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A NEW APPLICATION OF ABSOLUTE MATRIX
SUMMABILITY
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(Communicated by Nihal YILMAZ OZGUR)

ABSTRACT. In the present paper, a theorem dealing with the | N, p,, | summa-
bility factors of infinite series has been generalized to absolute matrix summa-
bility factors by using d-quasi monotone sequences. This new theorem also
includes several new results.

1. INTRODUCTION

Definition 1.1. A sequence (b,,) of positive numbers is said to be quasi monotone,
if nAb, > —ab,, for some « and it is said to be §-quasi monotone, if b, — 0, b, > 0
ultimately and Ab,, > —4d,,, where (J,,) is a sequence of positive numbers (see [1]).

Definition 1.2. Let > a, be a given infinite series with partial sums (s,,). By wu,
and ¢, we denote the n-th (C, 1) means of the sequences (s,,) and (na,,), respectively.
The series Y a, is said to be summable |C, 1|, k > 1, if (see [4])

oo
(1.1) an_1|un — Up1|" < 0.

n=

1
But since ¢, = n(u, — up—1) (see [6]), condition (1.1) can also be written as

oo

1
(1.2) > E|tn|’“ < co.

n=1
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Definition 1.3. Let (p,) be a sequence of positive numbers such that

n
(1.3) Pn:va—M)o as n—>o00, (P_;j=p_;=0, i>1).
v=0
The sequence-to-sequence transformation

1 n
(1'4) On = E;vav

defines the sequence () of the (N, p,) mean of the sequence (s,) generated by
the sequence of coefficients (p,,) (see [5]). The series > a,, is said to be summable

|N,pn‘k, k> 1, if (see [2])

o] P k—1
(1.5) Z (n) |on — on_1|F < 0.
Pn
n=1

Definition 1.4. Let A = (ay,) be a normal matrix, i.e., a lower triangular matrix of
nonzero diagonal entries. Then A defines the sequence-to-sequence transformation,
mapping the sequence s = (s,) to As = (A,(s)), where

(1.6) An(s) :Zanvsv, n=20,1,...
v=0

The series ) a, is said to be summable |4, p,|,, k > 1, if (see [9])

(17) i; (j) Adn(s)]* < oo,

where

AA,(s) = An(s) — Ap_1(s).
2. KNOWN RESULT

In [3], Bor has proved the following main theorem dealing with |N , pn| ,, Summa-
bility factors of infinite series.

Theorem 2.1. Let (X,,) be a positive non-decreasing sequence,(Ap,) — 0 as n — 0o
and (pn) be a sequence of positive numbers such that

(2.1) P, = O(npy) as mn — oo.

Suppose that there exist a sequence of numbers (A,) which is 6-quasi monotone
with > nX,0, < oo, Y. A, X, is convergent and |AN,| < |A,| for all n. If

(2.2) Z %|tn|k =0(X,,) as m — 00,
n=1""

then the series . an\, is summable [N, pp|i, k> 1.
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3. THE MAIN RESULT

The aim of this paper is to generalize Theorem 2.1 to |A,p,|; summability.
Before stating the main theorem we must first introduce some further notations.

Given a normal matrix A = (an,), we associate two lower semimatrices A = (ay.)
and A = (Gny) as follows:

n
(3.1) Qny = E Gniy, My, =0,1,...
i=v
and
(3.2) Gpo = oo = A0, Gny = Gny — Gp—1,0, N =1,2,...

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

(33) An(s) = Zn:anvsv = zn:anvav
v=0 v=0

and

(3.4) AAn(s) =) vty
v=0

Now we shall prove the following theorem.

Theorem 3.1. Let A = (any) be a positive normal matriz such that

(3.5) ano=1, n=0,1,..,

(36) Up—1,0 Z Gny fOT n Z v+ 17
_oftm

(38) |dn,v+1| =0 (U |Av&nv|) .

If (X,) is a non-decreasing sequence and the conditions of Theorem 2.1 are
satisfied, then the series Y apA, is summable |A, pplk, k > 1.
Remark 3.1. Tt should be noted that, if we take (X,,) as a positive non-decreasing

sequence and a,, = %} for all values of n in Theorem 3.1, then we get Theorem 2.1.
n

Also, if we take p, = 1, any = %; and X,, = logn for all values of n in Theorem

3.1, then we get a result due to Mazhar [7].
Lemma 3.1. (see [3]) Under the conditions of Theorem 8.1, we have that
(3.9) A X, =0(1) as n— oco.
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Lemma 3.2. (see [3]) If (A,) is 0-quasi monotone with > nX,0, < 0o, Y. AnX,
is convergent, then

(3.10) mXmAm =0(1) as m — oo,
(3.11) D nXn|AA,| < oo.
n=1

4. PROOF OF THEOREM 3.1

Let (T},) denotes A-transform of the series Y a,\,. Then, we have by (3.3) and
(3.4)

T, = ianv iaz)\z = iavAvanv~

v=0 =0 v=0
Hence we get
n n—1 n .
* _ _ (niA; .
AT, = E @i\l — E aiNiGp—1,; = E T 4
i=0 i=0 i=0

By Abel’s transformation, we have

Q>

nv )\v
v

AT, = nzlAv(
v=1
n—1

_ ;Av(

n—1
n+1 v+1
= nn)\ntn Av Anv )\vtv
ot 3 A )

v ~ n
ann)\n
ra, + —— ra,
n
r=1 r=1

nv )\v Ann >\n
Ht, + —— 1)t,
0 (0 Dty + T (4 1)

Q>

v=1 v
n—1 v+ 1 n—1 ¢
+ l; v dn,v+1A)\vt7j + ; dn,v+1)\v+1;v
= Tn,l + Tn,2 + Tn,3 + Tn,47 say.
Since
Tt + T2 + Tog + Toal* <A (T + [ Tol® + |Tosl® + [Thal*)

to complete the proof of Theorem 3.1, it is sufficient to show that

© s p k-l
S (52) Ml <o sor r=1234
el Pn
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Firstly, by using (3.7) condition, we have that

S (2 ik = oY () ki

n=1 n n=1 Pn
~ Pn
= 0W)Y Z
n=1
m—1
Dr Dr
= 0(1) > Al |Z( It o) |Am|z( )l
n=1
m—1
= 0(1) 3 1AM X + O(1) o X
n=1
m—1
= 0(1) ) [An]Xn + O()[Am | X,
n=1
m—1
= 0(1) ApXn + O()|[An|Xm =0O(1) as m — oo,
n=1

by the hypotheses of Theorem 3.1 and Lemma 3.1. Now, applying Holder’s inequal-
ity with indices k and k' where 1/k + 1/k’ =1, as in T}, 1 we have that

S et = o E () (St
n=2 n n=2 "
- o<1>m§f(p )'H(va o) It )
n=2 n
X (ni |A1)(dnv)|)k_
U:1m+1 P
- o<1>z(pn) (qu, o) It % a
_ Z'M e S 1Bt
n=v-+1
m—+1
_ ZIA ol 32 18 ()]
n=v+1

m

= Z Ay ||tv‘kavv
m

= OWL Nl
=1

= 0(1) as m — oo.
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1
Now, since vA, = O(X—) = O(1), by (3.8), we have that

v

m—+1 Pn k1 m—+1 Pn k1 n—1 ) k
> () sl = om0 (U)X lanasllanin)
n=2 n n=2 n v=1
m—+1 Pn k1 n—1 k
= O(l)z (?) (Z'dn,erlHAthv‘)
n=2 n v=1
m—+1 Pn kfln_l
_ 0(1)2(?) S ol Ao [to]*
n=2 n v=1
n-l k—1
X (Z|&n,v+1”Av|>
v=1
m—+1 P 4 n—1
= 0 (F) Y eldun) Al
n=2 n v=1
n-l k—1
x (D vlau@n)lial)
v=1
m—+1 P _,n—1
= 0 Y (F) Y eldun) Al
n=2 n v=1
n—1 k—1
x (Y 1au@n)l)
v=1
m+1n—1
= 0(1) Z ZU‘AU(&H,U)||AUHtv|k
n=2 v=1
m m—+1
= O(l)ZU|Av||tv|k Z | Ay (@no)|
v=1 n=v+1
_ O(l)§v|Av||tv|k§Z
m—1 v m
= 01 X AWIAN D Z b+ mlAn| Y
v=1 r=1"" r=1""
m—1 m—1
= 0(1) Y vA(JA)X, +0(1) > [Apa| Xy + O(1)m| Ay | X,
v=1 v=1
m—1 m—1
= 0(1) Y v|AA X, +0(1) Y Avr1 Xy + O()mAy X,
v=1 v=1

= 0(1) as m — oo,

by virtue of the hypothesises of Theorem 3.1 and by Lemma 3.2.
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Finally, as in T, 1, we have that

m+1 m+1 n—1
Pn k—1 k—1 to k
Z (7) |Tn,4|k S ( ) <Z|an 1)+1||A1)+1|| |)
Pn v
n=2 = v=1
m+1
pn k—1 R |tv| k
= O (7) ( Av nuv >\1) 7)
(1) o vl (@no) [ Avr1| =
m+1 n—1
Pn k—1
= O( (7) |Av an v ||)\1)+1||t1)‘
Pn )
n-l k—1
x (Z\Av(anm)
v=1
m+1n—1
= 0(1) Z Z |Av(&n1))||>\v+1|k|tv‘k
n=2 v=1
m+1
= Z‘)‘v+1”t| Z | (dm))‘
n=v+1
_ Dy k
- O Ll
v=1""Y
= 0(1) as m — oo.
Therefore, we obtain that
- Pn k—1 k
Z(—) [T " =0(1) as m— o0, for r=1,234.
n=1 "

This completes the proof of the Theorem 3.1.

It should be noted that, if we take a,, = p v for all values of n, then we get The-
orem 2.1. Also, if we take p,, = 1 for all Values of n, then we get | Al summability
(see [8]). Furthermore, if we take p, = 1 and ay, = Pn for all values of n, then we
get |C, 1|, summability. Finally, if we take p, = 1, ay, = %Z and X,, = logn for
all values of n, then we get a result due to Mazhar [7].
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