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Abstract: The nonlinear convection-reaction-diffusion equations model complex real-world phenomena across scientific and
engineering disciplines. However, solving these equations analytically is often impossible due to their nonlinear nature. As a result,
researchers have turned to numerical and computational methods to find approximate solutions. These methods, while effective, can
struggle with issues such as stability, accuracy, and the ability to handle sharp gradients or complex interactions between convection,
diffusion, and reaction terms. To address these challenges, this work introduces an enhanced Physics-Informed Neural Network
(PINN) framework for convection-reaction-diffusion equations that incorporates exponential finite difference scheme residuals with
the aim of enhancing solution accuracy and stability. To validate its performance, the framework has been tested on four well-known
nonlinear partial differential equations: Burgers' Equation, Fisher's Equation, the Burgers-Huxley Equation, and the Newell-
Whitehead-Segel Equation. The results obtained using the modified PINN framework are systematically compared with those obtained
using traditional Physics-Informed Neural Networks and the Galerkin Finite Element Method. The comparisons reveal that the
proposed framework consistently outperforms both approaches in terms of accuracy. These improvements highlight the effectiveness
of integrating exponential finite difference scheme residuals into the PINN framework, making it a powerful and reliable tool for

solving nonlinear convection-reaction-diffusion equations.
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1. Introduction

Nonlinear partial differential equations (PDEs) are
essential mathematical tools for describing dynamic
processes in a wide range of scientific and engineering
fields. They are used extensively in areas such as fluid
dynamics, plasma physics, environmental modeling, and
mathematical biology, where they capture complex
interactions and evolving spatiotemporal patterns.
Among these, nonlinear convection-reaction-diffusion
(CRD) equations are especially important because they
describe systems influenced by the combined effects of
diffusion, convection, and reaction mechanisms. These
equations in many real-world applications,
including chemical reaction modeling, environmental
pollution transport, heat transfer in engineering systems,
and the dynamics of biological populations (Nekhamkina
and Freed 2000; Morton 1996; Murray 2007; Bezekci
2025; Bezekci 2025; Seinfeld and Pandis 1998; Bejan
2013; Dong et al. 2022). A general mathematical form of
these equation 1 can be expressed as;

arise

ou
EzV-[DVu]—V-(vu)+S (D

where u represents the variable of interest, such as
species transfer or the
temperature in heat transfer. The term vdenotes the
velocity field, while D is the diffusivity coefficient. The
symbol V represents the gradient operator, and S
accounts for any sources or sinks, describing the
generation or depletion of u. To ensure a well-posed
problem, appropriate initial conditions and boundary
conditions must be defined, as they govern the behavior

concentration in mass

of u within the domain.

Analytical solutions to CRD equations are rarely possible
due to their nonlinear nature and the complexity of their
dynamics, except in a few simplified cases. Consequently,
numerical methods have become the primary focus of
research, with many significant contributions made to
the field. Among these, total variation diminishing (TVD)
schemes are well-known for balancing stability and
higher-order accuracy. Methods using limiters, such as
TVD-Superbee, TVD-Minmod, TVD-MUSCL, and TVD-
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Koren, have been applied successfully to a variety of
challenging problems (Barth and Jespersen 1989; Harten
1997; van Leer 1979; Koren 1993). Other notable
approaches include hybrid nodal-integral/finite element
methods (John and Schmeyer 2008), high-order finite
volume methods (Costa et al. 2018), and characteristic-
based
(Phongthanapanich and Dechaumphai 2008). Many of
these methods incorporate advanced features such as
positivity-preserving schemes, higher-order
reconstructions, and meshfree frameworks
(Peddavarapu and Srinivasan 2021), making them
versatile tools for addressing nonlinear CRD equations in
complex applications.

Although these numerical methods have significantly
broadened the use of CRD models, they come with certain
limitations. For instance, TVD schemes can produce
numerical dissipation near sharp discontinuities, and
many approaches are computationally demanding or
difficult to implement, especially when working with
non-uniform meshes or strongly nonlinear systems. Even
with these challenges, CRD models remain essential for
studying driving  ongoing
improvements in numerical techniques to meet the
growing demands of advanced applications.

Recent developments in scientific computing have
introduced Physics-Informed Neural Networks (PINNs)
that offer a powerful framework for solving PDEs by
embedding governing physical laws directly into the

finite volume element methods

complex  systems,

neural network’s loss function (Raissi et al. 2019; Baydin
et al. 2018). By using automatic differentiation to enforce
constraints such as initial and boundary conditions,
PINNs avoid the need for meshing or large labeled
datasets, enabling accurate solutions even with sparse
data (Baydin et al. 2018; Raissi et al. 2019). They are
effective for both forward problems, predicting system
evolution, and inverse problems, inferring unknown
parameters, making them well-suited for nonlinear CRD
equations and other PDEs in fields like fluid dynamics,
heat transfer, and biomechanics (Karniadakis et al. 2021;
Jagtap etal. 2022; Sahli Costabal et al. 2020).

Their ability to reduce computational complexity and
handle high-dimensional domains has made PINNs a
modern alternative to conventional solvers, enabling
solutions to previously intractable problems (Hennigh et
al. 2021). Open-source libraries like DeepXDE (Lu et al.
2021) and SimNet (Hennigh et al. 2021) have further
supported their adoption, driving advancements in
scientific computing across disciplines.

The exponential finite difference method is a robust
numerical technique for solving PDEs, particularly in
cases where conventional finite difference methods
struggle. First introduced by Bhattacharya for solving
heat conduction problems (Bhattacharya 1985), this
method has been extended to tackle more complex
scenarios, including nonlinear systems, steep gradients,
and stiff equations (Bahadir 2005; Handschuh and Keith
1992). Unlike standard finite difference schemes, which

use linear approximations for derivatives, the
exponential finite difference method incorporates an
exponential better capture rapid
variations in the solution. This approach enhances both
the accuracy and stability of the method, making it highly
effective for problems characterized by sharp transitions
or highly nonlinear behaviors. By delivering accurate
approximations maintaining computational
efficiency, the exponential finite difference method has
emerged as a robust and versatile alternative to
traditional numerical approaches. In this paper, we aim
to enhance the accuracy and reliability of PINNs by
introducing an additional residual term derived from a
variation of the exponential finite difference scheme. This
modification embeds the strengths of the exponential
scheme into the standard PINN framework, allowing the
network to better capture the behavior of the underlying
equations. By combining the traditional PDE residual
with the exponential scheme-based residual, the
proposed approach seeks to improve solution accuracy
and ensure closer alignment with analytical results.

The study conducted by Ali et al. (2022) represents an
important contribution to the numerical analysis of
nonlinear  convection-reaction-diffusion  equations,
utilizing the Galerkin Finite Element Method (GFEM) to

address four representative cases: Burgers Equation,

formulation to

while

Fisher's Equation, Burgers-Huxley Equation, and the
Newell-Whitehead-Segel Equation. Their
established critical benchmarks for solution accuracy and
computational performance, providing a foundational
reference for subsequent methodologies. Building on this
foundation, (2024) investigated the
application of the traditional PINN to the same set of
equations, showcasing its potential to surpass the GFEM

research

Hasan et al.

in accuracy.

In this work, we build on these previous studies by
considering the same test problems as analyzed in Ali et
al. (2022) and Hasan et al. (2024), using identical initial
and boundary conditions, as well as model parameter
values. This consistency provides a solid foundation for
comparing our results with those obtained from the
GFEM and the traditional PINN framework. By
integrating an additional residual term based on a
modified exponential finite difference scheme, we
develop an improved PINN approach. The goal is to
improve solution accuracy by applying the modified
framework to the same nonlinear equations and
comparing its effectiveness with previously reported
results.

2. Materials and Methods

Without loss of generality, we consider a simplified case
of the general convection-reaction-diffusion equation,
where the variable of interest is a scalar u=u defined in a
one-dimensional spatial domain V=0/0_x. The diffusivity
coefficient is assumed to be a scalar constant D=d, and
the velocity field v can be a constant, a function of space
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and time, or may depend on the solution u itself, as in the
case of the Burgers' equation, one of our test problems.
The source or sink term S(u,x,t), also a scalar function,
which may depend on u, space, and time. Under these
assumptions, the governing equations 2-4 can be
expressed as

du/dt=d (0”2 u)/(0x"2 )-v(ux,t)du/dx+S(ux,t) (2)

subject to the initial and boundary conditions given by
u(x,0)=u_0 (x),x€Q 3)
B[u]=b(x,t),(x,t)EIQxXR_+. 4)

Here, B[u] represents the boundary operator, which may
take different forms depending on the type of boundary
condition. The term b(xt) represents the boundary
condition and can vary based on the physical problem,
taking forms such as zero (for homogeneous or no-flux
conditions) or a function of the spatial variable x and the
initial condition u_0 (x) provides the initial distribution
of the variable u across the domain.

In the following, we explain how the exponential scheme
is applied to solve the governing equation (2) along with
the initial (3) and boundary conditions (4). Next, we
outline the PINN framework, which embeds the physical
laws of the problem into the neural network training
process. Finally, we combine the exponential scheme
with the PINN framework to create a unified
computational approach that takes advantage of both
methods to solve the problem effectively and accurately.

2.1. Exponential Scheme for CRD Equation

To apply the exponential scheme to the one component
one dimensional CRD equation (2), we proceed as
follows. The governing equation is transformed into a
logarithmic form to facilitate numerical stability and
better handling of the nonlinearities. Let F(u)=Inu, so that
0F/0u=1/u. Multiplying the CRD equation 5 by
0F /Ouresults in

1/udu/dt=d 1/u (0”2 u)/(0x"2 )-v(u,x,t)1/u du/ox+1/u

S(ux,t) (5)

Here, the term 1/u du/dt represents the temporal
evolution in the transformed space, with the remaining
terms scaled by 1/u. For temporal discretization, a
forward Euler scheme is employed, where the time
derivative du/dtis approximated as (equation 6);

1/u”k du/ot=(Inu”(k+1)-lnu”k)/At. (6)

Substituting this into the transformed equation, we get
(Inu”?(k+1)-lnu”k)/At=d 1/u”k (072 u”k)/(0x"2 )-
v(urkx,t)1/u”k (du”k)/ox+1/u”k S(u*kx,:t).
Multiplying through by At and taking the exponential of
both sides isolates u” (k+1) as (equation 7);

u”(k+1)=u’k exp(Atd"k (u"k)) (7

where the term inside the exponential is denoted as

®d*k (uk)=d 1/u*k (0”2 u”k)/(0x"2 )-v(u"kxt)1/u*k
(0u”k)/0x+1/u”k S(u”kx,t).

To avoid numerical instabilities when u~k approaches 0,

regularization techniques are commonly applied. One
widely used method replaces u*k in the denominator
with "max"(u”k,8),u*k+8, or V((urk )*2+8"2 ), where
6>0 is a small positive constant. The last approach,
particularly suitable when u is non-negative, provides
smooth and differentiable behavior near u* = 0. These
techniques prevent division by extremely small values of
u¥, which could otherwise result in computational errors.
Additionally, regularization stabilizes nonlinear terms
like v(u,x,t) and S(u,x,t), which might otherwise
become undefined or excessively large for small u*.
Depending on the problem’s specific requirements and
the solution's properties, alternative regularization
strategies may also be employed (Tarantola 2005;
Tikhonov et al. 1977).

In the following sections, this method will be integrated
into the PINN framework, combining the advantages of
numerical techniques and machine learning to address
nonlinear CRD problems.

2.2. Physics-Informed Neural Networks

PINNs are a class of machine learning models designed to
solve PDEs by incorporating the governing physics
directly into the training process. Unlike traditional
numerical methods, PINNs take advantage of the
flexibility of artificial neural networks to approximate
solutions while satisfying PDE constraints, initial and
boundary conditions, during the optimization process. A
neural network, NN, is a parameterized nonlinear
mapping function that maps input variables to output
variables through a systematic arrangement of layers.
Mathematically, it can be expressed as (equation 8);

NN(x,t;0)=FB o FlDo ..o FMD(x, ) (8)

where x and t are the input variables, F® denotes the
function applied by the [-th layer, L is the total number of
layers, and 6 denotes the trainable parameters (weights
and biases) of the network. Each hidden layer performs a
combination of linear transformations and nonlinear
activation functions, expressed as (equation 9);

nff_l)
FO = g0 < z wPFD 4 b}”),w €{l,..,L-1} (9)
Here, W' and b' denote the weight matrix and bias vector
such that 60 =
{W®, b} represents the trainable parameters of the I-

for the I[-th layer, respectively,

th layer. The activation function ¢®, is applied element-
wise to the output of the linear transformation at the I-th
layer, with the final layer using a linear activation
function, i.e, 0¥)(z) = z. The input layer initializes the
process as F @ (x, t) = (x,t), while the output of the final

layer provides the predicted solution u(x, t).
In the PINN framework, the
NN (x,t;0)is trained to approximate the solution of a
PDE defined over a spatiotemporal domain £ X [0,T].
This predicted solution is denoted by (equation 10);

neural network

u(x, t) = NN (x, t; 0). (10)
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A key feature of PINNs is their ability to enforce the
governing PDE and boundary/initial conditions as either
soft or hard constraints during training. This is
accomplished by designing a loss function that includes
the residual of the PDE, boundary conditions, initial
conditions, and additional data loss when available. The
total loss function is expressed as

L(8) = wppgLppg + WacLpe + WicLic + WpataLpatar

where wppg, Wpe, Wi, Wpae are weights balancing the
contribution of each term. The individual components
are defined as follows:

* PDE Residual Loss: Enforces the governing equation at
collocation points 7r < 2 x [0,T]

r 1 "au d62u+ tau s "
PDE_j}ngf T 922 v(u, x, )6x (wx,t) 1%

* Boundary Condition Loss: Imposes the boundary
conditions B[u] = b(x, t)ond.

1
Lpc=— % I Bu] = b(x,t) I%
TbeTb

¢ Initial Condition Loss: Imposes the boundary

conditionsatt =0
1
Lic=7 % lu(x,0) = u(x) II%.
To x€Tp

* Data Loss: Ensures that the predicted solution

umatches the given data at specific points X4,

Ndata . . .
@ O @ 2
N Z I u(xdata' tdata) - udata =
data =1

_ @O L@ O yyNdata
xdﬂm - {(xdata’ tdata’ udata)}i=dlt

training set containing information about the solution

LData =

Here, denotes the

Ugatq at the input locations xé?m and té?m. Additionally, 7%,
Ty, and Ty refer to collocation points within the domain,
on the boundary, and at the initial time, respectively.
Specifically, the PINN ensures boundary conditions by
comparing the model's predictions at boundary points
directly to the prescribed boundary values. The
differences between the predictions and these known
conditions are minimized during training. As a result, the
trained solution accurately respects the physical
constraints defined at the boundaries A similar
approach is applied when enforcing initial conditions and
data losses, where predictions are evaluated at the
respective points and differences are minimized to
ensure consistency with the initial conditions and
available data.

The aim is to minimize the total loss £(8), allowing the

network to approximate the solution u(x,t) while
satisfying the underlying physical constraints using
Automatic Differentiation (AD). AD is crucial in PINNs, as
it enables the computation of neural network derivatives
with respect to inputs through backpropagation (Baydin
et al. 2018). Libraries such as TensorFlow (Abadi et al.
2015) and PyTorch (Paszke et al. 2019) provide robust
AD tools, simplifying the implementation and application
of PINNs. The training objective is to determine the
optimal parameters 8 using gradient-based optimization

methods, such as stochastic gradient descent (SGD) and
adaptive algorithms like Adam (Kingma and Ba 2014).
The minimization process is expressed as (equation 11);

6" = argmgmL(B). (11)

This PINN framework operates iteratively. It begins by
sampling spatial and temporal points from the domain.
These inputs are fed into the neural network to predict

u(x,t), which is then used to compute derivatives and
evaluate the loss terms. The network parameters are
updated iteratively until convergence criteria are met,
such as achieving a target loss value or reaching the
maximum number of iterations. This process enables
PINNs to approximate solutions while balancing physical
constraints and available data, offering a strong and
flexible alternative to traditional numerical methods.
2.3. Integrated PINN Framework with Exponential
Schemes
In this section, we propose an integrated framework that
combines the strengths of the exponential scheme with
the PINN framework. The motivation for this integration
comes from the well-established benefits of exponential
schemes in numerical methods, particularly their ability
to achieve high accuracy and stable solutions for
nonlinear CRD-like equations. Both explicit and implicit
exponential finite difference methods have proven to be
computationally efficient while delivering solutions that
closely match analytical results, often outperforming
standard numerical techniques in terms of both accuracy
and stability (Inan and Bahadir 2013; Tian and Dai
2007).
The PINN framework traditionally minimizes the
residuals of the governing PDE, boundary conditions, and
initial conditions. By integrating the exponential scheme,
we introduce an additional residual term derived from
the exponential update formulation. This term has the
potential to improve the training process by enhancing
the accuracy of the approximated solution. As a result,
the integrated framework combines the numerical
advantages of exponential schemes with the data-driven
learning capabilities of PINNs.
The final equation derived from the exponential scheme
(7) requires the solution at the next time step, u**?,
which poses a challenge when integrating this directly
into the PINN framework. As u*** cannot be determined
without explicitly evaluating the neural network at the k-
th time step, the exponential finite difference scheme
needs to be adjusted to account for the temporal
dynamics within the PINN framework. As a result, u**+*
in the exponential scheme is replaced with its second-
order Taylor expansion around u* (equation 12);

ouk  At?92uk

ukt =y + At —+ —

ot 2 o0t2’ (12)

where At denotes the time step size. Substituting this
into equation 13, we have
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ouk Atz azuk

— =uk k 13
ot + > oz U exp(Atd*) (13)

This equation holds true for any given time step k. As a
result, all terms in the equation are evaluated at the same
time level k, ensuring consistency. Therefore, the use of
superscripts to denote the step becomes
omit them for

time
unnecessary, and we
highlighting that the equation is valid for all time values
(equation 13);

ou  At?0%u
u+ At T + S 9z — uexp (Attb(u)) (13)

simplicity,

This scheme introduces an additional residual term
involving the second temporal derivative d2%u/dt?,
alongside the existing spatial and temporal gradients.
During training, the modified scheme contributes to the
total loss by incorporating the constraints of the
exponential formulation while ensuring consistency with
the physical integrated approach
strengthens the enforcement of physical laws and
enhances the accuracy and stability of the predicted

residuals. This

NN (z,t;0) Pl

Sodat

Update ¢ ‘ﬂ‘

I 0-00'=arg:nin([,)

[ Optimization No
L Method

I ///
) N,

solution.

The overall procedure of the modified PINN framework is
depicted in Figure 1. In addition to the standard loss
terms, the modified framework includes an additional
residual term based on the exponential scheme, which
strengthens the numerical robustness and accuracy of
the learning process. The total loss function is expressed
as

L(8) = wppgLppr + WacLpe + wicLic + WexpLexp,

where Lgyp
exponential scheme (equation 14);

is the residual associated with the

Lpyp = ! I +Atau+At2 0*u -
EXP—fong u at = 2 at?

— uexp (Atcb(u)) 112

By integrating the residual of the exponential scheme
into the training process, the modified PINN framework
effectively combines the strengths of numerical
techniques with the adaptability of neural networks,

leading to improved solution accuracy and stability.

Loss

1 di D% . oa .. 11>
Lppg = T Z ot~ 4 ozt o — Sz, 0)|
€Ty
1 «— o a
Lo = }‘nuqq - bz, 1))
= :
Lic =z 3 lli(z,0) = ug(=))*
2€To
Lexp = ?—1/ Z ‘l‘x - _\1'3’; - -}_:A (’;—? — aexp (Atd(i))

€Ty

4

Total Loss

L<e
or U

L£(0) = wppeLrpE + wnclnc
+wiclic + wexpLexp

iter > maxiter

Done |

Figure 1. Illustration of the integrated framework combining PINNs with the modified exponential scheme, showcasing
the processing of inputs, solution prediction, and computation of loss terms for optimization.

3. Results

In this study, we implement our modified PINN approach
on four nonlinear PDEs that are widely used in various
scientific and engineering applications: the nonlinear
Burgers' equation (Burgers 1948), Fisher's equation
(Fisher 1937), the Burgers-Huxley equation (Burgers
1948; Hodgkin and Huxley 1952), and the Newell-
Whitehead-Segel equation (Newell and Whitehead 1969).
To ensure a meaningful comparison with previously
obtained results presented in Hasan et al. (2024), we
adopt the same neural network architecture, test models,
their parameter values and their corresponding initial
and boundary conditions.

For the implementation, a fully connected feedforward
neural network is used, consisting of two input neurons
(representing x and t), four hidden layers with 20

neurons each, and one output neuron predicting the

the tanh
activation function, the Glorot uniform initializer, and L2

solution u(x,t). The network employs

regularization to reduce overfitting. Training is
conducted using the Adam optimizer with a learning rate
of 1x1073. The training dataset includes 10000
collocation points sampled from the spatiotemporal
domain using Latin Hypercube Sampling, while boundary
and initial conditions are enforced using 5Ouniformly
sampled points each.

After the initial training phase with the Adam optimizer,
we employ the LBFGS optimizer (Liu and Nocedal 1989)
as a secondary step to refine the solution further. The use
of LBFGS represents the only methodological difference

in the optimization process compared to the prior study.
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Even though it is possible to assign different weights to
each loss component, in this study, we apply equal
weights w = 1 to all loss terms in the loss function. This
approach simplifies the training process by avoiding the
need to tune multiple weight parameters. It also ensures
that no single loss term dominates the training, resulting
in balanced contributions from each part. However, this
assumes each loss component has roughly equal
importance, which might not hold true if some terms
inherently have larger magnitudes or significantly
greater influence on the solution accuracy. In such cases,
adjusting weights might further improve performance.

The model is trained by minimizing the total loss
function, which ensures that the predicted solution

u(x,t) aligns with the governing PDE, initial and
boundary conditions, and the residuals of the modified
exponential scheme.

In PINNs, accurately satisfying initial and boundary
conditions is critical to ensure the physical validity of the
computed solutions. A recent study by Lu et al. (2021)
highlighted the advantages of modifying the network
architecture to incorporate hard constraints. This
approach allows the network to strictly enforce initial
and boundary conditions. This also improves the stability
and convergence of the training process, and reduces the
computational cost.

Building on this concept, we develop an output
transformation

implementation.

tailored to our
training, the  model

framework
During

approximates the solution u(x,t) across the spatial-
temporal domain. To ensure adherence to both initial
and boundary conditions, an output transform, denoted

as u(x,t), is applied. This transform effectively enforces
problem-specific constraints on the predicted solution

u(x, t), ensuring that the initial condition at t = 0 and the
specified  boundary  conditions  are satisfied.

Mathematically, the transform u(x, t) can be described as

w6, £) = u (%, £) + tg(ux, £), (14)

where u.(x, t)represents the constrained term that
satisfies the initial and boundary conditions. Specifically,
u.(x,t) satisfies the initial condition at t = 0, such that
u.(x,0) = ug(x) for x € 2, and supports the boundary
conditions at the boundary points, ensuring Blu.] =
b(x,t),(x,t) € 02 X R,.

The term g(x) is the boundary basis function, designed
to vanish at the domain boundaries. By incorporating this

output transform, the predicted solution u(x,t)is
naturally adjusted to satisfy both the initial and boundary
conditions, ensuring physically consistent and accurate
predictions throughout the domain. In this study, hard
constraints are incorporated directly into the PINN by
transforming the neural network's output, ensuring these
constraints are exactly satisfied by construction, rather
than being enforced through additional penalty terms in
the loss function.

Through the optimization process, the model learns to

approximate the solution u(x,t) accurately across the
spatial-temporal domain. The model's performance was
evaluated using mean absolute error, MAE, which
quantifies the average difference between the true

solution u(x;, t;) and the predicted solution u(x;, t;)
1N
MAE == 3 |u(xl-, t) —ulx, t)),
i=1

where N represents the total number of evaluation
points.

3.1. Numerical Experiments and Comparative
Analysis

In this section, we aim to evaluate the effectiveness of the
proposed enhanced PINN framework by applying it to
four nonlinear CRD systems. These systems include
Burgers Equation, Fisher's Equation, the Burgers-Huxley
Equation, and the Newell-Whitehead-Segel Equation,
which represent a broad spectrum of nonlinear
dynamics. The
demonstrate the framework's accuracy in solving these
equations, comparisons will emphasize the
improvements achieved over the GFEM and traditional
PINN approaches.

3.1.1. Test problem: Burgers' equation

Burgers' equation, first introduced by ]. M. Burgers in
1948 (Burgers 1948), is a fundamental nonlinear partial

numerical experiments aim to

while

differential equation that has become a cornerstone in
mathematical physics and applied mathematics.
Celebrated for its simplicity and versatility, the equation
captures the interaction between nonlinear convection
and viscous diffusion, making it an essential tool for
analyzing complex dynamical systems. While Burgers'
equation is analytically solvable in certain cases, its
inherent nonlinearity often requires advanced
computational methods to address more general
scenarios. The specific form of Burgers' equation studied
here is expressed as
ou(x,t) 1 0%u(x,t)
ot  Re ox2
where Re >0 denotes the Reynolds

dimensionless parameter that quantifies the balance

Ju(x,t)
X, t) TI

number, a

between viscous and inertial forces. The problem is
accompanied by the following initial and boundary
conditions.

2msin(mx)
Re(o + cos(mx)) X
u(0,t) =u(1,t) =0
where ¢ > 1 is a given parameter. In this study, we adopt

u(x,0) = €N =[01]

the parameter values Re = land o = 2, consistent with
those used in Hasan et al. (2024). An analytical solution
to this problem, corresponding to the specified initial and
boundary conditions and the parameter values, is
available and is expressed as

2me —n2t/Re

sin(mx)
Re(o + e=™*t/Recos(mx) )’

which provides a benchmark for assessing the accuracy

u(x,t) =
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of numerical solutions.

In Figure 2, we present a comparison of the analytical
solution and the predicted solution for Burgers' Equation
using the modified PINN framework. The figure includes
the analytical and predicted solutions as 2D plots, the
MAE between them, and a 3D visualization of the
predicted solution. As depicted, it is safe to say that there
is a good agreement between analytical expression and
modified PINN based prediction.

t=0.01 t=01
) 14

— Analyt. Sol. (Burgers' En)
30 Improved PINN Sol
12 /,_

25 -
20 -

15 [ 7

" o MAE
10 s{ 04
o0s 21

Figure 2. Analytical solution (top-left), improved PINN
solution (top-right), mean absolute error (bottom-left),
and 3D view of the modified PINN solution (bottom-
right) for Burgers' equation.

In Figure 3, we present a detailed comparison of the
analytical and predicted solutions for Burgers' Equation
at four distinct time values: t = 0.01, ¢ = 0.1, t = 0.2and
t = 0.5. Each subplot depicts the spatial evolution of the
solutions, enabling a direct visual comparison between
the analytical and modified PINN predictions. Insets
within each subplot show the MAE for the corresponding

time value, emphasizing the discrepancies between the
solutions. The first immediate observation from this
figure is that our model gives excellent agreement with
the analytical solutions, with MAE values remaining
consistently low across all time values.

Analyt. Sol. (Burgers' Eqn.)

Improved PINN Sol.

10 10

00 02 04 06 o8

Mean absolute error x10°

s

Figure 3. Comparison of analytical and predicted

solutions for Burgers' Equation at various time values,
along with the mean absolute error.

Table 1 presents a quantitative comparison of the mean
absolute errors (MAE) between the analytical solution
and three considered methods—GFEM, the traditional
PINN framework, and the proposed modified PINN
framework—at two specific time steps, t = 0.02 and t =
0.04. The modified PINN consistently outperforms GFEM
and the traditional PINN, achieving significantly lower
errors across all spatial points for both time values.

Table 1. Absolute error comparison for Burgers' equation at t = 0.02 and t = 0.04 between the analytical solution and

predictions from GFEM, traditional PINN, and modified PINN

t=0.02 t =0.04
X GFEM PINN PRESENT GFEM PINN PRESENT
0.1 4.20 x 1073 5.09 x 10™* 1.99 x 107° 1.21x 1072 3.87 x 107* 1.57 x 1073
0.2 9.10 x 1073 3.37x107* 223 %1075 2.50 x 1072 8.00 x 1075 1.78 x 107¢
0.4 2.16 x 1072 242 x 107 2.55x 1075 5.07 x 1072 2.92x 107 2.87 x 1075
0.6 2.51 x 1072 8.70 x 1075 6.15x 107> 4.83 x 1072 2.63 x107* 8.30 x 1075
0.8 6.83 x 1073 3.90 x 1075 1.24x107* 9.19 x 1073 1.62 x 107* 1.30 x 10™*
1.0 0.00 x 10° 1.17 x 1073 23x 10716 0.00 x 10° 3.90 x 1075 3.8x 1071
3.1.2. Test problem: Fisher’s equation advanced numerical methods to handle complex

Fisher's equation, introduced by R. A. Fisher in 1937
(Fisher 1937), models the spread of advantageous
genetic traits within a population. A fundamental
equation in mathematical biology, it captures the
interplay between diffusion and logistic
describing phenomena such as traveling wavefronts.
Although analytical solutions are available for specific
cases, the nonlinearity of the equation necessitates

growth,

scenarios with varied initial and boundary conditions.
Mathematically, Fisher's equation is expressed as

BS] Eng Sci / Burhan BEZEKCI

2
au((;;, 2 = 0 :;J(;' 2 + 6u(x, t)(1 —u(x,t)),
where u(x,t)represents the population density or
another relevant quantity. The initial condition
considered in this work is specified as
u(x,0) = (1 +e*)72,x €[0,1]
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and the boundary conditions are

u(0,t) = (1 + e 572, u(l,t) = (1 + e*~5)72,

The exact analytical solution to Fisher's equation,
corresponding to the specified initial and boundary
conditions, is expressed as

u(x,t) = (1 +e*5)72,

which provides a benchmark for verifying the accuracy of
numerical methods. This expression is used to compare
with the predictions of our modified PINN framework to
assess its performance. In Figure 4, we present a detailed
visualization of the solutions for Fisher's Equation. As
illustrated, the predictions of the modified PINN model
are in excellent agreement with the analytical solution,
demonstrating its capability to accurately capture the
spatiotemporal dynamics of Fisher's equation.

= Analyt. Sol. (Fisher's Eqn.) 5

Improved PINN Sol.

Mean absolute error e

| 08
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~ 06
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x - 06
02 N 04
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Figure 4. Analytical solution (top-left), improved PINN
solution (top-right), mean absolute error (bottom-left),
and 3D view of the modified PINN solution (bottom-
right) for Fisher's equation.

In Figure 5, we present a comparison of the analytical
and predicted solutions for Fisher's Equation at four
distinct time steps: t = 0.25,¢t = 0.5,t = 0.75,and t = 1.
Each subplot depicts the spatial evolution of the
solutions, allowing for a direct visual comparison
between the analytical and improved PINN results.
Across all time steps, the MAE demonstrates a consistent
trend, with the smallest errors occurring at the
boundaries. This behavior aligns with other test cases we
consider, where the use of hard constraints plays a
pivotal role.

Table 2 compares the absolute errors between the
analytical solution of Fisher's equation and results
obtained using GFEM, the traditional PINN, and the
modified PINN att = 0.05 and t = 0.1. The results clearly
demonstrate that the modified PINN consistently
achieves the lowest errors across all spatial points for
considered time values.

t=025

e —— Analyt. Sol. (Fisher's Ean) |  0.85
Improved PINN Sol

o088 l—
)

Figure 5. Comparison of analytical and predicted
solutions for Fisher's Equation at t = 0.25, t = 0.5, t =
0.75,and t = 1.

Table 2. Absolute error comparison for Fisher's equation at t = 0.05 and t = 0.1 between the analytical solution and

predictions from GFEM, traditional PINN, and modified PINN

t=0.05 t=0.1

x GFEM PINN PRESENT GFEM PINN PRESENT

0.1 3.02 x 1073 3.67 x 10~* 428 x 1077 1.33x 1073 419 x 10~* 8.36 x 1077
0.2 7.91 x 107* 2.27 x107* 6.88 x 1077 2.78 x 1073 3.35x 107* 1.36 x 107°
0.4 1.35x 1073 3.40 x 1075 8.40 x 1077 6.27 x 1073 8.70 x 1075 1.70 x 107°
0.6 1.51x 1073 1.13x 107* 7.08 x 1077 5.79 x 1073 2.90 x 1075 1.48 x 107°
0.8 3.87 x 107* 1.48 x 10~* 435x%x 1077 2.71x 1073 1.76 x 10~* 9.25x 1077
1.0 9.67 x 10~18 1.32x107* 0.00 x 10*°® 632 x 10718 2.34 x 107* 0.00 x 10*°

3.1.3. Test problem: Burgers-Huxley equation

The Burgers-Huxley equation combines the dynamics of
Burgers' and Huxley's equations to model reaction-
diffusion processes in excitable media. t plays a critical
role in understanding the interplay of convection,
diffusion, and reaction phenomena, with applications in
different fields such as neuroscience, population genetics,
and chemical kinetics. The equation is particularly
significant for its capacity to capture traveling wave

solutions and complex spatiotemporal behaviors, making
it a cornerstone in the study of nonlinear systems and
numerical methods (Keener and Sneyd 2009; Whitham
2011). Mathematically, the equation is given by

ou 09%u ou

T ¢)a + eu(x, t)(ux, t) — D(t — ulx, t)),
where ¢, €, and 7 are real valued parameters. The initial
condition for this equation is defined as

3 1 X
u(x,0) = 3 +Etanh (E),x € N =[-2517]
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and the boundary conditions are given as
ou ou

P lx=—25 = a|x=17 =0,t>0,

indicating a no-flux condition at the spatial boundaries.
The analytical solution for this configuration for the
parameter values ¢ = —1, € = 1, and 7 = 2, is expressed
as

3.1 1
u(x, t) = 5 + Etanh (5 (x+ 3t)).

This analytical result serves as a reference to evaluate the
accuracy and effectiveness of the our modified PINN
method in capturing the equation's dynamics.

Figure 6 presents contour plots of the Burgers-Huxley
equation, illustrating the spatiotemporal evolution of the
predicted solution alongside the analytical solution.
Additionally, the figure includes a visualization of the
MAE and a 3D plot of the modified PINN solution. The
results reveal that the error is notably minimized near
the boundaries, as expected.

Analyt. Sol. (Burgers-Huxley Eqn.) Improved PINN Sol.

20

Figure 6. Contour plots of the analytical and predicted
solutions, the MAE, and a 3D plot of the predicted
solution for the Burgers-Huxley equation.

In Figure 7, the analytical and predicted solutions for the

Burgers-Huxley equation are presented for four time
values: t = 0.05,t = 0.5, t = 0.75, and t = 1. The results
show that the modified PINN framework closely matches
the analytical solution, effectively capturing the dynamics
of the Burgers-Huxley equation across the domain and
over time.

S07 G W

124
104 _.______J 10 __-___.__/
- 0 -5 -0 s 0 3 s -0 s -0 -

25 0 15 3 -0 5 o0 5 10 15

Figure 7 . Evolution of the analytical and predicted
solutions for the Burgers-Huxley equation at selected
time values t = 0.05,t = 0.5, t = 0.75, and t = 1, along
with insets displaying the corresponding mean absolute
errors (MAE) for each time values.

Table 3 presents the absolute error between the
analytical solution and three methods—GFEM,
Traditional PINN, and Modified PINN—for the Burgers-
Huxley equation at t = 0.10 and t = 0.20. The Modified
PINN consistently achieves the lowest error values across
most spatial locations and time instances, outperforming
both GFEM and Traditional PINN. The exception occurs
near the spatial boundaries, where GFEM shows slightly
better performance. at these boundary
locations, the analytical solution is known to be fixed,
making the observed differences in errors marginal in
practical significance.

However,

Table 3. Absolute error comparison for Burgers-Huxley equation at t = 0.10 and t = 0.20 between the analytical
solution and predictions from GFEM, traditional PINN, and modified PINN

t=0.1 t=0.2
x GFEM PINN PRESENT GFEM PINN PRESENT

-25.00 473 x 10713 427 x 1073 4.86 x 10712 3.84 x 10712 5.38x 1073 1.14 x 10711

-20.80 1.86 x 10710 7.27 x 107* 2.40 x 1075 4.09 x 10711 1.00 x 1073 424 %1075

-12.40 8.26 X 1077 2.53x 1073 2.86%x 1075 1.82 x 1077 3.47 x 1073 1.61x107°

-4.00 349 x 1073 5.37 x 1073 1.92x 107* 7.18 x 107* 6.09 x 1073 1.54 x 107*

0.20 3.50x 1073 6.89 x 107* 3.22%x 1075 2.67 x 1073 1.81x 1073 7.05 x 1075

4.40 1.22x 1073 5.41x 1073 1.88 x 107° 7.54 x 1074 419 x 1073 3.60 X 107>

12.80 2.79 x 1077 3.04 x 1073 4.47 x 1075 1.78 x 1077 2.08 x 1073 5.52x107°

17.00 8.48 x 107° 6.30 x 1073 1.07 x 1078 411x107° 522 x 1073 1.87 x 1078
3.1.5. Test problem: Newell-Whitehead-Segel periodic phenomena near instability points, making it
equation essential for understanding pattern formation and

The Newell-Whitehead-Segel equation models spatially

bifurcation in symmetric systems. It is widely applied in

BS] Eng Sci / Burhan BEZEKCI
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fluid dynamics, reaction-diffusion systems, and
population dynamics, capturing behaviors like wave
propagation and emergent patterns (Cross and
Hohenberg 1993; Murray 2007). The equation is
mathematically expressed as
ou %u
ot~ "Tox?
where 1,4, v > 0 are real valued parameters and p is a
positive integer. The initial condition is given by

-2
u(x,0) = (1+e*%) ", xen=[01].
The boundary
homogeneous Neumann conditions
ou 2e75t/6 ou 2e(0)/6
7 0 = 5+ ety 0k T T a4 ey
For this equation, the analytical solution is known and
serves as a benchmark to evaluate the numerical
methods. For the parameter values n =1, u=1,v=1,
and p = 2, the analytical solution is

+ pu(x, t) —vu(x, t)P,

conditions are defined as non-

X st\7?
u(x,tr)=(1+e\/E 6) .

We now apply our modified PINN framework to the
Newell-Whitehead-Segel equation to
effectiveness in capturing the spatiotemporal dynamics
of the solution. A detailed visualization of the solution's
behaviour over time and space is presented in Figure 8.
The results demonstrate that the modified PINN
framework aligns closely with the analytical solution.

evaluate its
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Figure 8. Visualizations for the Newell-Whitehead-Segel
equation showing the analytical and predicted solutions
as contour plots, a contour plot of the mean absolute
error (MAE) across the domain, and a 3D view of the
predicted solution's spatiotemporal evolution.

Figure 9 depicts the evolution of the solution to the
Newell-Whitehead-Segel equation at specific time values,
t = 0.05,0.1,0.2,and 0.5. The modified PINN framework
produces results that closely match the analytical
solution.

Figure 9 . Comparison of analytical and predicted
solutions for Newell-Whitehead-Segel Equation at
various time values, with mean absolute error.

Table 4 shows the absolute error between the analytical
solution and three methods—GFEM, traditional PINN,
and the modified PINN—for the Newell-Whitehead-Segel
equation at two time instances, t = 0.03 and t = 0.05,
across various spatial points. For all spatial points
considered, the modified PINN gives the smallest
absolute errors.
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Table 4. Absolute error comparison for Newell-Whitehead-Segel equation at t = 0.03 and t = 0.05between the
analytical solution and predictions from GFEM, traditional PINN, and modified PINN

t=20.03 t=0.05
x GFEM PINN PRESENT GFEM PINN PRESENT
0.1 1.48 x 107 9.10 x 107° 1.01 x 1078 3.06 x 107> 2.55% 1075 1.54 x 1078
0.2 1.88 x 1075 1.77 x 1075 3.78 x 1078 5.45x 1075 3.18 X 1075 5.80 x 1078
0.4 3.57 x 107> 3.15x 1075 1.06 x 1077 7.97 x 1075 3.78 x 1075 1.64 x 1077
0.6 434 %1075 3.24 x 1075 1.19 x 1077 9.55 x 1075 3.50 x 1075 1.84 x 1077
0.8 6.45x 1075 2.47 x 1075 5.56 x 1078 1.28 x 107* 2.31x 1075 8.60 x 1078
1.0 1.32x107* 1.03 x 1075 0.00 x 10*° 2.03x107* 138 x 1075 0.00 x 10*°

5. Discussion

This study presented an improved PINN framework,
incorporating an additional residual term based on an
exponential finite difference scheme. The approach was
developed to overcome challenges faced by traditional
PINNs in solving nonlinear CRD equations, particularly
those with complex dynamics, steep gradients, and
strong nonlinearities. Numerical tests were conducted on
PDEs:
Equation, Burgers-Huxley Equation, and the Newell-
Whitehead-Segel Equation, with results compared
against both traditional PINNs and the GFEM.

The modified PINN framework demonstrated significant
improvements in both robustness,
highlighting its potential as a versatile tool for solving a
wide range of nonlinear PDEs. By incorporating residuals
from the exponential scheme, the framework effectively
captured the intricate dynamics of nonlinear PDEs. It
consistently reduced absolute errors compared to
traditional PINNs and, in most cases, outperformed GFEM

four nonlinear Burgers Equation, Fisher's

accuracy and

in accuracy.

Results from Tables 1-4 demonstrate that the proposed
modifications consistently improved model accuracy and
robustness. In particular, the enhanced PINN achieved
lower absolute errors across all test cases compared to
traditional PINNs and generally outperformed the GFEM
as well. These results highlight the effectiveness of
incorporating the enhanced residual term, which more
rigorously enforces the governing equations during
training, leading to more accurate and physically
consistent solutions.

Furthermore, while GFEM remains a reliable and well-
established numerical method, it requires significant
computational resources, particularly for problems in
higher dimensions or with irregular geometries. In
contrast, the mesh-free architecture of the PINN
framework offers a scalable and flexible alternative, well-
suited to modern scientific and engineering applications.
The results of this study highlight several promising
directions for future research. Extending the proposed
framework to high-dimensional problems and more
complex geometries would provide further insights into
its scalability and applicability. Moreover, integrating
other advanced numerical schemes could enhance its
robustness and adaptability to even more challenging
PDE scenarios, such as those involving discontinuities or

stochastic effects. Additionally, optimizing the training
process through advanced loss-weighting strategies or
adaptive optimization techniques could further improve
its performance and efficiency.
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