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ABSTRACT. We have introduced the ruled surfaces which are generated from
the type-2 Bishop vectors. Then, we have calculated Gaussian curvatures,
mean curvatures and integral invariants of these surfaces. Also the fundamen-
tal forms, geodesic curvatures, normal curvatures and geodesic torsions are
calculated and some results are obtained.

1. INTRODUCTION

First of all the studies with respect to the Bishop frames have been introduced by
L. R. Bishop in 1975, [2]. This frame has an important role and many applications
in different fields, such as Biology and Computer Graphics, [2, 3, 6, 7, 10]. In
this area being studies of many geometers have caused to occur a new Bishop
frame. Thus, Yilmaz and Turgut have introduced a new version of Bishop frame
using a common vector field as binormal vector field of a regular frame and called
this frame type-2 Bishop frame. Additionally, they have given the type-2 Bishop
spherical indicatrices, [12]. Later, Kiziltug and et al have defined slant helices and
obtained some characterizations of slant helices according to type-2 Bishop frame in
E3, [8]. Furthermore, he has characterized the inextensible flows according this new
version of Bishop frame, [9]. In [11], the author has studied the classical differential
geometry of these curves according to type-2 Bishop frame.
This paper organized as follows. Firstly, we investigate the ruled surfaces which are
generated from the type-2 Bishop vectors Ny, No, B. Then, we calculate Gaussian
curvatures, mean curvatures and integral invariants of these surfaces. Finally, the
fundamental forms, geodesic curvatures, normal curvatures and geodesic torsions
are calculated and some results are given.

2. PRELIMINARIES

Let a be a regular curve in the Euclidean 3-space. Denote by {T, N, B} and
{N1, N3, B} the Frenet frame and type-2 Bishop Frame along the unit speed curve
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«a, respectively. Then Frenet formulas and type-2 Bishop Frame are given by

T =k N
(2.1) N =—-xkT+7B
B ' =-7tN
and
Nl =k B
(2.2) Ny =—ky B

B = /ﬂl N1 +l€2N2.

where all differentiations are with respect to the arc-length parameter s of the space
curve «, [5, 12].
The relations between Frenet and type-2 Bishop frames are

T sinf (s) —cosf(s) 0O N,
(2.3) N | = | cosf(s) sinf(s) 0 Ny
B 0 0 1 B

On the other hand, type-2 Bishop curvatures are defined by

k1 (s) = —7 cosf (s)
ko (s) = —7 sinf (s) .

(12)
H(a)

In order to investigate the type-2 Bishop frame’s relation with Frenet frame

(2.4)

where 0 = arctan (%) , 0 =k=

B/:—TN:k1N1+k2N2

(2:5) T' = kN =60 (cosf N1 +sinf No)
and
(2.6) k2 4 k3 =12

As X moves along the curve «, it generates a ruled surface M given by the regular
parametrization

v (s,v) =a(s)+vX(s)
where the curve « is called a base curve and X is called the ruling of the surface
M. The striction curve and distribution parameter of the surface M are given by

_ (T, X")
2.7 a(s)=al(s) — X (s
(2.7) (B)=al) - T X
and
det (T, X, X')
2.8 Py = — 177 7
2 P

respectively. If ruled surface M is closed ruled surface, then Steiner translation
vector is
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(2.9) V= faa
(a)
Furthermore, the pitch of M is [4, 5]

(2.10) Ix = (V,X).
If o, = % and ¢, = W, then the standart unit normal vector field of

the ruled surface M can be given by

_ @i
llps A ol

The first fundamental form I, the second fundamental form IT of the ruled surface
M is given by

(2.11)

I = Eds® + 2Fdsdv + Gdv®, E = (ps,05) , F={(ps,00), G=pv,00)
(2.12) 17 = Lds?® + 2Mdsdv + Ndv2, L = de8(@s:0v.0ss) gy detles,ov.0s0) - det(@s,0v,0v0)
\/EG—F2 \/EG—F2 \/EG—F2

respectively. If LN — M?2(0, then the ruled surface has the hyperbolic points, [1].
So the Gaussian curvature K and the mean curvature H of the ruled surface M
are given by

_LN-M? . LG+EN-2MF
“EG-F2 T T 2(EG - F?)

(2.13) K

respectively.

A developable surface is a surface with zero Gaussian curvature.

A surface M C IR? is minimal if and only if its mean curvature vanishes identically,
[4, 5].

The geodesic curvature, the normal curvature and the geodesic torsion which asso-
ciate the curve « (s) on the surface M can be computed as follows

(2.14) kg =AT,T") , kp=(a"n), 7= (nAn,T) .

« curve is an asymptotic line of surface if and only if normal curvature k,, vanishes.
o curve is an geodesic curve if and only if geodesic curvature x4 vanishes.
« curve is a principal line if and only if the geodesic torsion 7, vanishes, [1, 4].

3. THE RULED SURFACES ACCORDING TO TYPE-2 BISHOP FRAME

In this section, the ruled surfaces which are generated by the vectors Ny, No, B
according to type-2 Bishop frame will be introduced.
Let « be a regular curve and the set { N1, Na, B} be the type-2 Bishop frame of the
curve . Then the parametric representations of the ruled surfaces My, My, M3 are

¢ (s,v) = a(s) + v Ny (s)
(3.1) C(3,0) = a(s) + v Ny ()
Y (s,v) = a(s)+vB(s)
and these ruled surfaces are called first rectifying surface, second rectifying sur-
face and binormal surface according to type-2 Bishop frame, respectively. If we
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calculate the differentials of the parametric representations of the ruled surfaces
My, My, M3 with respect to the parameters s and v, we get

ps =sinfNy —cos No —vk1B, @, = Ny
(3.2) Dss = (Ii cosf — vk:%) Ny + (ksinf — vk1ka) No

Povv = 07 Psv = _kl B.

(3.3)
(s =sinONy — cosONy — vk B, (, = N»
Cos = (kcosO — vkika) Ny + (ksinf — vk3) No + (—ky sin + ko cos§ — vk}) B
Cm; = 07 Csv = *k2 B.

s = (sin 6 + vk )Ny + (— cos @ + vke) No, ), = B,
(3.4) tes = (Kcosf +vk'y) Ny + (ksin@ + vk's) Ny —vr2B,
wm; = 07 7/131) = kl Nl + k2N2-

Hence the following determinants and norms can be expressed

(3.5) _ kK

det(@vvv@s;@v) =0, det(@sv;@sasov) ==

(3.6) sl = \/ 1 +7)2k%7 ool =1

(37) { det(Csma Cv) 1]];277]6/2 — vkiko (f + Uk‘g) ,
det(CsmCa C’u) = kf, det(va,C& Cv) =0

(3-8) ICsll = /1 +v2k3, Il =1

(3.9) det(Yss, s, o) = —k + L(kik'1 4 kok/s) + v? (kok'y — k1k'2),
' det(wvva ?ﬁs, wv) = O, det(wsva ¢s> wv) =T

{ det(@ss, Ps; pv) = vhiko(F + vki) + Uk/;kl»

(3.10) [¥sll = V1+0272, g =1

Thus the following theorem can be given.

Theorem 3.1. The striction curves of the first rectifying surface, second rectifying
surface and binormal surface according to type-2 Bishop frame are also base curves.

Proof. Tt is clear from the equations (2.2) and (2.7). O

Theorem 3.2. The dralls of the first rectifying surface, second rectifying surface
and binormal surface according to type-2 Bishop frame are
1 1

1
Py, =—,Py,=—,Pp=—
T T T

Proof. If we consider the equations (2.2), (2.4) and (2.8)
cosf 1 sinf 1

1
Pon=-Z-=7 Pm=—7r-=2 FPs=2

are obtained. This completes the proof. (I
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Theorem 3.3. The pitches of the first rectifying surface, second rectifying surface
and binormal surface according to type-2 Bishop frame are

lNl :f(—ka)d(s7 ZN2 :f<h>ds, lB :0
T T

Proof. Steiner translation vector according to type-2 Bishop frame is

(3.11) V= j[doz :i{Tds

Considering the equation (2.3),

respectively.

V= f(sinHNl — cosONy)ds

is found.
Hence taking the inner product of the last equation with the vectors N1, Ny, B and
using the equation (2.10), the following are obtained

In, = §sinfds
In, = § (—cos8)ds
lp=0

On the other hand, if the equation (2.4) is used for the above equations, one gets:
k k
In, = ]{ (—2) ds, Iy, = 7{ “Lds, lg=0.
T T

Theorem 3.4. Along the base curve of a closed ruled surface with the motion of
type-2 Bishop frame {Ny, No, B}, the components of Steiner translation vector of
this motion constitute pitches of the ruled surfaces which are generated by type-2
Bishop vectors.

(]

Proof. Taking into consideration the proof of Theorem 3.3
V=Iny, Ni+In,No+1IpB

are found. O

Theorem 3.5. The first fundamental forms of the ruled surfaces My, Ms, M3 ac-
cording to type-2 Bishop frame are
In, = (14+v%k}) ds® — 252ds dv + dv?
In, = (1 + v2k§) ds? + Z%ds dv + dv?
and
Ip = (1 + 1}27'2) ds? + dv?
Proof. If we consider the equations (2.12) and (3.2) then the coefficients of the first
fundamental form for the ruled surface M; are
k
EN1 :1+’U2]€%, FN1 :—i, GN1 =1
T

where

oo\ 2
En,Gn, — F}, = (7_1) (14+v°7%) >0
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is obtained. Thus the first fundamental form of the first rectifying surface M; is
given by
k
In, = (14+0%3) ds® — 22 ds dv + dv®
T

Similarly, from the equations (2.12) and (3.3), we can obtain the coefficients of the
ruled surface M, as the following

k
En, =1+ 0%k, Fn, = 71 Gn, =1

where ) -
Ey,Gy, — F2, = MQM >0
So, it is easy to see that the first fundamental fgrm of the second rectifying surface
Mo is defined by
In, = (1 + 02/{%) ds* + 2k—T1ds dv + dv?
If we take the equations (2.12) and (3.4), then the coefficients of the first funda-
mental form of the ruled surface M3 are given by
Ep=1+v*r% Fp=0, Gp=1
where
EpGp *Fé =1+v272>0
Thus, the first fundamental form of the binormal surface is found as
Ip = (1+v°7%) ds* + dv®
O

Theorem 3.6. The second fundamental forms of the ruled surfaces My, My, Ms
according to type-2 Bishop frame are

Iy, = vk foka(itoki) go2 | \/12’“ ds dv

, \/1_‘_(1)27-2 ) +v272
_ vky—vki(k+vkaT 2 2ko
1IN, = %+v272 )ds 2—|—( T c)ls dv
—KkT+v k‘lk/1+k)2 k:lz +voT( ko kllfktl k/2 2 27
Ip = V140272 ds” + 14+v272 ds dv

respectively.

Proof. From equations (2.12) and (3.5), we can compute the coefficients of the
second fundamental form as the following:

I k) 4 vko (K + vkiT) M — k1 Nv. =0
M V140272 ’ M Tt e M
where
k

LNINNl _M]2V1 = _1+U27_2

Hence the second fundamental form of the first rectifying surface M; is
vk} + vke (k + vki7) 2k

ds® + ———=dsdv
V14 0272 V14 0272
Similarly, equations (2.12) and (3.7) yield

vkl — vk (k + vkaT) ko

bve == Mv= g me M0

Iy, =
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where
) k3
Loy = M, = =777 <0
So, the second fundamental form of the second rectifying surface My takes the form:
kY — vk k 2k
Iy, = 227" L (8 Fvkot) y2 ) 2__dsdv

V140272 1+ 0272
On the other hand, equations (2.12) and (3.9) lead to

Ly — —KT + v (ki k] + kok) 4+ 027 (koki — k1kb) Mg = T N =0
TVi+ 2 ’ Vit oir?
where
2 7
LyNp —Mp = ————%5-5 <0
BiVB B 1 +U2’7'2 <

Consequently, the second fundamental form of the binormal surface M3 is given by

Iy — —kT + v (k1k} + kokb) + 027 (kok) — klklz)dsz n 27 ds dv
V1 4+ 0272 1+ v272

O

Result 3.1. First rectifying surface, second rectifying surface and binormal surface
have hyperbolic points and two real asymptotic lines passes from these points.

Result 3.2. Let Kn,, Ky, and Kp denote the Gaussian curvatures and Hy,, Hy,
and Hg denote the mean curvatures of the ruled surfaces My, My, Ms. Then the
Gaussian and mean curvatures of these surfaces according to type-2 Bishop frame
are

2 2 2
T T T
Ky =———, Kny=——"—, Kp=——-—
1 2 2 3 2
(I +v272) ka(1 4+ v272)2 (14 v272)
and
kleT(2+U272)+1)T2(kll—‘rk‘gli) —k1k27(2+'v27'2)+1)7'2(kg/—klﬁ)
HN1 = 5 3 ) HNQ = 5 3 )
2k (140272) 2 2k3(14v272)2
H —m——i—v(lﬁk’1+k2k/2)+v27(1€2k’1—k11€/2)
B = E
27(1-&-1)272)%
respectively.

Result 3.3. First rectifying surface, second rectifying surface and binormal surface
are minimal if and only if the base curves of the surface aren’t planar and the
following conditions are satisfied, respectively.

kikor (24 v?72) + 072 (k' + ko) = 0,
kleT (2 + 'U2T2 — ’07'2 (kg/ — ]{)1:‘{) = 0,
and

—KT +v (klkll + kgklg) + 27 (k’gk’l — klk/z) =0.

Result 3.4. First rectifying surface, second rectifying surface and binormal surface
are developable if and only if the base curves of the surfaces aren’t planar.
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Theorem 3.7. Let ny,,nn, and np denote the unit normals of the surfaces
My, Ms and Ms according to type-2 Bishop frame, respectively. These unit normals
are given by

— VT 1

nN, = — T+tov2:2 Ny — \/%_H)z.,_zB
_ vT _

N, = k\*/{i'_—"_TIQZTZ Nl k1+v2k7'2
— '1 TUK2T 2 —UVKR1T

np = ‘r(l+v27'2)zv1 + T(l+v272)N2'

Proof. If we calculate the vectorial product of s and ¢, then @, A ¢, is written

as By
@s A gy = —vki Ny — —B.
-

Considering the equation (2.11) with the above equation

T 1

nN, = — Ny — B
AV prarrer i e
is found. Similarly, the vectorial product of ¢, and ¢, is

k
(s A Gy = vkaNy — —B
.

and again from (2.11), we have

uT 1

ny, = Ny — B
e V1402712 ! V140272

Using equation (3.4), we obtain

k k ko — vk
Vo Aihy = “LTVRRT o 2 T URT
T T
From equation (2.11), we have
ng = k‘l + ’UkiQT Ny + kg - ’UleT N2

7 (1+0272) ! 7 (14 v272)
O

Theorem 3.8. Geodesic curvatures of first rectifying surface, second rectifying
surface and binormal surface according to type-2 Bishop frame are
K K

K = , K = e —
™ Tr e T T Tr o

and
kgp =0
respectively.
Proof. The proof is obtained from equation (2.14) and Theorem 3.7. (]

Result 3.5. i) The base curves of the first and second rectifying surfaces can’t be
geodesic curves.
i) The base curve of the binormal surface is a geodesic curve.

Theorem 3.9. Let Ky, ,kny, and kn, denote the normal curvatures of the sur-
faces My, My and M3 according to type-2 Bishop frame, respectively. These normal
curvatures are given by

Kkkov kkiv K

H’rlN - ) K‘nN - ) KTLB - .
RV err NV T 1+ 0272
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Proof. The proof is clear from the equation (2.14) and Theorem 3.7. O

Result 3.6. i) The base curves of the first rectifying surface and second rectifying
surface are asymptotic lines if and only if the torsion T vanishes.
i) The base curve of the binormal surface can’t be an asymptotic line.

Theorem 3.10. Geodesic torsions of first rectifying surface, second rectifying sur-
face and binormal surface according to type-2 Bishop frame are

vkky (v T2k + T’) vkky (v 72k + T') B VRTZ

Toi T T e2r2) 0 T T T (1 e2r2) 0 98 (1 +v272)?
respectively.

Proof. Calculating the differentials of the unit normals ny,,ny, and np of the
surfaces M7, My and M3 with respect to s

i !
/ _ k1 vT _ ko vkoT _ 1
NN, = \/WNl + { (\/1+v272) 140272 } N2 + { V1tov272 (\/1+v272)

B
! k k k 1 !
/! _ VT _ 1 _ 2 _ VR1T _
NN, = ( 1+v272) V14272 M \/WN2+ 1+v272 ( 1+’u27'2> B

and ) .
kl + ’UkQT k2 - 'Uk‘l’r T
= (AT ) N —————— | No— ——5B
"B <T(1—|—U27’2)> Lt (7’(1—}—1}272)) 2T 14022
are found. Also from the equation (2.14), geodesic torsions of the surfaces My, My

and Mjz are given by as follows:

vkk] (v T2ky + 7") vkks (v 2k + T’) VKRT2

e S N eIy
(]

Result 3.7. i) The base curve of the first rectifying surface is a principal line if
and only if the equality v T%ky + 7' = 0 is satisfied.

1) The base curve of the second rectifying surface is a principal line if and only if
the equality v 12k1 + 7' = 0 is satisfied.

i) The base curve of the binormal surface is a principal line if and only if the base
curve of the surface is planar.

Result 3.8. There exists the following relationships between the geodesic curva-
tures, geodesic torsions and normal curvatures of the surfaces My, My and Ms

2 / _
TRTgn, + Enn, (7’ Koy, —T /ngl) =0,

2 / _
T KTgn, + Eny, (7' Koy, T /ngQ) =0,

and
2,2 _
KTgy T 0T kK, =0.
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