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SOME ¢—MATRICES RELATED TO Z-TRANSFORM
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ABSTRACT. In a recent paper, Claudio de J. Pita Ruiz V. introduced number
arrays of coefficients. In this paper, we study the Z—transform of a special
g—number array. Our goal is to bring together the concepts of convolutions
and special g—matrices.

1. INTRODUCTION AND PRELIMINARIES

The g—binomial or Gaussian coefficients play an important role in applied math-
ematics. Basic properties of these coeflicients are studied by many researchers. In
particular, several matrices are defined by using such coefficients. Among them is
the g—Pascal matrix, introduced by Ernst in [1], whose umbral and combinatorics
properties are studied over years.

Convolutions of sequences of the form n? with the constant sequence 1 are stud-
ied in [4]. The author obtained several results on the convolutions with certain
binomial coefficients. In the spirit of this study, we obtain a g—matrix by using
the convolution of a special g—array with the constant sequence of the form ¢*".
In particular, with the aid of Z—transform, we obtain two triangular matrices that
look like g—Pascal and g—Lucas matrices by considering the sequences [n]q and [n]?
by using Pita’s methods.

In the following, we briefly summarize basic properties of g—binomial coefficients
without proofs. Let n be a positive integer and ¢ € (0,1). The g—integer [n], and
g—factorial [n],! are respectively defined by

-1
and
[n]'—{ 1, ifn=0,
@ n], - n—=1],-[n=2],---[1],, fn=12...
In this fashion, the g—binomial coefficients are defined by

[n [n],!
k

= )
[ — &],! k]!
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with [g} =1 and {Z] =0 for n < k [2]. The g—binomial coefficients reduce
q

to the usual binomial coefficients as ¢ — 17, that is, [Z} — (Z) Note that the
q

q—binomial coefficients have the following properties:

{Hq:[nikL
G =[] B,
Rl Rzl ]

Let x and y be two variables. The g—analogue of (z + y)" is defined in [2] by

1, ifn=0
(z+y)(x+qy) - (z+¢ly), ifn=12...

The Gauss formula for the g—analogue is given by

(1.2) <z+@g§igg[é}ﬂfz¢

j=0 J1q

(z+y), =

The g—derivative D, f of a function f is given by

f(x) = flgx)

if x #£0.
In this paper, we will mainly be interested in the Z—transform of a complex
valued function f : N — C, defined by the series

H=3 I

n=0

(see [5], [6]). Each term in this series is a function of one or more variables, and the
series is defined for all z € C for which it is absolutely convergent. Z—transform is a
way to solve difference equations [3]. Also Z—transform is known in mathematical
literature as the method of generating functions.

Property 1. Let f and g be two functions defined on N with Z—transforms F(z)
and G(z) for |z| > Ry and |z| > Ry, respectively. Then

Z(cf ) )=cF(z), ceC.
>Z( T g(m)(2) = F(2) + G(),  |2] > max (Ry, Ry).
iii) Z(af )z) F(i), a>0.
1V§ Z((f

9) (n))(z) )-G(2), |z| >max (R, Ry).
= ()forall |z|>RsomeR>0thenf( )=g(n),n=0,1,...

—

*
v) If F(z)
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2. MAIN RESULTS

In the following, we will focus on the Z—transform of some g—number arrays. We

show how to use these computations to solve it. Then we compute [n], * " [1],

¢ 1], *---*¢" [1], and [n]?} x g™ (1], % ¢®" [1], % ---*¢"" [1],. In particular,
we establish a relation between convolutions and special g—matrices.

Lemma 2.1. The Z—transform of the g—binomial coefficients [n} is
r
q

(2.1)

Proof. Let w = % Then

g (1 =)™

(1—w), ™

(z=1)(z—q)(z—q)

(z—1)0"

Corollary 2.1. As g — 1=, we have

A1) -2(()) =

Corollary 2.2. Let [n],  be the q—integer defined in (1.1). Then, Z ([n]q> =

(z—1)2

q
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Tz

n q
Corollary 2.3. Z "=
Y (H ! ) GC—ap

n+r Pt
Corollary 2.4. 7 [ ] =—.
< k q (Z - 1)q+1

Lemma 2.2. The Z—transform of [n],+¢** [1],*¢** [1] *---x¢*" [1], fork > 2

is
k
z
2.2 _
( ) (Z o 1)l;+1
Proof. In order to proof the lemma, we use induction on . We observe for r = 2
that
z(wl, = 111,) = 2z(I,) 2 (¢* 11,)
B z z
- \2
(z—1)22—¢
= — .
(z — 1)q
We now assume that (2.2) holds for » > 2. Then
e grtn — ek g™ (r+D)n
Z(nl, %o g ) = Z ()™ [1,) 2 (a0 (1, )
- 2" z
- r+1 _ ar+1
(z—1)," 24
Zr—i—l
=
(z — 1)q
Therefore, (2.2) also holds for r + 1. This completes the proof. O

Next, we compute the convolutions of the sequence [n], with the constant se-
quence g*" 1],
Lemma 2.3. For k > 2, we have

(23) [l x @ [, %q™ [1], %% g™ [11q=2qj<jl>[’?‘1L m

= J—=114 Ly
Proof. 1t follows from Lemma 2.2 that
k
Z(n), *q* [, ™ [1],) = ——7-
(z—1),
We can write
P Az Agz Ap_12 Az

(24) (z— DT (e - 1) LNCEET A 1) s 1k

Carrying out calculations along with the Gauss formula, we obtain

A = qi(i—l) {k -1

. , =12,k
z—l]q
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Using (2.1) along with the properties of Z—transform, we can write Z([n], - x
¢*" [1],) as
[kgl] Z(KL] >+ '™ I)V H Z([n} >+-~ A 1)[2_1_ Z({Z
q q = tlq e
which is equal to
(5 e B e B )
q q tm gLty T odel™lg

The above equation simplifies to

P

Finally, it follows from Property 1 (v) that

n

]

J

n n n
[n]q*q2 mq*qg [Lg * - qu(] 1)[3—1] L] '
q
U
Using the above convolution formula, we obtain a special matrix with entries
given by
pkj=q7(j‘”{k._1} :
J—1],
Since
(0] n
o= o] - [7]
B L P R
(17 [n 1 n
e 1, = o] [5] + 3] - [5]
! 100, L, i, 121,
(2] n 2 n 2 n
R KGR A RN
a a «~ o], L1], 1, 2], 2], 3],
we obtain
- 107 -
0 0 0 0
_O_q
1] 2 1] 0 0 0
q
L0, L1,
- [2] (2] 2
P = q2 q6 |: :| 0 0
104 L1, 2],
(3] (3] 3 3
of Tl ¢ M @ M 0
LY g L+ 1q q q




SOME ¢—MATRICES RELATED TO Z—-TRANSFORM 23

This matrix looks like a g—Pascal matrix. In particular, it converges to a Pascal
matrix in [4] as ¢ — 1~
z(z+4q)
T
(z—1) .

The following lemma can be proven by induction on k:

Lemma 2.4. The Z—transform of [n]z is given by

Lemma 2.5. Let k > 3. Then the Z—transform of [n]z *@®" (1] k- kg™ 1] ds

(2 +9)
(z — 1)5‘*‘1 .

The following Lemma can be handled in much the same way with Lemma 2.3:

Lemma 2.6.
k
. 1 2| k—2 n

2, 3n 3n . (-1) (-1

e (et e R e 1
j=1 a q q
The coefficients in the above convolution convolution formula gives a triangular
k—1 . (k-2

array with entries f;; = ¢ 3G=1) [ } +q G-n* ) } . In particular, this

—1 j—2
L q
triangular array looks like the g—Lucas hke triangle. Since

. [17 n] L1 01\ [n]
M= 10| |1 +<q 1] T ) 2
q q

L-dgqg L~ d

we obtain
[ 1] (1] [0] 1
q° | T 0 0 0
—O—q L=dq -O—q
(2] (2] (11 2 1
o] Cli] T ‘ZGM +Q4M 0 0
L= L7 lq L7lq L7 g q q
(3] (3] 2] 3 2 3
o, 2L, o], #la] oo, ]+l e
Lo g L-dq dq q q q q

Note that this matrix converges to the Lucas matrix given in [4] as ¢ — 1.
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3. CONCLUSION

In this paper, we studied some properties of special g—number arrays related
to Z—transform. It might be probable to extend these results for [n]Z where p is
a nonnegative integer. It also might be probable to obtain other useful properties
and special matrices by using the g—analogue of the Z—transform.
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