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SPACELIKE CURVES OF CONSTANT BREADTH ACCORDING
TO BISHOP FRAME IN MINKOWSKI 3-SPACE
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ABSTRACT. In this paper, the spacelike curves of constant breadth according
to Bishop frame in Minkowski 3-space are studied. The differential equations
characterizing the spacelike curves of constant breadth in Ei" are obtained.
Furthermore, It is shown that the spacelike curves of constant breadth are
connected with slant helix in Minkowski 3-space Ef

1. INTRODUCTION

Firstly, the curves of constant breadth were introduced by Euler [1]. After
him, many mathematicians studied about the curves of constant breadth [2-12].
Reuleaux gave the obtaining method some curves of constant breadth and used in
kinematics of machinery [13]. The differential equations characterizing space curves
of constant breadth were established and a criterion for these curves were given in
[14]. Onder and et al gave the diferential equations characterizing the timelike
and spacelike curves of constant breadth in Minkowski 3-space in [15]. Further-
more, they gave a criterion for a timelike or spacelike curve to be curve of constant
breadth in Ef. Also, Kocayigit and Onder showed that in E3 spacelike and timelike
curves of constant breadth were normal curves, helices and spherical curves in some
special cases [16].

In this paper, we study the spacelike curves of constant breadth according to
Bishop frame in E}. We obtain the differential equations characterizing the space-
like curves of constant breadth. In addition, we demostrate that spacelike curves
of constant breadth are connected with slant helix.

2. PRELIMINARIES

The Minkowski 3-space E3 is the real vector space R? provided with the standart
flat metric given by
<a> = 7d(£% + dl’g + dxg
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where (1,2, 23) is a rectangular coordinate system of E. An arbitrary vector
a = (a1,as,a3) in Ef can have one of three Lorentzian characters; it can be
spacelike if (@, @) > 0 or @ = 0, timelike if (@, @) < 0 and null (lightlike) if
(d,d)=0and @ # 0. Similarly, an arbitrary curve o = o (s) can be spacelike,
timelike or null (lightlike), if all of its velocity vectors o’ are spacelike, timelike or
null (lightlike), respectively. In addition, a timelike vector is future pointing or past
pointing if the first compound of the vector is positive or negative, respectively.

For any vectors @ = (z1, 22, 23) and Y = (y1,v2,y3) in Ef, the vector product
of 7 and 7 is defined by

o - -

? A\ 7 = | T T2 X3 = ($2y3 — T3Y2, T1Y3 — T3Y1, T2yl — xlyz)
Y1 Y2 Y3
1 =
where 0;; = ¢ ' 2 7&; ,and €] = (J;1,0:2,0:3) and €] A e = —¢3, e5 A ej = &1,
b
e Net = —ep (See for details [17]).

The parallel transport frame is an allternative approach to defining a moving
frame that is well-defined even when the curve has vanishing second derivative.
We can parallel transport an orthonormal frame along a curve simply by paralel
transporting each component of the frame [18].

Its mathematical properties derive from the observation that, while ?(s) for
a given _Curve model is unique, we may choose any convenient arbitrary basis
(N1(s), Na(s)) for the remainder of the frame, so long as it is in the normal plane
perpendicular to T'(s) at each point. If the derivatives of (]71)(3),]@)(5)) depend
only on 7 (s) and not each other, we can make Nj(s) and Ns(s) vary smoothly
throughout the path regardless of the curvature. We may therefore choose the
alternative frame equations

? 0 ki ke T
N | =] F 0 0 Ny
1
: —ky 0 0 N
— 2
Ny

where <?,?> = <ﬁ,ﬁ> = <]’V_2>,].V_2)> =1land <?,].V_1)> = <].V_1),].V_2>> = <?,].V_2>>
" [g)ri()]c-an show that [19]

r(s) = m’ 0(s) = arctan (Zj) . r(s) = dflf)

so that k; and ky effectively correspond to a Cartesian coordinate system for the
polar coordinates k,60 with 8 = 7(s)ds. A fundamental ambiguity in the parallel
transport frame compared to the Frenet frame thus aries from the arbitrary choice
of an integration constant for 6y, which disappears from 7 due to the differentation
[20].

Denote by {?, JVI , JV;}, k1 and ko the moving Bishop frame, the first curvature

and the second curvature along the curve 3(5), respectively in Minkowski 3-space
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E3. If d(s) is a spacelike curve in E?, then Bishop frame is given by

? 0 ki —ko z
(2'1) ]v; = €k1 0 0 ]\[1
: ek 0 0 N
— 2
N

— = — =
where <?,?> =1, <N1,N1> = —¢ and <N2,N2> = €, and [21,22]. Here, €
determines the kind of spacelike curve 3(3) If € = 1, then 3(8) is a spacelike
curve with timelike principal normal and spacelike binormal. If e = —1, then 3(3)

is a spacelike curve with spacelike principal normal and timelike binormal. The
relations between «, 7,60 and ki, ko are given by as follows.

K(s) = \/|k2 — k2|,  6(s) = arctanh (Zf) . T(s) = d(ilf).

Also, Bishop curvatures are defined by

k1 = kcosh(f), ko =sinh(9)

and
T = 7, ]‘\7—1> - N cosh(6) — B sinh(#), N—; - N sinh(6) — B cosh(6)
21,22].

Theorem 2.1. Let o : I — E} be a unit speed spacelike curve with non-zero
natural curvatures. Then ?(s) 1s a spacelike slant heliz if and only if Z—; s constant

[23].
3. THE SPACELIKE CURVES OF CONSTANT BREADTH

In this section, we give differential equations characterizing the spacelike curves
of constant breadth according to Bishop frame in Minkowski 3-space. In addition,
we show that the spacelike curves of constant breadth are related to slant helix in
Minkowski 3-space E}.

Definition 3.1. Let (C) be a spacelike curve. If (C) has parallel tangents in op-
posite directions at the opposite points «(s) and a*(s), and if the distance between
these points is always constant, then (C) is called a spacelike curve of constant
breadth. Moreover, a pair of spacelike curves (C) and (C*) for which the tangents
at the corresponding points «(s) and a*(s*) are parallel and in opposite directions,
and the distance between these points is always constant are called a spacelike curve
pair of constant breadth [16].

Let (C) and (C*) be a pair of unit-speed spacelike curves with non-zero Bishop
curvatures in E$ and let those curves have parallel tangents in opposite directions
at the corresponding points «(s) and a*(s*), respectively. The position vector of
the curve (C*) at the point a*(s*) can be expressed as

(3.1) aF(57) = T(8) + A1) T (5) + Aa(s) N (5) + Aa(s)Na(s)

where \;(s) (i = 1,2,3) are differentiable functions of s which is arc lenght of (C).
Denote by {?7N17N2}7 k1 and ko the moving Bishop frame, Bishop curvatures
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along the curve (C) respectively. And denote by {Iﬁ,]ﬁ,@}, kT and k3 the

moving Bishop frame, Bishop curvatures along the curve (C*), respectively.
Differentiating Eq.(3.1) with respect to s and using the Bishop formulae given

by (2.1), we obtain

(3.2)

— *
dﬁ:jﬁds = 1+&+6/€1)\2+6k2)\3 T+ k‘1)\1+df)\2 ﬁﬁ- —k2>\1+df)\3 @
ds ds ds ds ds

Since T = —T* at the corresponding points of (C') and (C*), we gain the following
differential equations system

% = _% —1-— le)\z — 6152)\3
(3.3) % =~k
T = kM

It is well known that the curvature k(s) of the curve (C) is

Ap dp
AsSoAs ds "

where @ is the angle between the tangent of the spacelike curve (C) and a given
fixed direction at the point «(s).
Hence, we can rewrite the system (3.3) as follow.

B = —epy Xy — €pads — f
ﬁ = p2 )1

where
kl k2 .
uy = pky = — =cosh(0),  pe = pko = — = sinh(F), (0 = 7ds)
K K
and
f)=ptp', p=— p=—.

Here, p and p* indicates the radius of curvatures at the points a(s) and a*(s*),
respectively.

Eliminating Ay, A3 and their derivatives from the system (3.4), we obtain the
following differential equation of third order with respect to A;.

(35) a1>\/1// + b1>\/1/ + Cl>\ll + d1>\1 =€

where
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ar = —(paph — papth)” — 3 (pady — prapth)
b1 = —po [(u’{)QuS + (—uiumé’ + (papy — mu’l)Q) + sy (papaty — uzuﬁﬂ
e = pf [—pspspy A (s — papy) (epsu + pn(ph)® — pop ph — ep3)]
)2y + (g — papih)? (s + €3 — p3) (g — pizpr}))
di = epopy [(pam — papt) py + (13 + pipe — 3p3) py — papopty (=202 + 1)) (papy — popsy)]
e (uspd — S) (W) + € [(i3 iz — pi3) f + 3 (g — piapr) (apth — pagshy)] (papty — o)
er = —p [~pd (fuh — ) il (paph — poph) (—p3f" + (i — popty) (—paf' + wbf))]

2
—(u)? (s f — paf') = (wapy — popy)” [(—paf' + o f) py — " (napy — popy)] -
Here and later () denotes the differentiation with respect to ””. Similarly, elim-

inating A1, As and their derivatives from the system (3.4) we obtain the following
differential equation of third order with respect to As.

(3.6) as Ny + ba M) + coNy + dods = e
where
az = —pipe
by = 2ujpapiz + pops
co = pipape — 2(ph) pe + epipe — phpip — epipd
dy = epd (phpa — pom)
€2 = /ff (o f — f'p2) -

Furthermore, eliminating A1, A2 and their derivatives from the system (3.4) we
gain the following differential equation of third order with respect to As.

(3.7) az\y' + b3\ + c3\y + dshs = e3
where
as = —p3m
bs = 2pbuop + i
c3 = pypapn — 2(uh) pa — ph phpe + it p3 — epizpn
dy = ey (—popp + papty)
€3 = —,Ug (i f = ')

When the curve (C') and the function f(p) are given, from the solving the systems
(3.3), (3.4) or the Eqgs.(3.5), (3.6), (3.7), we can find the values of A; (i =1,2,3).
Eqgs.(3.5), (3.6) and (3.7) express the differential characterizations for the spacelike
curves (C) and (C*) according to coeffcients A;.

When the curves (C) and (C*) are a spacelike curve pair of constant breadth,
then the distance d between the corresponding points a(s) and a*(s*) is constant.
Hence,

2 2
(3.8) d2:H7H =Ho7(s*)—a>(s)H M2 e2ted? =k keR
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Differentiating Eq.(3.8) with respect to ¢, we gain
1d 2

Substituting the equalities given by the system (3.4) into the Eq.(3.9) we obtain
the following equality.

(3.10) A f=0.
This relation express to be spacelike curve pair of constant breadth of the space-
like curves (C) and (C*) in E$. Here, there are two main cases.

Case 1. Let f(¢) =0 (% +1= 0) . This means that the spacelike curve

(C*) is a translation of the spacelike curve (C) by the constnat vector
(3.11) d =MT + 2N, + AsNs.

In fact, if f(p) = 0 then the vector d is constant. To verify this fact, differentiate
Eq.(3.11) with respect to ¢ and use the equalities given by (3.4) for f = 0 and

Bishop formulae given by (2.1). Hence, we obtain ‘fl—w = 0. Consequently, if ‘fi—w =0

then the vector d is constant. In this case we can rewrite the systems (3.3), (3.4)
and the Eqs.(3.5), (3.6) and (3.7) as follows:

% = —le)\g — 6]62)\3
(3.12) B2 — g\
Do = by
B = ey Ay — epka)s
(3.13) Da = o,
T = H2h
(3.14) 0,1/\/1// + bl/\/ll + Cl/\ll +diA1 =0
where
3
a1 = — (paph — popt)” — i s (paph — paph)

2 2
by = —p2 [(u’f)ﬂé + (—ﬂimué’ + (papy — papty) ) + py (papy — paph) }
e = pf [—pspsuy A (pph — papy) (epsu + p(ph)® — pop ph — ep3)]

2
(Y )2y + (papth — popy)” (Wb + €(pi — p3) (papy — poph))
di = epopt [(papn — p36d) py + (13 + pipe — 313) ph — papop (=202 + p1)) (paph — pop})]

2
e (papi = p3) (W) + e (e — 13) py + 3 (ppy — papry) (paph — papy)] (papy — papy)”

(315) a2>\/2// + b2)\/2/ + 02/\/2 4+ doXo =0
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where
ax = —pipe
by = 2ujpapie + pos
cr = pippe = 2(p0) pe + epipg — phpip — epipd
dy = eu (phpz — pyp).
(3.16) azAy’ + b3z + c3\5 + dzAz =0
where
as = —psm
by = 2pbuopn + i
cs = phpapn — 2(ph) pn — pipape + epips — ez
dy = ey (—pop + papy) .-

Theorem 3.1. The general differential equations and systems characterizing space-
like curve pair of constant breadth according to Bishop frame in E3 are given by
(8.12), (3.13) and (3.14), (3.15), (3.16).

Case 2. Let \y = 0. Then, there are three cases here.

i) We can take Ay = const. and A3 =0 (from (3.4)). Then, f(p) = —€p1Az.
ii) We can take Ay =0 and A3 = const. (from (3.4)). Then, f(p) = —€epaAs.
i11) Now, we consider the third and important case Ao = const. and A3 = const.

If Ao = const., A3 = const. and f(p) =0 (from (5.4)), then we obtain % = fi—z =

const. This means that the curve (C) is a spacelike slant helixz according to Bishop
frame. Thus we can give following theorem.

Theorem 3.2. Let consider the spacelike curve pair of constant breadth which has
the sum of curvature radius at corresponding points is zero according to Bishop
frame in E3}. If the first normal component \y = const. and the second normal
component A\ = const. given by Eq.(3.1), then the spacelike curve (C) is a spacelike
slant heliz in E3.
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