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ABSTRACT. Let M27+1(c) be (2n + 1)-dimensional Sasakian space form of
constant ¢-sectional curvature ¢ and M™ be an n-dimensional C-totally real
minimal submanifold of M2"+1(c). If M™ is semi-parallel and the sectional

%, then M ™ is totally geodesic. Then
we prove that a C-totally real minimal surface of a 5-dimensional Sasakian
manifold M (c) with constant ¢-sectional curvature ¢, if M is semi-parallel

surface, then M is totally geodesic or flat.

curvature of M™ is greater than

1. Introduction

In 1976, S. Yamaguchi, M. Kon and T. Ikawa [17] introduced the notion of a
C-totally real submanifold of a Sasakian manifold and proved the following:

Theorem 1.1. Let M?"*1(c) be a (2n + 1)-dimensional Sasakian manifold with
constant @-sectional curvature ¢ and M™ be an n-dimensional compact C-totally
real minimal submanifold of M2"+1(c). If ||o|* < % or, equivalently k >
n?(n—2)(c+3)

2(2n—1)

Then S. Yamaguchi, M. Kon and Y. Miyahara [16] studied a C-totally real min-
imal surface of a 5-dimensional Sasakian manifold M (c) with constant @-sectional
curvature c. They showed that if M is a complete nonnegative curved surface, then
M is totally geodesic or flat. Then, A. Yildiz et al. [18] studied C-totally real
pseudo-parallel submanifolds in Sasakian space forms.

Motivated by these results, in this paper we get the followings:

, then M is totally geodesic, where K is the scalar curvature.

Theorem 1.2. Let M?"t1(¢c) be a (2n + 1)-dimensional Sasakian space form of
constant p-sectional curvature ¢ and M™ be an n-dimensional C-totally real min-

1mal submanifold of ]\;[2’”‘1(0). If M™ is semi-parallel and the sectional curvature
(n—2)(c+3)

Ton—1) then M™ is totally geodesic.

of M™ 1is greater than
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Theorem 1.3. Let M be a C-totally real minimal surface of a 5-dimensional
Sasakian manifold M (c) with constant p-sectional curvature c. If M is semi-parallel
surface, then M 1is totally geodesic or flat.

2. Preliminaries

Let f: M" — M Int1(c) be an isometric immersion of an n-dimensional Rie-
mannian manifold M into (2n+1)-dimensional space form M?"+1(¢). We denote by
V and V the Levi-Civita connections of M and M?"*!(c) respectively, and N (M)
its normal bundle. Then for vector fields X,Y which are tangent to M, the second
fundamental form ¢ is given by the formula ¢(X,Y) = VxY — VxY. Furthermore,
for £ € N(M), A¢ : TM — TM will denote the Weingarten operator in the di-
rection ¢, A¢X = V%€ — V x&, where V1 denotes the normal connection of M.
The second fundamental form o and A, are related by §(o(X,Y),§) = g(A:X,Y),
where ¢ is the induced metric of g for any vector fields X,Y tangent to M. The
mean curvature vector H of M is defined to be

1
H=-T .
~Tr(o)

A submanifold M is said to be a minimal submanifold in M if its mean curvature
vector H is identically zero. Moreover, M is called a totally geodesic submanifold
in M if its second fundamental form o is identically zero. The covariant derivative
Vo of o is defined by

(2.1) (Vxo)(Y,Z) = Vi (a(Y, 2)) — 0(VxY, Z) — o(Y,Vx Z),

where, Vo is a normal bundle valued tensor of type (0,3) and is called the third
fundamental form of M. The equation of Codazzi implies that Vo is symmetric
hence

(2.2) (Vxo)(Y,Z) = (Vyo)(X, Z) = (Vz0)(X,Y).

Here, V is called the van der Waerden-Bortolotti connection V = V & V-, where
V is the Levi-Civita connection and V+ is the normal connection of M™. Given an
isometric immersion f : M —» M, if Vo = 0, then f is called parallel [10]. Then
J. Deprez ([7], [8]) defined the immersion to be semi-parallel if

R(X,)Y)-oc=0.
The basic equations of Gauss and Ricci are defined by
c+3

(2.3) +Z(9(A04X7 W)(9(AaY, Z) — g(Au X, Z)g(AsY,W)),

[e3%

(2.4) g(R*(X,Y)E,m) = g([Ae, A))X,Y);  &me N(M),

respectively. Where R+ is the curvature operator of the normal connection defined
by
RNX,Y)Z = VxVyZ - VyVxZ — Vix vy 2.

An isometric immersion f (or the submanifold M) is said to have flat normal
connection (or trivial normal connection) if R+ = 0. If M has flat normal connection
then shortly we call it to be normally flat. The relation (2.4) shows that the triviality
of the normal connection of M into space form N"*¢(c) (and more generally, for
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submanifolds in a locally conformally flat space) is equivalent to the fact that all
second fundamental tensors are mutually commute, or that all second fundamental
tensors are mutually diagonalizable [5].

The sectional curvature K (X,Y) of M determined by an orthonormal pair X,Y
is given by

c+3

K(XY) =~

+ 3 (9(AaX, X)g(AsY,Y) = g(AuX,Y)?).

The second covariant derivative V-o of o is defined by

(VoNZW.X.Y) = (VxVyo)(Z,W)
(2.5) = Vx((Vyo)(Z,W)) = (Vyo)(VxZ,W)
~(Vxo)(Z,VyW) = (Vo yo)(Z,W).
Then we have
(VxVyo)(Z,W) = (VyVxa)(Z,W) (R(X,Y)-0)(Z,W)
(2.6) = RYX,Y)o(Z,W)—0o(R(X,Y)Z,W)
—o(Z,R(X,Y)W).

where R is the curvature tensor belonging to the connection V.

3. C-totally real submanifolds of Sasakian space forms

Let M be a (2n+1)-dimensional manifold and I'(M) be the Lie algebra of vector
fields on M. An almost contact structure on M is defined by a (1,1)-tensor ¢, a
vector field € and a 1-form 1 on M satisfy

X =-X+n(X)E, ¢£=0, n(eX)=0, n() =1,

where X € I'(M).Manifolds equipped with an almost contact structure are called
almost contact manifolds. A Riemannian manifold M with metric tensor g and
almost contact structure (p,&,n) such that

9(pX,Y) = g(X,Y) = n(X)n(Y),

or equivalently

9(X,9Y) = —g(pX,Y) and n(X)=g(X,f),

for all X,Y € T'(M), is almost contact metric manifold. The existence of an almost
contact metric structure on M is equivalent with the existence of a reduction of the
structurel group to U(n) x 1, i.e., all the matrices of O(2n + 1) of the form

A B 0
B A 0 |,
0 0 1

where A and B are real (n x n)-matrices. The fundamental 2-form ¥ of an almost
contact metric manifold (M, p, &, 1, g) is defined by

\II(va) = g(SDXv Y)a
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for all X,Y € T'(M), and this form satisfies nAWY" # 0. When ¥ = dn the
associated structure is a contact structure and M is an almost Sasakian manifold.
We denote by V the Levi-Civita connection on M. Then we have [13]

for any vector fields X,Y tangent to M.

If moreover the structure is normal, that is, if [pX, Y]+ ©?[X, Y] — o[ X, Y] —
VlpX,Y] = —2dn(X,Y)E, then the contact metric structure is called a Sasakian
structure (normal contact metric structure) and M?"+1 is called a Sasakian mani-
fold. For more details and background, see the standard references ([2], [15].

A plane section in the tangent space Tx M at x € M is called a @-section if
it is spanned by a vector X orthogonal to & and ¢X. The sectional curvature
K(X,pX) with respect to a ¢-section determined by a vector X is called a ¢-
sectional curvature. A Sasakian manifold with constant -sectional curvature c is
a Sasakian space form and is denoted by M(c). The curvature tensor of a Sasakian
space form M (c) is given by

RX.Y)Z = f(e+3) (oY, 2)X —g(X, 2)Y}
1 n(Y)n(2)X —n(X)n(2)Y +g(Y, Z)n(X)¢
—z(e=1) —9(X, Zn(Y)§ — g(Y, Z)pX

+9(0X, Z)oY +29(0X,Y)pZ

Example 3.1. [2] Let R?"*! be a Euclidean space with cartesian coordinates
(x%, 9%, 2). Then a Sasakian structure on R?"*! is defined by (¢,&,7,g) such that

9 i\2
£=2, dz—Zydx n®n+; ((da')® + (dy")*)],
and the tensor field ¢ is given by matrix
0 45 O
—d0;; 0 0
0 ¥ 0

With such a structure, R?"*! is of constant ¢-sectional curvature —3 and denoted
by R2n+1(73)'

Example 3.2. [1] For § € (0,7/2), the immersion
F(u,v,w,s,t) = 2(u,0,w,0,vcosf,vsinb, scosb, ssin b, t),

defines a 5-dimensional submanifold M in R%(—3). We consider on M the induced
almost contact structure (p,&,7,g), where ¢ = (sec)T, T being the tangential
component of ¢. It can be checked that

(Vx@)Y = cos0(g(X,Y)E —n(Y)X),
for any vector fields X, Y tangent to M.

We remark that the immersion F' in the Example 2 defines a 5-dimensional
minimal submanifold M in a Sasakian space form RY(—3).

A submanifold M of a Sasakian manifold M is called a C-totally real submanifold
if and only if (T, M) C T} M for all z € M (T,,M and T;- M are respectively the
tangent space and normal space of M at x).
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When £ is tangent to M (e.g., when m = n—1), M is a C-totally real submanifold
if and only if Vx& = 0 for all X € TM, where V is the connection on M induced
from the Levi-Civita connection V on M . For a C-totally real submanifold M™+1
in M20m+P)+1 with m > 1 it is impossible for M to be totally umbilical [11].

When € is normal to M then the submanifold M is automatically anti-invariant
in M with m < n and also n(X) = g(X,£) = 0 for X € TM [14]. On the
other hand, 17 = 0 defines a n-dimensional distribution on M, the so called contact
distribution D. This distribution admits integral submanifolds up to (and including)
dimension n. Moreover, it is proved that a manifold M immersed in M is an integral
submanifold of D if and only if T, M C D, for z € M and p(T,M) C T;-M [3]. The
integral submanifols of the contact distribution of a Sasakian manifold are called
C-totally real submanifolds. It is easy to see that the C-totally real submanifolds
M of M are the submanifolds with & € T M.

Then we have known dim M < n and the following theorem has been proved
[12]:

Theorem 3.1. Let M be an m (m < n) dimensional C-totally real submanifold
in a Sasakian manifold M*" 1 with structure tensors (¢,&,1m,g). Then we have the
following:

(1): The second fundamental form of & direction is identically zero.

(ii): If X € x(M), then pX € x-(M).

(iii): If m =mn, then A,x(Y) = Ayy(X), X, Y € x(M).

Also, we need the followings:

Lemma 3.1. [15] Let M be an n-dimensional C-totally real submanifold of a
(2n + 1)-dimensional Sasakian manifold M. If the second fundamental form of M
is parallel, then M is totally geodesic in M.
Lemma 3.2. [2] If the sectional curvature of M™ is greater than §, then

na(c+3) — (c—1)

1 _
A0l = Vol + 1+ ans o] - I’

1 lo
1—a
(3.1) +— z;tr(AaAg — AgAy)? + az;fr(AaAgf

for any real number a > —1.
Lemma 3.3. [2] Wa{f > oll?.

Proposition 3.1. [9] If M is an n-dimensional C-totally real submanifold of a
Sasakian space form M/(c), then the following conditions are equivalent: (i) M is
minimal; (1) the mean curvature vector H of M is parallel .

4. Proofs of the Theorems

Let M be an n-dimensional C-totally real submanifold of (2n + 1)-dimensional
Sasakian space form M?**1(c) of constant @-sectional curvature c¢. We choose an
orthonormal bases {€1, €z, ..., €n, €1 = €1+, ...,y = €n+,€ny1)» = &}. Then for
1<i,j<n,n+1<a<2n+1, the components of the second fundamental form
o are given by

(4.1) op; = g(o(ei, e5), €a).



ON C-TOTALLY REAL SUBMANIFOLDS OF SASAKIAN SPACE FORMS 99

Similarly, the components of the first and the second covariant derivative of o
are given by

(4.2) 0% = 9((Ter)en €5, ea) = Vs,
and
U?jkl = 9((§ezﬁekg)(6ivej>7ea)
(4.3) = V. 0ok
= Ve,v O
respectively. If f is semi-parallel, then by definition, the condition
(4.4) R(ej,ex) -0 =0.

By (2.6), we have

(4.5) (Rler er) - 0)(eisej) = (Ve Ve, 0)(eire) = (Ve, Ve,0) (i €5).
Making use of (4.1), (4.3), (4.5), the semi-parallelity condition (4.4) turns into
Recall that the Laplacian Acf; of of; is defined by

(4.7) Aogi= > ol

i,j k=1

Then we obtain
n p

1
(4.8) Alol?y = 3" S oot + Vel
i,5,k=1a=1
where
n D
(4.9) lol? = > > (82,
i,7,k=1 a=1
and
(410) |VU|| Z Z ijk 9
i,j,k=1 a=1

are the square of the length of the second and the third fundamental forms of M™,
respectively. In addition, making use of (4.1) and (4.3), we obtain

ook = 9(o(eire;) ea)g((Ve, Ve, o) (i €5), €a)

g((vekveka)(ei’6j)g(a(eiaej)7ea)aea)
= 9((Ve, Ve, 0)(ei €5), 0(eis €5)).

Due to (4.11), the equation (4.8) becomes

(4.11)

n

@12) Aol = Y o((TuTeo)ene) ol er) + Vo

ivj k=1
Further, by the use of (4.4) and (4.5), we get
(4.13)  g((Ve Ve, 0)(eise;),oleie;) = g((Ve,Ve,0)(ex,€;),0(eis¢€5))
= v
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Substituting (4.13) into (4.12), we have

S = 10T Tey0)ers ). olers )

ijk=1
= 2
(4.14) + Ve
Furthermore, by the definition

n

(4.15) ol = > glo(ei e;),aleiey)),
i,5=1
(4.16) H* =Y op,
k=1
2 1 ¢
(417) H? = 5 S (H")
a=1
After some calculations, we get
1 S S a7 O a
(418) NI SO S AN
i,j=1a=1
= 2
+||VUH .
Using minimallity condition, the equation (4.18) reduces to
1 = 112
(4.19) SA(lel") = [[Vo"
On the other hand Blair [2] shown that
1 2 L 2 (na—1)(c+3), o
AUl = |[Vol[" + 1+ a)nd flo]|* - ~——— |l
(4.20) —(L=a)o|"+ D _(tra})?,
i=1

for —1 < a < 1. Hence using (4.19) in (4.20), we have

-1 3
0 > (tamifoft - DD e
4
—(1—a)llo]* + ) _(trA?)
i=1
for —1 < a < 1. Moreover one can easily show that
- 1
> (trdadg)? = = |o]*.
a,B=1 n
Thus we have
-1 3
0 > (tamifoft - DD e
1 4
(4.21) +H=—=@1=a)|o]".

n
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Setting @ = 1 — 1 in (4.21), we obtain

(n—2)(c+3) 2
S o,

If 6> % then ||o||> = 0, i.e. o = 0. This completes the proof of Theorem
2.

0>[(2n—1)6—

Now we assume that M (c) is a 5-dimensional Sasakian manifold with constant
¢-sectional curvature ¢ and M is a C-totally real minimal surface of M (c). Now we
take a frame eq, ez for T),(M) and a frame ey, pes, & for T,,(M)L. Then the second
fundamental form can be expressed as:

b 0 0 -b 0 0
(4.22) Awm:(O —b)’ AWZ:(—b 0 )’ AE:(O O)’
From (2.3) and (2.4), we obtain

c+3
R(el, 62)61 = (*T + 2b2)62,
c+3
R(el, 62)62 = ( — sz)el,
(4.23) Ri(er,ex)per = 2b%pes,
RL(el7 ex)pes = —2b%pe;.
Moreover, by the Gauss equation, we have
3
(4.24) w2 =0

4
where 7 denotes the Gauss curvature of M. If M is semi-parallel surface, then we
obtain

(R(61,€2)~0')(€1,61) = 6[)3_w:07
(425) (R(el, 62) . U)(@Q, 62) = —6b3 + b(027+3) = 07
(R(e1,e2) - o)(er,e2) = 6b3—@ =0,

which give that
(4.26) (b — )b =0.

Now we have two cases:
Case i) If vy = b2 > 0, then from [16], we can say that M is totally geodesic or,
Case i) If b = 0, then we can say that M is flat.
This completes the proof of Theorem 1.3.
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