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Abstract

In the present paper, we introduce the matrix form of the k-Pell hyperbolic sine and cosine functions,
along with their symmetrical forms. We examine their recurrence and hyperbolic properties, including
Pythagorean, de Moivre, Catalan, Cassini, and d’Ocagne identities, as well as various sum and
difference identities. Additionally, we define the quasi-sine k-Pell matrix functions and the matrix form
of the three-dimensional k-Pell spiral, and investigate some of their fundamental properties. Matrix
functions play a significant role in various scientific fields, particularly in mathematics and engineering,
as they frequently arise in the solutions of differential equations. The findings presented contribute to
the development of special matrix functions and their potential applications.
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1. Introduction

Integer sequences are fundamental in both number theory and applied mathematics because
they provide the fundamental structures for studying prime distributions, divisibility, and
modular arithmetic, as well as playing an important role in applications such as cryptography,
signal processing, and mathematical modelling. Besides well-known integer sequences such as
the Fibonacci and Lucas, Pell number sequences and some of their generalizations have been
widely studied due to their recurrence relations and algebraic properties.

Let us review the definitions of several well-known integer sequences. The Horadam number
sequences are defined by the second-order recurrence relation

H, = pHyp_1 + qH,_,,
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where n>1, Hy=a, H; = b, p and q are non-zero real numbers [1]. The characteristic
equation of H, is t2 — pt — g = 0 with the roots ¢ = Z¥P*24 ”;ZHq and ¢ =2 ”;Zﬂq [1]. The

Binet formula for H,, is

A" +Bq"p"

, misodd
Vp?+4q
H = Ap—(-1)"Bq"p™" _
n \/p2+4q N_p Nn4s—-N
AP"—-Bq"¢p .
—=——, niseven,
p2+4q

where A = b —a¢g and B = b — a¢, also p and g are non-zero real numbers such that
p? + 4q = 0 [1].

This general form includes many classical sequences depending on the choice of initial
conditions and parameters. In particular, the Fibonacci, Lucas, Pell, and Jacobsthal sequences
arise as special cases. Below, we give the definitions of some of these sequences.

The Fibonacci and Lucas number sequences are defined by the similar recurrence relations as
follows

Fo=Fo g+ Fyoz, Ly=1Lpq+Ln

with initial conditions F, =0, F; =1 and L, = 2, L; = 1[2]. The Binet formulas for the
Fibonacci and Lucas number sequences are

" — on _
Fn:ﬁ' Ln=9n+9n,
where 6 = 1+2\/§ and 6 = 1_7\/? denote the roots of the characteristic equation t? —kt —1 =0

[2]. The k-Fibonacci and k-Lucas number sequences represent significant generalizations of
the Fibonacci and Lucas sequences through the introduction of a real parameter k. Note that for
k = 1, these sequences reduce to the classical Fibonacci and Lucas sequences. These sequences
extend the fundamental recurrence relations of their classical counterparts, thereby enhancing
their algebraic structure and expanding their applicability across diverse mathematical and
computational domains. The k-Fibonacci and k-Lucas number sequences are defined for any
integers k = 1 and n > 2 as follows

Fk,n = ka,n—l + Fk,n—Z Wlth Fk,O = O, Fk,l == 1,
Lk,n = kLk,n—l + Lk,n—Z Wlth Lk,O = 0, Lk,l = k,
respectively [3, 4]. The formulas

_ O — 6

-, L = en + e_n
kn ek _ Hk kn k k

represent the Binet formulas of the k-Fibonacci and k-Lucas number sequences, respectively,
k+Vk2+4 k—Vk2+4

where 6, = and 8, = denote the roots of the characteristic equation
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t2—kt—1=0.

The Pell number sequence is determined by the rule

Ppyy = 2Py + Py

with P, = 0 and P; = 1. The Binet formula for the Pell number sequence is

p a —a”
n a—a’

where @ = 1 ++/2 and @ = 1 — +/2, which are the roots of the characteristic equation
t2 — 2t —1 =0 [5]. There are various generalizations of the Pell number sequence in the

literature. In the following, we examine some of these generalizations. The modified Pell
sequence was defined by Horadam [5] as follows

n+2 = 2qn+1 + qn

with initial conditions g, = 1 and g; = 1. The Binet formula for the modified Pell number
sequence is

n n

o -0
Qn— 2 )

where ¢ = 1 ++/2 and & = 1 — +/2 [5], which can be rewritten as

—_ O'_n

— n is odd,
Qn O.TL + O.—n .
— nis even.

Another generalization of the Pell number sequence is the k-Pell number sequence, which is
defined by the recurrence relation

Pk,n+1 = 2Pk,n + kPk,n—l

with Py =0, P,1 =1 and k > 1 [6]. The characteristic equation of the k-Pell number
sequence is t? — 2t — k = 0 with the roots a, = 1 +Vk + 1 and @, = 1 —Vk + 1 [6]. The
Binet formula for the k-Pell number sequence is [6]

akn _ an

Pen = -k
A — Ak

Note that for k = 1, the k-Pell number sequence reduces to the classical Pell number sequence.

The generalization introduces a parameter that allows for an extended exploration of its
structural and theoretical properties.

Trigonometric and hyperbolic functions are indispensable in various scientific fields as they

provide powerful tools for solving differential equation systems. The classical trigonometric
and hyperbolic functions are
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ix _ e—ix eix + e—ix
sin(x) = % cos(x) = —
e —e™ eX+e™*
sinh(x) = — cosh(x) = —

The Fibonacci and Lucas hyperbolic functions were introduced by Stakhov and Tkachenko [7]
as follows

92x _ 9—2x 92x+1 + 9—2x—1
—! CF(x) = )
V5 V5

sL(x) = 02**1 —g=2x"1 ¢L(x) = 0% + 672,

sF(x) =

respectively, where 8 = Hf. Stakhov and Rozin [8] defined the symmetrical forms of these

functions with respect to the origin, which are a similar structure to the classical hyperbolic
functions, as

607 =T
_— cFs(x) = ——,
V5 V5

sLs(x) =60*—67%, cLs(x) = 0* +07%.

sFs(x) =

The extended forms of the Fibonacci and Lucas hyperbolic functions, known as the k-Fibonacci
and k-Lucas hyperbolic functions, were introduced by Falcon and Plaza [9] and Tasci and
Azman [10] as follows

elgx _ Hk—Zx 9£x+1 + 9};236—1
sF.(x) = ——, cF.(x) =
‘ 2+ 4 ‘ ViZ ¥ 4
sL(x) = 67 = 6,2%7Y, el (x) = 65 + 0%,
where 6, = o :2+4. The symmetrical forms of these functions were derived by the authors of

[9] and [10], based on the approach of Stakhov and Rozin [8] as follows

0F — 0;* 0F + 6,
S S N

sLps(x) = 60F —6,%,  cLps(x) = 05 + 6,~.

The fundamental properties, including recurrence relations, the Pythagorean Theorem, Catalan,
Cassini, and d'Ocagne identities, as well as various formulas for sum and difference, were
presented for the symmetrical k-Fibonacci and k-Lucas hyperbolic functions in [9, 10]. Also,
the definitions of the quasi-sine k-Fibonacci and k-Lucas functions were presented and some
of their properties were examined in [9, 10]. Furthermore, Falcon and Plaza [9] introduced the
three-dimensional k-Fibonacci spiral, called the Metallic Shofar, which extends the Golden
Shofar in [11], along with some of their properties.

Koger [12] defined hyperbolic modified Pell sine and cosine functions
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Q2X+1 _ g—2x-1 aZx 4 g2
sq() = —————, () =———,
and their symmetrical forms

a*—a™” a*+a*
sqs(x) = cqs(x) =

2 ’ 2 '
respectively. The authors examined some of their hyperbolic and recurrence properties.

Koger et al. [13] established explicit representations of second-order recurrence sequences in
terms of hyperbolic functions, covering both real and complex root cases.

Bahsi and Solak [14] introduced hyperbolic Horadam sine and cosine functions by the rules

A 2x __ B 2X p—2X A 2x+1 +B 2x+1 4 —2x—-1
SW(x) = ¢ ¢ , W) = ¢ "¢ ’
p? +4q p? +4q
where ¢ = pEyp *44 V’;Z“‘q, and p and g are non-zero real numbers such that p? + 4q # 0. The
symmetrical hyperbolic Horadam sine and cosine functions were given in [14] as follows
Ad* — Bg¥Xp~* Ad* + Bg*d~*
sWs(x) = ¢ ¢ and cWs(x) = ¢ 9 .
p? +4q p? +4q

The functions

aZx _ a—Zx a2x+1 + a—Zx—l

sP(x) =T and cP(x) = i

were recently defined by Kuloglu and Ozkan [15] as the Pell hyperbolic sine and cosine
functions, respectively. The authors also introduced the k-Pell hyperbolic functions and their
symmetrical forms as

a}%x _ kaaI:ZX a}%x+1 + k2x+1a;2x—1
sP,(x) = ) cP(x) = )
2Vvk +1 2Vvk +1
aig — k*ap” aig + k*a”
SP,s(x) = ———, cPrs(x) = —————,
" 2Vk + 1 " Wk + 1

respectively, where a;, = 1 4+ vk + 1. Some recurrence properties and identities, such as the
Catalan, Cassini and d’Ocagne identities for symmetrical k-Pell hyperbolic functions were
investigated in [15]. Kuloglu and Ozkan [15] also examined the quasi-sine k-Pell functions and
three-dimensional k-Pell spiral, along with several of their properties.

For more papers on hyperbolic functions, we refer the reader to [16-23].

Studying matrix analogues of hyperbolic functions derived from well-known number sequences
provides insights into both matrix theory and differential equations. For example, matrix
exponential and trigonometric matrix functions are in the solutions of some differential
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equations. Furthermore, investigating matrix functions derived from well-known number
sequences enables researchers to obtain meaningful and applicable results.

The matrix forms of some trigonometric and hyperbolic functions were defined in [24] as
follows

iM _ ,—iM oM | p—iM
sin(M) = — cos(M) = —

eM _ oM eM 4 oM
sinh(M) = — cosh(M) = —

where M is a matrix in C™", the space of n X n complex matrices. Symmetrical hyperbolic
Fibonacci sine and cosine matrix functions

oM — oM Fs(M) oM+ oM
——F——, CFs(M)=—F+,
V5 V5

and the corresponding Lucas type functions

sFs(M) =

sLs(M) =M —9™™  cLs(M) =M + ™M

were introduced by Bahsi and Solak [25], for M € C"**™ and 6 = 1+2‘/§. The authors examined

some properties of these functions, including recurrence relations, de Moivre and Cassini type
identities, and the Pythagorean Theorem. Bahsi and Mersin [26] defined hyperbolic Horadam
sine and cosine matrix functions

AbZM _ Bg2Mg-2M ADZMH 4 Bg2M+1 p—2M-1
¢ ¢ and <W(M) = ¢ 1 ¢
Jp? +4q Jp? +4q

and their symmetrical forms

sW(M) =

A M __ B M 4 —M A M + B M 4 —M
sWs(M) = ¢ ¢ and cWs(M) = ¢ ¢
VP? +4q Vp? +4q
for¢p = CARY ”;ZMQ and non-zero real numbers p and g such that p? + 4g > 0. Some hyperbolic

and recurrence properties of these functions were examined in [26]. The authors also defined
quasi-sine Horadam matrix function and the matrix form of the Metallic shofars that are related
to the hyperbolic Horadam sine and cosine matrix functions.

By the motivation of these papers, we aim to introduce the matrix form of the k-Pell hyperbolic
functions and their symmetrical forms. We investigate some properties including some
recurrence relations, sum and difference identities, Pythagorean Theorem, Catalan, Cassini, De-
Moivre type identities for the newly defined functions. In addition, we define the matrix form
of the three-dimensional k-Pell spiral.

First, we present some of the basic properties of the matrix exponential:

i. For0 e C™™andp € R*, p° =1,

36



Mersin, E. 0. J. Eng. Technol. Appl. Sci. 11 2026 : 31-50

ii. Forpe Rtandr € Z, p! = pl and p™ = (p")I,

iii. ForM € C™"andp € R*, ()1 =p™,

iv. For commutable matrices M and N of order n, and p € R*, pMpV = pM*VN,
where I denotes the identity matrix of order n [25].

Lemma 1.1 The following equalities hold true

. a{(=21+0%,

ii. af' + 2kl + k* ai® = 4(k + 1,
where I denotes the identity matrix of order n.

Proof.

i. By means of [15], we have the scalar identity a;, = 2 + ai For the matrix expressions, this
k
gives

k k k ,
21+—I=21+—1=(2+—)I=ak1=ak,
Ay ay (047

where the last equality follows from the definition of matrix exponential with scalar exponents.
ii. Considering a, = 1+ vk + 1, we have a? + 2k + k?a;? = 4(k + 1). Then,
al + 2kl + k¥ ai? = ail + 2kl + k%lai?l

= (af + 2k + kK2 ?)I

= 4(k + 1)1

2. The k-Pell hyperbolic matrix function

In this section, we extend the concept of k-Pell hyperbolic functions to the matrix domain,
following on approach analogous to that used for hyperbolic Horadam functions in [26]. We
first define these matrix functions and then systematically investigate their fundamental
properties, including recurrence relations and identities that generalize the scalar case.

Definition 2.1 The k-Pell hyperbolic sine and cosine matrix functions are defined as

M+I+k2M+I —2M-1

aM — k2Mq; M al aj
sP,(M) = N and cP,(M) = N

where M € CV*", q;, =1 ++Vk+1and k > 1.

Throughout the paper, we use a;, = 1 + vk + 1 with k > 1, and this is not stated repeatedly.
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Since the hyperbolic functions sP, and cP), are not symmetrical with respect to the origin, we
construct their symmetrical representations using the approach of Stakhov and Rozin [8].

Definition 2.2 Symmetrical k-Pell hyperbolic sine and cosine matrix functions are defined as

ayl — kMa; M ayl + kMaiM
—————— and cPys(M) = ————
2vk +1 2Vk +1

To illustrate the newly defined functions in Definition 2.2, we present the following example.

sP,s(M) =

Example 2.1 Consider the matrix

m=[2 1

0 1
We evaluate the symmetrical k-Pell hyperbolic sine and cosine matrix functions defined in

Definition 2.2 for the matrix M with integer values k = 1,2, ...,5. The computed results are
presented in Table 1.

Table 1. The values of the matrix functions sP,s(M) and cP,s(M) for M with k = 1, 2, ...,5.

k ay sP,s(M) cP,s(M)

1 2.414 [2 1.293 [2.121 1.121]
0 0.707 0 1

2 2.732 2 1423 [2.309 1.309]
0 0.577 0 1

3 3 [2 1.5 [2.5 1.5]

0 05 0 1

4 3.236 2 1.553 [2.683 1.683]
0 0.447 0 1

5 3.449 2 1.592 [2.858 1.858]
0 0.408 0 1

According to Table 1, the results show that the matrix structure is preserved, with both sP,.s(M)
and cP,s(M) maintaining the upper triangular form of M. As k increases, clear patterns emerge
in the entries: the diagonal entries of cP,s(M) increase, while those of sP,s(M) decrease, and
the off-diagonal entries change steadily. These results help in understanding the fundamental
behavior of the matrix functions and provide a basis for exploring their theoretical properties
and applications in matrix analysis.

Now, we investigate some properties of symmetrical k-Pell hyperbolic sine and cosine matrix
functions.
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Proposition 2.1 The Pythagorean Theorem for symmetrical k-Pell hyperbolic function is as
follows

[cPes(M)]? — [sPes(M)]? = T

where M € C™*".
Proof.
[cPes(M)]? = [sPes(M)]?

(! + K™ = (@ — kMa™)?

4(k+1)
B aiM + 2kMall ai™ + kMM — afM + 2kMall a M — kMM
B 4k +1)
3 4kMal a; M
4(k+1)
kM
Tk+1

This Pythagorean-type relation parallels the classical identity cosh?(x) — sinh?(x) = 1.
M
However, due to the k-Pell structure, the right-hand side becomes % In the scalar case where

M = x, this simplifies to kk—; which is not identically 1, thus generalizing the classical identity.

Proposition 2.2 The following sum and difference equalities hold true for symmetrical k-Pell
hyperbolic functions

i. cPes(M + N) =Vk + 1[cP,s(M)cPys(N) + sP,s(M)sP,s(N)],

ii. cPys(M —N) =k Nk + 1[cP,s(M)cP,s(N) — sP,s(M)sP,s(N)],
iii. sP,s(M + N) = Vk + 1[sP,s(M)cP,s(N) + cP,s(M)sP,s(N)],

iv. sP,s(M —N) = k™¥Vk + 1[sP,s(M)cP,s(N) — cP,s(M)sP,s(N)],
where M and N are commutable matrices of order n.

Proof. To avoid repetition, we only give the proof of the first equality.

Before starting the algebraic expansion, we note that the combination of exponential terms
suchas alal) = al*N and kNkM = kM*N are valid only when M and N commute. This is
the step in the proof where the commutativity assumption is needed.
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cP,s(M)cP,s(N) + sP,s(M)sP,s(N)

(! + K™ (@) + kN a™) + (! = kY ™) () — kN ™)
B 4(k + 1)

a£4+N + kN(ZIIy_N + kMCZI:M-l-N + kM+NC¥];M_N + a]]é/I+N _ kNa,’:’_N _ kMa’:M+N

4k + 1)

zallgl+N + 2kM+N0(,:M_N

4(k+1)

(Z;:H_N + kM+Na];M_N

2(k+1)

1
= cP,s(M + N).
Vg1 fesM )

Corollary 2.1 If we take M = N in Proposition 2.2 (i) and (iii), we have

i. cPys(2M) = Vk + 1([cP,s(M)]? + [sP,s(M)]?),
ii. sPps(2M) = 2Vk + 1sP,s(M)cP,s(M).

Proposition 2.3 The following recurrence relation holds between the symmetrical k-Pell
hyperbolic sine and cosine matrix functions

SP,s(M +1) = 2cPs(M) + ksP,s(M — 1),
where M € C™*™ and I denotes the identity matrix of order n.

Proof. Since the identity matrix I commutes with any matrix M, the usual rules of exponents
apply when combining terms such as al!, a¥~!, k™, and k™~. This justifies each algebraic
manipulation in the derivation. Considering Lemma 1.1, we obtain

2(aM + kMa™) + k(aM = — kMg M

2Vk +1

2cP,s(M) + ksP,s(M — 1) =

1 k
=——(a¥ 2+—>I+kMa‘M2—a I)
et G s 2

M+l _ kM+Ia];M—I

2vk +1
=sP.s(M +1).

Proposition 2.4 The Catalan type identities for k-Pell hyperbolic functions are as follows

i. cPes(M — N)cPs(M + N) — (cPes(M))” = kM=N(sP,s(N))’,
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ii. cPs(M — N)cPes(M + N) — (sPes(M))” = kM~N(cPs(N))’,
iii. sPs(M — N)sPs(M + N) — (sPes(M))” = —=kMN(sPs(N))’,

iv. SPs(M — N)sPys(M + N) — (cPes(M))” = —kM=N(cP,s(N))’,
where M and N are commutable matrices of order n.
Proof. To avoid repetition, we show the proof for the first equality only.

Before carrying out the expansions, we recall that the algebraic manipulations involving

expressions such as a*V and k™*V are valid only when M and N commute. This ensures that
the usual exponent rules extend to the matrix setting and justifies each step in the simplification.

cPes(M — N)cPys(M + N) — (cPes(M))’

(ally—N + kM_NCZ,:M+N)(CZ£/I+N + kM+NCZ,;M_N) _ (allé/l + kMa,;M)Z
4(k+1)

a,%M + kM+Nal:2N + kM—NaI%N + kZMaEZM _ a}%M — kM — kZMaEZM

4k + 1)

kM+N(l]:2N + kM—NaI%N _ 2kM

4k + 1

_ kM—N(kZNaEZN + a}%N _ ZkN)
B 4(k + 1)

= kM‘N(sts(N))Z.
Proposition 2.5 The Cassini type identities for k-Pell hyperbolic functions are as follows
i. cP.s(M —I)cPs(M +1) — (sts(M))2 = M-I

ii. sP,s(M —1)sPys(M +1) — (cPks(M))2 = —kM-T,
where M € C™™ and I denotes the identity matrix of order n.

Proof. Since the identity matrix I commutes with any matrix M, the manipulations involving
expressions such as ap N and kM*N are valid. The proof then follows analogously to
Proposition 2.4.

Proposition 2.6 The d’Ocagne identity for k-Pell hyperbolic functions are as follows
i. cPys(M)cP,s(N + L) — sP,s(M + L)sP,s(N) = kNcP,s(L)cPys(M — N),
ii. cP,s(M)sPys(N + L) — cPys(M + L)sP,s(N) = kNsP,s(L)cPys(M — N),

where M, N and L are pairwise commutable matrices of order n.
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Proof. The proof relies on the fact that M, N and L commute pairwise, which guarantees that
the exponential terms appearing in expressions such as ajy *, kN*L and a = can be combined
using the usual exponent rules. This ensures that each algebraic manipulation in the expansion

is valid within the matrix setting.
cPys(M)cPys(N + L) — sP,s(M + L)sP,s(N)

B (0(]1:1 + kMa’:M)(alléHL + kNH’a,;N_L) _ (allé/I+L _ kM+LCZ,;M_L)(a£] _ kNa,;N)

2k + 1)
~ JNFLGM=N=L | oM g =M+N+L | N G M=N+L | M+L gy =M+N=L
B 4(k +1)

B [k + klait] [k”a,’y"’v — kMa,;M“Vl
| 2Vk+1 | 2Vvk+1

_ —aﬁ + kLaI;L_ kN [a;(w_N _ kM—Na];M+N‘|
| 2Vvk+1 | 2Vk+1

= kNcP,s(L)cPys(M — N).
This completes the proof of (i), and the proof of (ii) follows by a similar argument.

Proposition 2.7 The de Moivre type identities for k-Pell hyperbolic functions are as follows

n-1

[cP,s(M) + sP,s(M)],

ZakM

2vVk+1

i [cPes(M) + sPos(M)]" = [

n—-1

[cPrs(M) — sPs(M)],

M M
2k a

ii. [cPys(M) —sPs(M)]™ = [ﬁ

for M € C™*™.

Proof. In the following proof, we utilize the properties of matrix functions to verify the de
Moivre type identities. When we write [cP,s(M) + sP,s(M)]™, we are referring to the n-th
power of the matrix cP,s(M) + sP,s(M), which is well-defined since the involved matrices
commute.

2aM "7 20 1 2aM
————— cP,s(M) + sP,s(M)] =
[2\/k o I s (M) 2Vk+1] 2Vk+1
[ 2a¥ 1"
vk + 1)

aM + kMo M oM — kMM
+
2Vk +1 2Vk +1

= [cPys(M) + sP,s(M)]™.
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leMa,’:’ n_l[ P.s(M) — sP.s(M)] 2kMa " 2kMalt

R — cryS — Sr; S =

Wk +1 , " 2VE+ 1] 2Vk+1
B [ 2kMaM 1"
C2vk+1

- _ _ n
afl + kMa™  alf — kMaM

2Vk+1 2Vk+1

= [cP,s(M) — sP,s(M)]™.

We note that the n-th powers in the identities are well-defined, since the matrices involved
commute and the usual rules for multiplying commuting matrices apply.

3. The quasi-sine k-Pell matrix functions

Considering the equation (—1)™ = cos(nm) for n € Z, the Binet formula of the k-Pell numbers
can be rewritten as

ay — k™cos(nm)a; "

2Vvk +1

Now, we introduce the quasi-sine k-Pell matrix function and examine some of its properties.

Pk,n =

Definition 3.1 The quasi-sine k-Pell matrix function is defined as

ai — kMcos(mM)a; M

2Vk + 1 '

PP, (M) =

where M € C™*",

Proposition 3.1 The following recurrence relation holds for the quasi-sine k-Pell matrix
function

PP, (M + 2I) = 2PP,(M + I) + kPP, (M)
for M € C™*™ and nth order identity matrix I.

Proof. The identities
cos(n(M + 21)) = cos(ntM) = —cos(n(M + I)) (3.1)

in [24] follows from extending basic trigonometric properties to matrix functions. This
extension uses the periodicity and phase shift properties of the cosine function in the scalar
case, applied to matrices based on their eigenvalue structure. The validity of this identity for all
square matrices is confirmed through eigenvalue analysis for diagonalizable matrices, Jordan
form for non-diagonalizable ones, and by using power series expansions via analytic
continuation. Before proving the theorem, we demonstrate these matrix cosine identities with a
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simple example using a diagonalizable matrix M of order 2 and the identity matrix I of the same
order. The eigenvalues of the matrix

u-i

0 1

are 1, = 2, A, = 1 with corresponding eigenvectors v; = [(1)] and v, = [_11] respectively.
Thus,

M = RlDlRl_l
is valid, where

_ 1 2 0 1M1 1
Ri=|, o=y jJandrit={; ]
Since

_ [cos(2m) 0 ]_ 1 0

cos(nDl)—[ 0 cos(m)] — [O —1]’
we have

cos(mM) = R,cos(mD;)R;!
o171 o1 1
_[0 —1”0 —1”0 —1]
n o2
_[0 _1]'
Now, we compute cos(m(M + 2I)) for the matrix

M+ 21 = 3 ;]

The eigenvalues of M + 21 are u; = 4, u, = 3, and corresponding eigenvectors are w; = [(1)]

and w, = [_11] respectively. Then,

M + 21 = R,D,R;!

is valid, where
R, = [(1) _11] D, = [3 (3)] and Ry = [(1) ﬂ
Hence,

cos(n(M + 2I)) = Rycos(mD,)R3*

- (4m) 0
- [(1) 11] [COSO " cos(3n)] [é 1
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=l Tl Al il

- [(1) —21]

Finally, we compute cos((M + I)) for the matrix

m+r=[> ]

0 2

with eigenvalues y; = 3, y, = 2 with corresponding eigenvectors o; = [é] and g, = [_11]
respectively. Then,

M +I = R3D3R§1
is valid, where

1 -1, _[3 0 111
R3—[o 1]’D3_[0 z]andR31_[0 1
Hence, we have

cos(m(M + 1)) = Rzcos(nD,)R3*

- (3m) 0
- [(1) 11] [COSO " COS(ZTT)] [é i

=l 716 Ao ol
[0 7l

As a result, the equalities given in equation (3.1) have been demonstrated. We now proceed
with the proof of the theorem.

2PP.(M + I) + kPP, (M)

ap ! — kM*cos(n(M + 1)) ai ™! Tk all — kMcos(mM)a;M

2Vk+1 2Vk+1
_ay Qay + kI) + cos(mM) a2 kM 2ap, — ai!
2Vk+1
gt — kM cos(m(M + 21) )M
2Vk+1

= PP.(M + 2I).
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Proposition 3.2 The Cassini identity for the quasi-sine k-Pell matrix function is

PP.(M + )PP (M — I) — (PP(M))" = kM-I cos(mM)
for M € C™*™ and nth order identity matrix I.

Proof. The trigonometric identities
cos(rt(M + I)) = cos(r[(M — 1)) = —cos(nmM),

which follow from the periodic relation in equation (3.1) and the even symmetry of the cosine

function, were established in [24] and yield
PP.(M + I)PP(M —I) — (PP (M))"

(aff* — kM*cos(m(M + D)) aig™ ™) (ad ™" — kM Tcos(n(M — I))a™*!)

2k + 1)
(a¥ — kMcos(nM)aj;;™M)?

4k + 1)

(af* + kM cos(mM)ai™ ) (a1 + kM~ Tcos(mM)a;M*)
4k+1)
(ai kMcos(mM)a;™M)?
2+ 1)

kM~ Icos(mM)ai’ + kM cos(mM)a;?' + 2kMcos(nM)
2+ 1)

atl + kHai? + 2k!
4(k+1)

= kM~Tcos(nM)
= kM-Tcos(nM).

4. The matrix form of the three-dimensional k-Pell spiral

Kuloglu and Ozkan [15] introduced the function

ay — k*cos(mx)a,* N k*sin(mx)a*
[

CPP,.(x) =
k() Wk +1 Wk + 1

. (1
Cag —k*+ iem(f_x)a,;x
2Vvk +1

which is called the three-dimensional k-Pell spiral. Finally, we give the matrix form of the
function CP P, (x).
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Definition 4.1 The matrix form of the three-dimensional k-Pell spiral is defined by

all — kMcos(mM)a;M N ikMsin(nM)a,;M

2Vk+1 2Vvk +1

CPP,(M) =

all — kM + iei”(%_M)a,;M

2Vk + 1 '

where M € C™" and i% = —1.

Proposition 4.1 The following recurrence relation holds for the function CP P, (M) as follows
CPP,(M + 2I) = 2CPP,(M + I) + kCPP, (M),

where M € C™*™ and nth order identity matrix /.

Proof. The trigonometric identities

sin(n(M + 21)) = sin(7M) = —sin(n(M + I)) (3.2)
are valid for M € C™*™ and the nth order identity matrix I [24], follow from the periodicity and
odd symmetry of the sine function. Using the trigonometric equalities given in equations (3.1)

and (3.2), we obtain

2CPP.(M + I) + kCPP, (M)

_, <a,’¥’“ — kM cos(n(M + 1)) e N l_kM“sin(n(M + I))a,;”“’)

2Vk +1 2Vvk+ 1
K (a,’f’ — kMcos(mM)ai;™ N _kMsin(nM)a,;M>
i
2Vvk+ 1 2Vk + 1
_ay Qay, + kI) — cos(mM) (—=2kM* ai M1 + kM M)
2Vk +1
+_sin(7t(M + 21))(—2kMH @M= 4 fMH g M)
i
2Vk+1
ai el — cos(nM)(kM”a,;M"(—Zl + a,;’)) sin(nM)(kM“a,;M"(—ZI + a,:’))
= +i
2Vk+1 2Vk+1
apt2 — M2 cos(n(M + 21))0(,;(M+21) N kMP2lsin(m(M + 21))aigM~
= i
2Vk+1 2Vk+1

= CPP,(M + 2I).

This completes the proof.
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Finally, we provide the matrix representation of the shrinking incomplete Metallic Shofar. The

function CP P, (X) has the following real and imaginary components

— k*Xcos(mX)ai*
2Vk+1

kXsin(mX)a;*

2Vk+1

respectively, for X € C**™. By choosing the y axis as the real axis and the z axis as the
imaginary axis, the system of matrix equations depends on the matrix form of the three-
dimensional k-Pell spiral is

aX
Re(CPP (X)) = = y(X),

Im(CPP,(X)) =

= z(X),

o ajf —kXcos(mX)a;*
Y 2Vk + 2Vk+1
20X) = kXsin(mX)a;*

2Vvk +1

Hence, we have the equation of the matrix form of the shrinking incomplete Metallic Shofar as
follows

2 X —X\2
b -zim) +7 0= ()
Y 2 2Vk +1
For specific values of k, we obtain special cases of mathematical interest. When k = 1,2 or 3,

we derive the matrix forms of what are known in the literature as the Shrinking Incomplete
Golden, Silver, and Bronze Shofars, respectively. These are defined as follows

oX 2 N
(””‘ﬁ) s )_<zﬁ>’
( i > 00 < <2Xaz—x>2
Y i) T\ B )

2 2
af NER
(y(X) 7 > +2%(X) = < 2 ) :

where a4, a, and a5 correspond to Golden, Silver, and Bronze proportions, respectively.

5. Conclusion

In this paper, we introduced the k-Pell hyperbolic functions and their symmetrical forms. We
demonstrated an example for a specific matrix and some values of k. We explored recurrence
relations, sum and difference equations, Pythagorean identities, and several important identities
(Catalan, Cassini, d'Ocagne, and de Moivre-type) for the symmetrical k-Pell hyperbolic
functions. Furthermore, we presented the matrix form of the three-dimensional k-Pell spiral
and discussed some of its properties.
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While the k-Pell sequence generalizes the classical Pell numbers, the Horadam sequence
extends various classical sequences, such as Fibonacci, Lucas, and Pell. Therefore, similar
patterns appear in the matrix forms of both the k-Pell and Horadam sequences. Specifically, we
observed similar properties between the matrix forms of the k-Pell and Horadam hyperbolic
functions. For k = 1, the findings in this paper align with those in [26] for hyperbolic Horadam
matrix functions. However, for k # 1, our results are specific to hyperbolic matrix functions
defined using the k-Pell number sequence. These similarities may provide a useful framework
for generalizing other number sequences.

Since matrix functions are important in differential equations and many other fields, we believe
that these matrix functions, based on well-known number sequences, will make a meaningful
contribution to both theoretical and applied mathematics.
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