, finite element analysis, finite difference analysis), and in the details of 
the numerical models, including the constitutive soil model, soil modulus, dilatancy angle, 
Poisson’s ratio, mesh size, finite element type. 

 

3.4. Failure Mechanism  

The relationship between Sγ values and L/B ratio of the footing, along with the internal friction 
angle of the sandy soil beneath the footing exhibits significant complexity. This complex 
behavior can be attributed to the influence of failure surface, which is defined as the region 
where incremental deviatoric strains are localized or as the boundary of the incremental 
displacement field. Therefore, in this study, incremental deviatoric strains and incremental 
displacements obtained from PLAXIS 3D FE software were investigated to interpret the 
failure mechanism of footings with different aspect ratios on sandy soils with different 
relative densities. The contours of incremental deviatoric strains and incremental 
displacements for rectangular footings with aspect ratios of 1.5 and 3 and, as well as strip 
footings on sandy soil at the time of failure from 3D-FE analyses with two different internal 
friction angles of 31° and 45° are presented in Figure 8 and Figure 9, respectively. As can be 
seen in Figure 8 and Figure 9, in the zone outside the failure surface, the value of incremental 
deviatoric strains and incremental displacements were almost zero due to the absence of soil 
shear deformation that would cause plasticity. An inverted pyramidal wedge forms beneath 
the footing, moving vertically downward like a rigid body. The failure surface exhibits a 
curvilinear shape beneath the footing, transitioning to a planar form near the soil surface. 
Furthermore, the failure surface geometry on the quarter soil model, except for strip footing, 
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viewed from above, consisted of two distinct half-elliptical shapes extending from the edges 
of the footings. In contrast the geometric shape for strip footings is similar to rectangular.  

 

  
(a) 

  
(b) 

  
(c) 

Figure 8 - The variation of the incremental deviatoric strains on soil with internal friction 
angle of 31° and 45° for: (a) L/B=1.5; (b) L/B=3 (c) strip footing 
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(a) 

  
(b) 

  
(c) 

Figure 9 - The variation of the incremental displacement on soil with internal friction angle 
of 31° and 45° for: (a) L/B=1.5; (b) L/B=3 (c) strip footing  

 

The results of the FE analyses showed that the boundary of the failure surface, along with 
the maximum incremental deviatoric strain and incremental displacement values, increased 
with increasing relative density of the cohesionless soil. This is attributed to increase in the 
internal friction and dilation angles, consistent with the findings reported in Refs. [25-27, 29-
31]. As the internal friction angle increases, the shear strength of the soil improves, while a 
higher dilation angle requires more energy for shearing, causing the soil to resist deformation 
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across a wider region. Moreover, it was observed that the intensity of localized incremental 
deviatoric strains increased in the radial wedge and passive zone of the failure surface as the 
relative density of the soil increased. Similarly, incremental displacement contours were 
concentrated underneath the footing or the active zone of the failure surface under the Dr = 
10% condition, forming a nearly smooth arc-shaped geometry. However, as the relative 
density of the sandy soil increased, the displacement contours transitioned to a more extended 
and inclined geometry and became distributed across all zones of the failure surface, 
including the active zone, radial wedge, and passive zone. As a result, unit weight component 
of the shape factor (Sγ) values increased with increasing relative density of cohesionless soil 
due to changes in the failure surface geometry, enlargement of the failure surface, and 
intensification of three-dimensional interactions within the failure surface [25, 31]. 

The maximum incremental deviatoric strains and incremental displacements were observed 
around the rectangular footings, whereas for strip footings, these maximum values were 
concentrated along the length of footing due to the constraint of the failure surface in the 
direction of footing’s length, simulating a plane strain condition, illustrated in Figures 8 and 
9. This observation aligns with the findings of Janabi et al. [22] and Mohapatra and Kumar 
[29, 30]. Moreover, failure surface boundary for square footings were almost identical both 
in length and width direction of the footing. However, as the L/B ratio increased, the three-
dimensional failure surface boundary contracted along the footing length and expanded along 
the footing width. Consequently, the failure surface boundary reached its maximum in the 
direction of the footing width and its minimum in the direction of the footing length, 
particularly for strip footings. Similar results have been reported by several researchers [25-
27, 29-31]. Thus, it is believed that the three-dimensional geometry and the interaction of the 
failure surface influence the magnitude of passive forces within the failure surface, which in 
turn affects the ultimate bearing capacity. These factors lead to the highest values of qult and 
Sγ, along with incremental deviatoric strains and incremental displacements, occurring at an 
L/B ratio of 1.5 across all relative density levels, when compared to other rectangular and 
strip footings (Figures 7-9). In addition to these factors, Zhu and Michalowski [25] and 
Puzakov et al. [26] reported that this phenomenon is closely related to the ratio of the volume 
of displaced soil or failure surface to the area of the footing, denoted as rv, because a larger 
volume of the failure surface contributes to increasing shear resistance. Their findings 
indicated that this ratio reaches its maximum for strip footings and decreases as the L/B ratio 
decreases, particularly when the internal friction angle of the soil is less than 30°. However, 
for soils with higher friction angles (ϕ>30°), the dilative behavior of the soil has a more 
pronounced effect on increasing the volume of displaced soil beneath rectangular footings 
within the L/B ratio range of 1 to 2.5 than other rectangular and strip footings. Although the 
rv values could not be directly calculated in the present study, qualitative comparisons—
based on the observed soil volumes affected by incremental displacements and the intensity 
of concentrated incremental deviatoric strains in the soil profile—suggest that the maximum 
rv value occurs at L/B = 1.5 (Figures 8 and 9). 

 

3.5. Unit Weight Component of the Shape Factor Equation Proposal 

Non-linear multiple regression analysis with upper and lower confidence limit 95% was 
performed using SPSS V27 statistical software to derive a mathematical equation for Nγ for 
strip footings and Sγ values of rectangular footings on sandy soil, based on results from 
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PLAXIS 3D FE analyses. In this regression analysis, a total 120 data points, including both 
input and output variables, were utilized. The internal friction angles (ϕ) of the sandy soil and 
the aspect ratios (L/B) of the rectangular footing were taken as input dependent parameters 
to estimate Sγ values, whereas only the internal friction angles of soil were used as input 
dependent parameter for predicting Nγ values. The result of the non-linear multiple regression 
analyses for determining Nγ and Sγ are given in Equations (4) and (5), respectively. The 
coefficient of determination (R2), mean absolute error (MAE), root mean square error (RMSE) 
values were found to be 0.98, 0.65 and 0.68 for Equation (4) and, 0.92, 0.05 and 0.05 for 
Equation (5), respectively. 𝑁ఊ = 𝑒଴.ହଶାହ.଴ଶ௧௔௡థtan (𝜙) (4) 

𝑆ఊ = 0.74 + 0.34𝑡𝑎𝑛𝜙 + (−1.53 + 8.88𝑡𝑎𝑛𝜙ଶ)𝑒ିଵଶ.଴ଽಽಳି଴.଴ଶ௧௔௡థା଼.଺଺𝐿/𝐵 ଵ଻.ଵଶ (5) 

A two-sample t-test was employed to evaluate the significance of the differences between the 
proposed Nγ and Sγ equations those recommended in the literature. Accordingly, the 
corresponding P-values—statistical metrics that indicate whether the observed differences 
could have occurred due to random chance—were computed (Table 7). A significance level 
(α) of 0.05, commonly used in statistical analysis, was adopted; P-values less than this 
threshold indicate statistically significant differences [74, 75]. As shown in Table 7, P-values 
for all Nγ recommendations exceed 0.05, whereas among the Sγ recommendations, only those 
from Refs. [13, 25, 26] and the output of the 3D numerical analyses exceed this threshold. 
These findings indicate that the predicted Nγ values from Equation (4) do not show 
statistically significant differences from those in references [1, 4–14]. Furthermore, the 
predicted Sγ values from Equation (5) do not differ significantly from those proposed by 
Lyamin et al. [13], Zhu and Michalowski [25], and Puzakov et al. [26], as well as from the 
present finite element (FE) study. Therefore, these recommendations are reliable and suitable 
for the prediction of Nγ and Sγ values.  

To assess the accuracy of the proposed equations, the Nγ×Sγ results from 56 in-situ plate tests, 
laboratory plate tests, and centrifuge tests on cohesionless soils reported in the existing 
literature, as presented in Table 8, were compared with the values predicted by Equations (4) 
and (5) in Figure 10. In Table 8, data involving rectangular and strip surface footings with 
widths greater than 0.15 m were collected from the literature, as the Nγ and Sγ values obtained 
from smaller footings may be influenced by scale effects, despite the existence of numerous 
small-scale laboratory model tests in the geotechnical literature. As shown in Figure 10, the 
proposed equations demonstrate high accuracy and minimal bias in estimating Nγ×Sγ values 
for rectangular and strip footings on cohesionless soils, with predictions consistently aligning 
with actual measurements (R2=0.91, RMSE=33.4, MAE=22.6). Consequently, instead of 
relying on traditional semi-empirical equations—which often neglect the effect of internal 
friction angle and assume that the maximum Sγ value corresponds to strip footings, as 
commonly suggested by design codes and geotechnical references-engineers can adopt the 
proposed equations to achieve more accurate predictions of the ultimate bearing capacity of 
footings on cohesionless soils and resulting in more reliable and cost-efficient footing 
designs. 
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Figure 10 - Comparison of the Nγ×Sγ values predicted by the recommended equations and 

actual measurements  

 

3.6. Limitations of This Numerical Study 

The limitations of this three-dimensional (3D) numerical study regarding the influence of the 
footing's aspect ratio (L/B) on the unit weight component of bearing capacity (Nγ) and the 
shape factor (Sγ) for footings on sandy soils with varying relative densities are summarized 
as follows: 

 This 3D finite element study focuses on surface rectangular and strip footings placed 
on homogeneous sandy soil, using soil parameters derived from empirical equation 
proposed by Al-Defae et al. [47] for four different relative densities (Dr= 10, 30, 55, 
80%). 

 The footings are subjected to axial loading. 

 Footing width was selected as 1 m to eliminate scale effect. Small-scale test results may 
yield different Nγ and Sγ values due to influence of lower confining stress. 

 Seven distinct aspect ratios (L/B= 1, 1.25, 1.5, 2, 3, 5, 10) of the rectangular footings 
were utilized. 

 One-quarter of the whole model was analyzed in this study due to geometric symmetry 
and in order to reduce analysis time. However, minor discrepancies may exist between 
the results obtained from this ¼ of the whole model and those that would be derived 
from a whole model.  
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 The soil volume boundary dimensions were chosen to be sufficiently large to mitigate 
side effects, with fixed supports applied at the base of the model and simple supports at 
the sides as boundary conditions. However, additional analyses are necessary for 
alternative scenarios (e.g., interfering footings, sloped ground conditions) where the 
problem geometry and boundary conditions differ, as these variations could influence 
stress and displacement distributions, as well as the three-dimensional geometry of the 
failure surface. 

 The footing is modeled as fully rough condition. It is important to note that footing 
roughness effects the geometry and border of failure surface, and consequently, affect 
the ultimate bearing capacity [7, 10, 13, 24, 29-31, 76, 77] and failure surface geometry. 

 The influence of the presence of groundwater on the Nγ and Sγ values was not 
investigated in this study. Several researchers [76–78] have reported that the position 
of the groundwater table significantly affects the bearing capacity of footings by 
reducing the effective weight of the soil, particularly under drained conditions. 
Moreover, Cascone et al. [60] observed that the location of the water table also alters 
the extent and intensity of the plastic strain volume zone that develop beneath the 
footing. 

 The Hardening Soil (HS) model was selected as the constitutive soil model because it 
effectively simulates the non-linear, stress-dependent hardening behavior of the 
cohesionless soils and demonstrates superior performance in predicting footing 
pressure-settlement responses up to the peak failure pressure. However, it does not 
account for the post-peak strain softening behavior of dense sands or overconsolidated 
clays, which is characterized by a progressive reduction in shear strength with continued 
deformation beyond the peak stress. Consequently, the HS model tends to underestimate 
deformations in scenarios where strain softening plays a significant role—particularly 
under cyclic or seismic loading, time-dependent (creep) loading, and load levels 
approaching or exceeding the footing’s ultimate bearing capacity. 

 

4. CONCLUSIONS 

In this study, a rigorous parametric numerical analyses were conducted into the unit weight 
component of the shape factors (Sγ), footing pressure-settlement responses and ultimate 
bearing capacities (qult) for rectangular footings on sandy soil, employing three-dimensional 
finite element (FE) analyses using PLAXIS 3D software. The analyses investigated the 
influence of footing geometry and relative density of sandy soil on the Sγ values and failure 
mechanism, encompassing a broad spectrum of aspect ratios (L/B=1 to 10) and internal 
friction angles (31° to 45°). The key conclusions drawn from the results presented in this 
paper are as follows: 

 The unit weight component of the bearing capacity factor (Nγ) values obtained from 
PLAXIS 3D using the Hardening Soil (HS) constitutive model are consistent with the 
recommended equations derived empirically, analytically and numerically in the 
literature. 
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 The L/B ratio was found to be a critical parameter affecting the ultimate bearing 
capacity, the Sγ value and the behavior of the footing pressure-settlement response. The 
findings revealed that the Sγ values initially increased with the L/B ratio, peaking at 
L/B=1.5 and then gradually decreased as the L/B ratio continued to rise due to three-
dimensional interaction of the failure surface, failure surface geometry and volume of 
displaced soil particles. However, the rate of reduction diminished significantly when 
the L/B ratio exceeded 3. The results of this study indicate that the traditional semi-
empirical methods recommended by numerous researchers [17-20], which propose that 
the highest Sγ values occur in strip footings, are insufficient for accurately representing 
Sγ values for footings on sandy soil. However, for cases where the L/B ratio was greater 
than or equal to 5, a discrepancy of 5% to 21% was observed in the Sγ values between 
the FE analysis results obtained in this study and the recommendations outlined in 
Hansen [17, 18], De Beer [19] and Perau [20]. 

 The finite element analysis results indicated that internal friction angle or relative 
density of the sandy soil influences the behavior of the footing pressure-settlement 
curve, ultimate bearing capacity and Sγ value. It was observed that Sγ values increased 
with increasing internal friction angle, which contradicts the pre-existing methods [1, 
17-20] but aligns with the findings of several researchers [4, 13, 24-31]. An increase in 
the internal friction angle of the sandy soil led to the expansion of the failure surface, 
with the radial wedge and passive zone becoming more pronounced. Moreover, the 
geometry of the failure surface transitioned from a nearly smooth arc shape to a more 
inclined curvilinear form. 

 It was observed that traditional semi-empirical approaches [17-20] result in up to a 3.41-
fold underestimation of the Sγ values compared to those obtained from the FE analyses 
in this study, whereas the findings of Michalowski [24] and Osman [31] lead to an 
overestimation of the Sγ values by up to 3.12 times. Furthermore, the Sγ values obtained 
from this 3D-FE study generally consistent with the findings of Refs. [25-27, 29, 30].  

 Non-linear multiple regression analyses were performed using data obtained from three-
dimensional finite element analyses, leading to the development of the Nγ equation for 
strip footings and the Sγ equation for rectangular footing with different aspect ratios. All 
proposed equations exhibited high coefficients of determination (R2) alongside low 
mean absolute error (MAE) and root mean square error (RMSE) values,  

 Conventional equations [17, 19] prescribed in current design codes [32-36] and 
geotechnical reference books often lack sufficient accuracy in predicting Sγ values, as 
such equations neither comprehensively represent the relationship between the Sγ and 
L/B nor incorporate the influence of the internal friction angle. This results in an 
underestimation of the ultimate bearing capacity of rectangular footings on cohesionless 
soils, potentially resulting in overly conservative designs and increased construction 
costs. Accordingly, it is recommended that existing design codes and reference 
materials be updated in line with the findings of this study and recent research in the 
literature. 

The results of this study highlight the influence of the aspect ratio of footings, as well as the 
relative density of the sandy soil, on the unit weight component of the bearing capacity and 
shape factor values. However, this study has certain limitations and there are numerous 
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research avenues and shortcomings that require further investigation. In the future, fully 
instrumented large-scale, centrifuge, or in-situ tests should be conducted to investigate the 
influence of footing geometry on ultimate bearing capacity, pressure–settlement behavior, 
surface settlement profiles, and stress distribution patterns. Such studies will offer a more 
accurate and realistic representation of in-situ behavior, addressing the limitations and scale 
effects inherent in small-scale laboratory tests that dominate the current literature. 
Consequently, these efforts will contribute to a more reliable dataset and a deeper 
understanding of footing failure mechanisms. Moreover, there is a need to develop 
generalized dimensionless equation for the unit weight component of the shape factors, aimed 
at helping geotechnical engineers more accurately predict the ultimate bearing capacity. This 
equation should consider the influence of a broad range of soil parameters—including 
internal friction angles from 0° to 45°, dilatancy angles up to the peak internal friction angle, 
as well as variations in modulus of elasticity and Poisson’s ratio—along with footing 
roughness and groundwater table position. The footing embedment depth factors, surcharge 
and cohesion component of the bearing capacity and shape factors should be updated through 
a combination of numerical modeling and experimental validation. Furthermore, the behavior 
of footings subjected to complex loading scenarios—including inclined, eccentric, cyclic, 
seismic, and long-term (creep) loading—should be systematically investigated to build a 
more comprehensive understanding of the performance of footings with various geometric 
configurations. 
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