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Abstract

In Das et al. (2013), it has been defined a newelalgic graph on monogenic
semigroups. Our main scope in this study, is terektthis study over the special
algebraic graphs to the strong product. In detark will determinate some important
graph parameters (diameter, girth, radius, maximutagree, minimum degree,
chromatic number, clique number and domination nemnifior the strong product of
any two monogenic semigroup graphs.
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Monojenik yarigrup graflarinin guclt carpimlaritoazi graf
parametreleri

Ozet

Das ve d¢. (2013) calsmasinda monojenik yarigruplar tzerinde yeni biricedd graf
tanimlanmgtir. Bu calymada ana odaklanma noktamiz, bu gaky! verilen Ozel
cebirsel graflarin gucli carpimina getetmektir. Detaylandiracak olursak, herhangi
iki  monojenik yarigrup graflarinin guclt carpimlarigin  bazi 6nemli graf
parametrelerini  (cap, c¢evrim, vyaricap, maksimum ede; minimum derece,
renklendirme sayisi, klik sayisi ve baskinlik sahessaplayacgiz.

Anahtar kelimeler:Monojenik yarigrup graflari, gucli carpim, graf ganetreleri.
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1. Introduction

A very huge number of studies about zero-divis@pbs have been stranded in the
literature. First study of zero-divisor graphs @drwith commutative rings in the paper
[2]. After that, many authors also studied abouait thraph over rings and semigroups
(see, for instances, [3-7]).

The graph I'(S,) on monogenic semigroupss, (with zero) having elements
[0,x,%,..., X'} . The vertices of this graph are the non-zero etese X’,..., X' and any
two different vertices<' and x' are adjacent iff + j >n +1 (for 1<i,j <n) [1].

In this paper, we consider the strong product ohogenic semigroup graphs and we
obtained some results for the diameter, girth, usdmaximum degrees, minimum
degrees, cligue number, chromatic number and ddimmaumber.

It is known that studying th@roduct of graphs is also an important subject (for
instance, [8-14]) since there are so many apptinatin sciences.

Firstly, we will give some information about tensand lexicographic product of
monogenic semigroup graphs.

The lexicographic product of monogenic semigrouapgs as follows [15];
Let us take any two verticgs', x') and (x?, x”) which are connected if and only if

XX eEI(S) e X¥=0c i & n1l
or 1)
X=xXxand¥Xe ((§ )= = X andj = m !

The tensor product of monogenic semigroup graplisliasvs [16];
Let us take any two verticg', X' ) and (x?, x°) which are connected if and only if

XX eEI(S)e xX=0c i & Al
and 2
XX e EN(9) e * k=0 jr b ml.

In previous studies [15,16] some properties likanmkter, girth, maximum and
minimum degree etc. of monogenic semigroup grapke been established.

Now, we will establish these properties for strgagrgduct of monogenic semigroup
graphs.

With this idea, it is defined thstrong productG, X G, of any two simple graph&,
and G, which has the vertex s8t(G)xV(G) such that any two verticas= (u, u,)
and v=(v,v) are connected to by an edgeu £v, andu,v,e E(G) or
(u,=v, anduyve E(G) or (uve E(G)anduve E(G) (see, for instance,
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[9,13,14]). In here, we will replac&, by I'(S;,) and G, by I'(S,) we have rules for
monogenic semigroup graphs as follows:
['(S,)XT(S)has vertex sef'(S,,)xI'(S,) and let us take any two verticég, x')

and (x, x°) which are connected if and only if:

x*=x and¥ X = 0= a= i ando+ > m+ 1

or

x*X =0 and¥ = X < a+ i> n+ 1andb= | (3)
or

x*X =0 and¥ X = 0= a+ i> i+ lando+ > mr

In this paper, by considering(S,)XT'(S;), we will give some good results for the

diameter, radius, girth, maximum degree, minimungree, domination number,
chromatic number, clique number.

2. Main Results
First result is about diameter which is well-knognaph parameter.

The distanceof a simple, connected graghis the length of the shortest path between
two verticesa and b and denoted byd,(a b). Also, the diameter of a simple,

connected grapls is equal taliam(Q =max{ 4, (a b: ake G [17].

2.1.Theorem
diam(I'(§,)XI( §))=2.

Proof.

The vertices(x', X') and (x*,x") eI'(S,)XI($) they are not adjacent. Alg", X™)

is adjacent to both of them and the casel and j =b does not provide this condition.
Then; there exist an adjacenof’, x| ~ (X', X") ~ (X, X).

So diameter of (S, )XI(S,) is 2.

The girth of a simple, connected grapB is the length of the shortest cycle in the
graph. If the graplc doesn’t contain any cycle, then the girth is taken as infibitg

2.2.Theorem
girth(I(Sy ) ¥I(§)) =3.

Proof.

By considering strong product rule, we easily see that the agsali
. n=nandm+2 > m imply (X", x"]~(x", ¥},
. n=nandm+m-1>m imply(x”,xmj~(x“, x”*lj,
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. n=nand2+m-1> m imply(x",5* |~ X', x"*}.
Then we can say that;

(XX = [0 )= (6, X~ [ % X
S0 as desired.

The eccentricityof a vertexuy, showre(u), in a connected grapf is the maximum

distance between and any other vertex of G. It is clear that diameter of a graph is
equal to the maximum eccentricity®f Also the minimum eccentricity is equal to the

radiusof G and denoted byrad(G) = min{max{ dG(u \}} [17,18].
u v

2.3.Theorem
rad(I'(S}, )X ($)) =1.

Proof.
We know that the verteé<><”, x’“) is adjacent to all other vertices for any ver@ez'x X! j

1<i<n, 1< j<m is adjacent tgx", x"] so the distance is equalito

The degree of a vertex of G (deg; ¢/)) is the number of vertices adjacentvto

Among all degrees, the maximum(G) (or the minimun®(G)) degrees ofG is the
number of the largest (or smallest) degre® if19].

2.4.Theorem
AT(S,)RI($)) = nm-land §(I(S,)RI(F)) =3.

Proof.

The vertex set of/ (I'(S, )XI'($,)) hasn.m vertices. Let us take the verticés', x™)
because this vertex is adjacent to all other vestidhat's why the maximum degree
(A) of the graph is equal to.m-1.

Now, let us take the verte(<x, x) because this vertex is just adjacent to vertices
(x”,x),(x, X”j and(x“, xmj. then it is clear that the minimum degr@®) of the graph
is equal to3.

A subset A of the vertex seV (G) of a graph is collect the domination set if every
vertexV(G)— A is joined to at least one vertex @& by an edge. Theomination
numbery(G) is the number of vertices in the smallest domitasiet forG [19].
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2.5.Theorem
y(C(S))RI(S))=1.

Proof.
Let us take the verte>Ex“, xm] of the graphl’(S},) XT'(S;). This vertex is adjacent to

all other vertices hence. We choose this vertea deminating set so the domination
number of graph is equal o

The coloring of a grapl& is defined as an assignment of colors to the cestof G.
One color to each vertex so that the adjacentoesrtare assigned different colors. If in
colors are used then it is calledcoloring The minimum number ofi is called the

chromatic numbeand denoted by (G) [19].

2.6.Theorem
2(D(S) RS = (L+[=2]). (14 =)

Proof.
Let us take the verteé<x”, xm) and the colora; was used for this vertex. This vertex is

adjacent to all other vertices sg cannot be used for other vertices. After that let
choose the vertéx", xmj, then it is obvious that this vertex is not adjgc® (x”, x)

so we can use same colaf for these vertices.

Similary let take the verte%x”,x“zj is adjacent to all vertices except the vertices
(x", %) and(x”, xzj S0 we can use same colar for these vertices.
If we apply the same steps to other vertiaéex%, x‘j, 1<i<m. We obtained that

1+[ =] different colors.

Now, let choose the vertex[x”‘l, x’“j. This vertex is not adjacent to
(%, x),[x, %j[ X )W],[ X W”],...,( X 52]. Also, there exist adjacency between the
vertices[x, >J’%‘1+1j,[ X {?W“j,...,[ X )2“)

Because of this the color @, which is used for the verte(xx“‘l, xm] can be used for
the vertice$x, x),[x )@)[ X Qﬂ] Then, consider the vertéx"‘l, X 1j which is not
adjacent to the verticegx, x),(x, xZJ( X >E‘) and (x”‘l, x). The color of which is

used for(x™*,x™*] also can be used for the vertit{esx{ 'ﬂ”] and(x"*, x).
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which is not adjacent to the

Let choose the final vertex[x”‘l, xm)

verticeq, x),(x, x’-j( X >E‘), (x™,x) and [x”‘l, xz). As before, the colog® used
for (x”‘l, xr“j , [x, ><m+2] and[x”‘l, xz).
Finally, we can say tha(t1+ |_W71_|) different colors are necessary for the coloring of

vertices in the sé(x"‘l, xj),[x Xj:ls j<m[z]+i< i< n}

Last part of the proof, let take the vert(ex“‘z, xm) which is not adjacent to the vertices
(%, x),[x xz)(x >E‘j( X, >)[ %, %j[ X 'Skj. Also these vertices
(xz, x)[ X, xzj( %, >E‘j are not adjacent t@x”‘z, xmj. So we can use the same color

a; for these vertices and"?, xmj.

By applying the same process, let choose the Véébt@_ﬁ, x””j. The colora? is used

only for [xz, x[nﬂ”j and [x”‘z, x‘“).

Also  the  vertex [x”‘z,x
(xz,x),[xz, xzj( %, )?‘j( X2 )) and(x”‘z,xzj so the colora® can be used only for

r“] is not adjacent to vertices

the vertice{xz, ><m+zj and (x”‘z, xzj.

Now, we obtained (1+[=2]) different colors for the vertices
{(x‘z,x"j,[xz,i):ls j<mo]+1< i< n’}

If we apply the same process to all vertices wedrtee(l+|_“7ﬂ) steps. Then we
obtained that

Z(TSHRO(S)) = (1425 ]).(1+] =2]).

All complete subgraphs of a graph are calletique”. The cligue numbeof a graph is
equal to the maximum vertex number of a clique. Thgue number is denoted by
a)(G) [19].

2.7.Theorem

o(T(S,)RI(S)) = (1+[5]).(1+[=27)
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Proof.
In the proof, we must .first check whether the saph is complete or not. Now let us

consider definition of the graph(S,)XI'(S,). Then will have a maximal complete
subgraph with the vertex set:

[X[zuﬂ]'[)m, )[;ﬂﬂ],._.’[ Nl )gn]’
V()= [T KL )
[x”,x[rzn]],[x“, {ﬂ”],...,[ X”,xm).

So (T (S} )BI( ) = (1+[ 22])-(1+[ =2 ]) as desired.
2.8.Remark

By Theorems 2.6 and 2.7,

2([C(SHRT(E) =0 $IRT( B)) =(1+[5])-(2+]22])
which implies that the strong product preservespedectness property [19] for the
important graphg(S,) andI'(S}).

2.9.Example

Figure 1. The graplii(S, )XI'(§;,). Here forl<a<3and k b< «ach label ab

corresponds to the verticés®, x°).
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Let us consider the semigroups

S, ={x X, % and g ={x %, X, %

and then let us give our attention to the grﬁmslw3) XT( $4) as drawn in Fig. 1.
Depend on the results presented in this study,amestate the following results:

i.
il
iii.
iv.
V.
vi.

Vii.

diam(I'(§, )XT( §,)) =2 (by Theorem 2.1).

girth(I'(S;,. ) ¥I'(§;,)) = 3 (by Theorem 2.2).

rad(I'(§,,)®¥I'( §,)) =1 (by Theorem 2.3).

A(T(S,,)RI(S,,)) =11 and 5(I'(S,, ) ¥I'(§;,)) =3 (by Theorem 2.4).
7(T(S),)®T(S;,)) =1(by Theorem 2.5).

2(T(S,,)¥I(S,,)) =6(by Theorem 2.6).

o(T'(S,)XI(S,)) =6(by Theorem 2.7).
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