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(Communicated by Levent KULA)

Abstract. We have introduced the ruled surfaces which are generated from
the type-2 Bishop vectors. Then, we have calculated Gaussian curvatures,

mean curvatures and integral invariants of these surfaces. Also the fundamen-

tal forms, geodesic curvatures, normal curvatures and geodesic torsions are
calculated and some results are obtained.

1. Introduction

First of all the studies with respect to the Bishop frames have been introduced by
L. R. Bishop in 1975, [2]. This frame has an important role and many applications
in different fields, such as Biology and Computer Graphics, [2, 3, 6, 7, 10]. In
this area being studies of many geometers have caused to occur a new Bishop
frame. Thus, Yılmaz and Turgut have introduced a new version of Bishop frame
using a common vector field as binormal vector field of a regular frame and called
this frame type-2 Bishop frame. Additionally, they have given the type-2 Bishop
spherical indicatrices, [12]. Later, Kızıltuğ and et al have defined slant helices and
obtained some characterizations of slant helices according to type-2 Bishop frame in
E3, [8]. Furthermore, he has characterized the inextensible flows according this new
version of Bishop frame, [9]. In [11], the author has studied the classical differential
geometry of these curves according to type-2 Bishop frame.
This paper organized as follows. Firstly, we investigate the ruled surfaces which are
generated from the type-2 Bishop vectors N1, N2, B. Then, we calculate Gaussian
curvatures, mean curvatures and integral invariants of these surfaces. Finally, the
fundamental forms, geodesic curvatures, normal curvatures and geodesic torsions
are calculated and some results are given.

2. Preliminaries

Let α be a regular curve in the Euclidean 3-space. Denote by {T, N,B} and
{N1, N2, B} the Frenet frame and type-2 Bishop Frame along the unit speed curve
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α, respectively. Then Frenet formulas and type-2 Bishop Frame are given by

(2.1)
T ′ = κN
N ′ = −κT + τ B
B′ = −τ N

and

(2.2)
N ′1 = −k1B
N ′2 = −k2B
B′ = k1N1 + k2N2.

where all differentiations are with respect to the arc-length parameter s of the space
curve α, [5, 12].
The relations between Frenet and type-2 Bishop frames are

(2.3)

 T
N
B

 =

 sin θ (s) − cos θ (s) 0
cos θ (s) sin θ (s) 0

0 0 1

 N1

N2

B

 .
On the other hand, type-2 Bishop curvatures are defined by

(2.4)
k1 (s) = −τ cos θ (s)
k2 (s) = −τ sin θ (s) .

where θ = arctan
(
k2
k1

)
, θ′ = κ =

(
k2
k1

)′
1+
(

k2
k1

)2 .

In order to investigate the type-2 Bishop frame’s relation with Frenet frame

(2.5)
B′ = −τN = k1N1 + k2N2

T ′ = κN = θ′ (cos θ N1 + sin θ N2)

and

(2.6) k2
1 + k2

2 = τ2.

As X moves along the curve α, it generates a ruled surface M given by the regular
parametrization

ϕ (s, v) = α (s) + v X (s)

where the curve α is called a base curve and X is called the ruling of the surface
M . The striction curve and distribution parameter of the surface M are given by

(2.7) ᾱ (s) = α (s)− 〈T,X
′〉

‖X ′‖2
X (s)

and

(2.8) PX =
det (T,X,X ′)

‖X ′‖2

respectively. If ruled surface M is closed ruled surface, then Steiner translation
vector is
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(2.9) V =

∮
(α)

dα.

Furthermore, the pitch of M is [4, 5]

(2.10) lX = 〈V,X〉 .

If ϕs = ∂ϕ(s,v)
∂s and ϕv = ∂ϕ(s,v)

∂v , then the standart unit normal vector field of
the ruled surface M can be given by

(2.11) n =
ϕs ∧ ϕv
‖ϕs ∧ ϕv‖

The first fundamental form I, the second fundamental form II of the ruled surface
M is given by

(2.12)
I = Eds2 + 2Fdsdv + Gdv2, E = 〈ϕs, ϕs〉 , F = 〈ϕs, ϕv〉 , G = 〈ϕv, ϕv〉
II = Lds2 + 2Mdsdv + Ndv2, L =

det(ϕs,ϕv,ϕss)√
EG−F2

, M =
det(ϕs,ϕv,ϕsv)√

EG−F2
, N =

det(ϕs,ϕv,ϕvv)√
EG−F2

respectively. If LN −M2〈0, then the ruled surface has the hyperbolic points, [1].
So the Gaussian curvature K and the mean curvature H of the ruled surface M
are given by

(2.13) K =
LN −M2

EG− F 2
and H =

LG+ EN − 2MF

2 (EG− F 2)

respectively.
A developable surface is a surface with zero Gaussian curvature.
A surface M ⊂ IR3 is minimal if and only if its mean curvature vanishes identically,
[4, 5].
The geodesic curvature, the normal curvature and the geodesic torsion which asso-
ciate the curve α (s) on the surface M can be computed as follows

(2.14) κg = 〈n ∧ T, T ′〉 , κn = 〈α′′, n〉 , τg = 〈n ∧ n′, T ′〉 .
α curve is an asymptotic line of surface if and only if normal curvature κn vanishes.
α curve is an geodesic curve if and only if geodesic curvature κg vanishes.
α curve is a principal line if and only if the geodesic torsion τg vanishes, [1, 4].

3. The Ruled Surfaces According to type-2 Bishop Frame

In this section, the ruled surfaces which are generated by the vectors N1, N2, B
according to type-2 Bishop frame will be introduced.
Let α be a regular curve and the set {N1, N2, B} be the type-2 Bishop frame of the
curve α. Then the parametric representations of the ruled surfaces M1,M2,M3 are

(3.1)
ϕ (s, v) = α (s) + v N1 (s)
ζ (s, v) = α (s) + v N2 (s)
ψ (s, v) = α (s) + v B (s)

and these ruled surfaces are called first rectifying surface, second rectifying sur-
face and binormal surface according to type-2 Bishop frame, respectively. If we
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calculate the differentials of the parametric representations of the ruled surfaces
M1,M2,M3 with respect to the parameters s and v, we get

(3.2)

 ϕs = sin θN1 − cos θ N2 − vk1B, ϕv = N1

ϕss =
(
κ cos θ − vk2

1

)
N1 + (κ sin θ − vk1k2)N2

ϕvv = 0, ϕsv = −k1B.

(3.3) ζs = sin θN1 − cos θN2 − vk2B, ζv = N2

ζss = (κ cos θ − vk1k2)N1 +
(
κ sin θ − vk2

2

)
N2 + (−k1 sin θ + k2 cos θ − vk′2)B

ζvv = 0, ζsv = −k2B.

(3.4)

 ψs = (sin θ + vk1)N1 + (− cos θ + vk2)N2, ψv = B,
ψss = (κ cos θ + vk′1) N1 + (κ sin θ + vk′2) N2 − vτ2B,
ψvv = 0, ψsv = k1 N1 + k2N2.

Hence the following determinants and norms can be expressed

(3.5)

{
det(ϕss, ϕs, ϕv) = vk1k2(κτ + vk1) + v k

′
1k1
τ ,

det(ϕvv, ϕs, ϕv) = 0, det(ϕsv, ϕs, ϕv) =
k21
τ

(3.6) ‖ϕs‖ =
√

1 + v2k2
1, ‖ϕv‖ = 1

(3.7)

{
det(ζss, ζs, ζv) = vk2k

′
2

τ − vk1k2

(
κ
τ + vk2

)
,

det(ζsv, ζs, ζv) =
k22
τ , det(ζvv, ζs, ζv) = 0

(3.8) ‖ζs‖ =
√

1 + v2k2
2 , ‖ζv‖ = 1

(3.9)

{
det(ψss, ψs, ψv) = −κ+ v

τ (k1k
′
1 + k2k

′
2) + v2(k2k

′
1 − k1k

′
2),

det(ψvv, ψs, ψv) = 0, det(ψsv, ψs, ψv) = τ

(3.10) ‖ψs‖ =
√

1 + v2τ2 , ‖ψv‖ = 1

Thus the following theorem can be given.

Theorem 3.1. The striction curves of the first rectifying surface, second rectifying
surface and binormal surface according to type-2 Bishop frame are also base curves.

Proof. It is clear from the equations (2.2) and (2.7). �

Theorem 3.2. The dralls of the first rectifying surface, second rectifying surface
and binormal surface according to type-2 Bishop frame are

PN1 =
1

τ
, PN2

=
1

τ
, PB =

1

τ

Proof. If we consider the equations (2.2), (2.4) and (2.8)

PN1
= −cos θ

k1
=

1

τ
, PN2

= − sin θ

k2
=

1

τ
, PB =

1

τ

are obtained. This completes the proof. �
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Theorem 3.3. The pitches of the first rectifying surface, second rectifying surface
and binormal surface according to type-2 Bishop frame are

lN1 =

∮ (
−k2

τ

)
ds , lN2

=

∮ (
k1

τ

)
ds , lB = 0

respectively.

Proof. Steiner translation vector according to type-2 Bishop frame is

(3.11) V =

∮
dα =

∮
Tds

Considering the equation (2.3),

V =

∮
(sin θN1 − cos θN2)ds

is found.
Hence taking the inner product of the last equation with the vectors N1, N2, B and
using the equation (2.10), the following are obtained lN1

=
∮

sin θds
lN2 =

∮
(− cos θ) ds

lB = 0

On the other hand, if the equation (2.4) is used for the above equations, one gets:

lN1
=

∮ (
−k2

τ

)
ds, lN2

=

∮
k1

τ
ds, lB = 0.

�

Theorem 3.4. Along the base curve of a closed ruled surface with the motion of
type-2 Bishop frame {N1, N2, B}, the components of Steiner translation vector of
this motion constitute pitches of the ruled surfaces which are generated by type-2
Bishop vectors.

Proof. Taking into consideration the proof of Theorem 3.3

V = lN1
N1 + lN2

N2 + lB B

are found. �

Theorem 3.5. The first fundamental forms of the ruled surfaces M1, M2, M3 ac-
cording to type-2 Bishop frame are

IN1
=
(
1 + v2k2

1

)
ds2 − 2k2τ ds dv + dv2

IN2
=
(
1 + v2k2

2

)
ds2 + 2k1τ ds dv + dv2

and
IB =

(
1 + v2τ2

)
ds2 + dv2

Proof. If we consider the equations (2.12) and (3.2) then the coefficients of the first
fundamental form for the ruled surface M1 are

EN1
= 1 + v2k2

1, FN1
= −k2

τ
, GN1

= 1

where

EN1GN1 − F 2
N1

=

(
k1

τ

)2 (
1 + v2τ2

)
> 0
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is obtained. Thus the first fundamental form of the first rectifying surface M1 is
given by

IN1 =
(
1 + v2k2

1

)
ds2 − 2

k2

τ
ds dv + dv2

Similarly, from the equations (2.12) and (3.3), we can obtain the coefficients of the
ruled surface M2 as the following

EN2 = 1 + v2k2
2, FN2 =

k1

τ
, GN2 = 1

where

EN2
GN2

− F 2
N2

=
k2

2

(
1 + v2τ2

)
τ2

> 0

So, it is easy to see that the first fundamental form of the second rectifying surface
M2 is defined by

IN2
=
(
1 + v2k2

2

)
ds2 + 2

k1

τ
ds dv + dv2

If we take the equations (2.12) and (3.4), then the coefficients of the first funda-
mental form of the ruled surface M3 are given by

EB = 1 + v2τ2, FB = 0, GB = 1

where

EBGB − F 2
B = 1 + v2τ2 > 0

Thus, the first fundamental form of the binormal surface is found as

IB =
(
1 + v2τ2

)
ds2 + dv2

�

Theorem 3.6. The second fundamental forms of the ruled surfaces M1, M2, M3

according to type-2 Bishop frame are

IIN1
=

vk′1+vk2(κ+vk1τ)√
1+v2τ2

ds2 + 2k1√
1+v2τ2

ds dv

IIN2 =
vk′2−vk1(κ+vk2τ)√

1+v2τ2
ds2 + 2k2√

1+v2τ2
ds dv

IIB =
−κτ+v(k1k′1+k2k

′
2)+v2τ(k2k′1−k1k

′
2)

τ
√

1+v2τ2
ds2 + 2τ√

1+v2τ2
ds dv

respectively.

Proof. From equations (2.12) and (3.5), we can compute the coefficients of the
second fundamental form as the following:

LN1
=
vk′1 + vk2 (κ+ vk1τ)√

1 + v2τ2
, MN1

=
k1√

1 + v2τ2
, NN1

= 0

where

LN1NN1 −M2
N1

= − k2
1

1 + v2τ2
< 0

Hence the second fundamental form of the first rectifying surface M1 is

IIN1
=
vk′1 + vk2 (κ+ vk1τ)√

1 + v2τ2
ds2 +

2k1√
1 + v2τ2

ds dv

Similarly, equations (2.12) and (3.7) yield

LN2
=
vk′2 − vk1 (κ+ vk2τ)√

1 + v2τ2
, MN2

=
k2√

1 + v2τ2
, NN2

= 0



80 MELEK MASAL AND AYŞE ZEYNEP AZAK

where

LN2
NN2

−M2
N2

= − k2
2

1 + v2τ2
< 0

So, the second fundamental form of the second rectifying surface M2 takes the form:

IIN2
=
vk′2 − vk1 (κ+ vk2τ)√

1 + v2τ2
ds2 +

2k2√
1 + v2τ2

ds dv

On the other hand, equations (2.12) and (3.9) lead to

LB =
−κτ + v (k1k

′
1 + k2k

′
2) + v2τ (k2k

′
1 − k1k

′
2)

τ
√

1 + v2τ2
, MB =

τ√
1 + v2τ2

, NB = 0

where

LBNB −M2
B = − τ2

1 + v2τ2
< 0

Consequently, the second fundamental form of the binormal surface M3 is given by

IIB =
−κτ + v (k1k

′
1 + k2k

′
2) + v2τ (k2k

′
1 − k1k

′
2)

τ
√

1 + v2τ2
ds2 +

2τ√
1 + v2τ2

ds dv

�

Result 3.1. First rectifying surface, second rectifying surface and binormal surface
have hyperbolic points and two real asymptotic lines passes from these points.

Result 3.2. Let KN1
, KN2

and KB denote the Gaussian curvatures and HN1
, HN2

and HB denote the mean curvatures of the ruled surfaces M1, M2, M3. Then the
Gaussian and mean curvatures of these surfaces according to type-2 Bishop frame
are

KN1
=

τ2

(1 + v2τ2)
2 , KN2

= − τ2

k2(1 + v2τ2)
3
2

, KB = − τ2

(1 + v2τ2)
2

and

HN1
=

k1k2τ(2+v2τ2)+vτ2(k1′+k2κ)
2k21(1+v2τ2)

3
2

, HN2
=
−k1k2τ(2+v2τ2)+vτ2(k2′−k1κ)

2k22(1+v2τ2)
3
2

,

HB =
−κτ+v(k1k′1+k2k

′
2)+v2τ(k2k′1−k1k′2)

2τ(1+v2τ2)
3
2

respectively.

Result 3.3. First rectifying surface, second rectifying surface and binormal surface
are minimal if and only if the base curves of the surface aren’t planar and the
following conditions are satisfied, respectively.

k1k2τ
(
2 + v2τ2

)
+ vτ2

(
k1
′ + k2κ

)
= 0,

k1k2τ
(
2 + v2τ2

)
− vτ2

(
k2
′ − k1κ

)
= 0,

and

−κτ + v (k1k
′
1 + k2k

′
2) + v2τ (k2k

′
1 − k1k

′
2) = 0.

Result 3.4. First rectifying surface, second rectifying surface and binormal surface
are developable if and only if the base curves of the surfaces aren’t planar.
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Theorem 3.7. Let nN1 , nN2 and nB denote the unit normals of the surfaces
M1, M2 and M3 according to type-2 Bishop frame, respectively. These unit normals
are given by

nN1 = − vτ√
1+v2τ2

N2 − 1√
1+v2τ2

B

nN2
= vτ√

1+v2τ2
N1 − 1√

1+v2τ2
B

nB = k1+vk2τ
τ(1+v2τ2)N1 + k2−vk1τ

τ(1+v2τ2)N2.

Proof. If we calculate the vectorial product of ϕs and ϕv, then ϕs ∧ ϕv is written
as

ϕs ∧ ϕv = −vk1N2 −
k1

τ
B.

Considering the equation (2.11) with the above equation

nN1 = − vτ√
1 + v2τ2

N2 −
1√

1 + v2τ2
B

is found. Similarly, the vectorial product of ζs and ζv is

ζs ∧ ζv = vk2N1 −
k2

τ
B

and again from (2.11), we have

nN2
=

vτ√
1 + v2τ2

N1 −
1√

1 + v2τ2
B.

Using equation (3.4), we obtain

ψs ∧ ψv =
k1 + vk2τ

τ
N1 +

k2 − vk1τ

τ
N2

From equation (2.11), we have

nB =
k1 + vk2τ

τ (1 + v2τ2)
N1 +

k2 − vk1τ

τ (1 + v2τ2)
N2

�

Theorem 3.8. Geodesic curvatures of first rectifying surface, second rectifying
surface and binormal surface according to type-2 Bishop frame are

κgN1
= − κ√

1 + v2τ2
, κgN2

= − κ√
1 + v2τ2

and
κgB = 0

respectively.

Proof. The proof is obtained from equation (2.14) and Theorem 3.7. �

Result 3.5. i) The base curves of the first and second rectifying surfaces can’t be
geodesic curves.
ii) The base curve of the binormal surface is a geodesic curve.

Theorem 3.9. Let κnN1
, κnN2

and κnB
denote the normal curvatures of the sur-

faces M1, M2 and M3 according to type-2 Bishop frame, respectively. These normal
curvatures are given by

κnN1
=

κk2v√
1 + v2τ2

, κnN2
= − κk1v√

1 + v2τ2
, κnB

= − κ

1 + v2τ2
.
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Proof. The proof is clear from the equation (2.14) and Theorem 3.7. �

Result 3.6. i) The base curves of the first rectifying surface and second rectifying
surface are asymptotic lines if and only if the torsion τ vanishes.
ii) The base curve of the binormal surface can’t be an asymptotic line.

Theorem 3.10. Geodesic torsions of first rectifying surface, second rectifying sur-
face and binormal surface according to type-2 Bishop frame are

τgN1
=
vκk1

(
v τ2k2 + τ ′

)
τ (1 + v2τ2)

, τgN2
=
vκk2

(
v τ2k1 + τ ′

)
τ (1 + v2τ2)

, τgB = − vκτ2

(1 + v2τ2)
2

respectively.

Proof. Calculating the differentials of the unit normals nN1 , nN2 and nB of the
surfaces M1,M2 and M3 with respect to s

n′N1
= − k1√

1+v2τ2
N1 +

{(
vτ√

1+v2τ2

)′
− k2√

1+v2τ2

}
N2 +

{
vk2τ√
1+v2τ2

−
(

1√
1+v2τ2

)′}
B

n′N2
=

{(
vτ√

1+v2τ2

)′
− k1√

1+v2τ2

}
N1 − k2√

1+v2τ2
N2 +

{
− vk1τ√

1+v2τ2
−
(

1√
1+v2τ2

)′}
B

and

n′B =

(
k1 + vk2τ

τ (1 + v2τ2)

)′
N1 +

(
k2 − vk1τ

τ (1 + v2τ2)

)′
N2 −

τ

1 + v2τ2
B

are found. Also from the equation (2.14), geodesic torsions of the surfaces M1,M2

and M3 are given by as follows:

τgN1
=
vκk1

(
v τ2k2 + τ ′

)
τ (1 + v2τ2)

, τgN2
=
vκk2

(
v τ2k1 + τ ′

)
τ (1 + v2τ2)

, τgB = − vκτ2

(1 + v2τ2)
2 .

�

Result 3.7. i) The base curve of the first rectifying surface is a principal line if
and only if the equality v τ2k2 + τ ′ = 0 is satisfied.
ii) The base curve of the second rectifying surface is a principal line if and only if
the equality v τ2k1 + τ ′ = 0 is satisfied.
iii) The base curve of the binormal surface is a principal line if and only if the base
curve of the surface is planar.

Result 3.8. There exists the following relationships between the geodesic curva-
tures, geodesic torsions and normal curvatures of the surfaces M1, M2 and M3

τ κ τgN1
+ κnN2

(
τ2 κnN1

− τ ′ κgN1

)
= 0,

τ κ τgN2
+ κnN1

(
τ2 κnN2

+ τ ′ κgN2

)
= 0,

and
κ τgB + v τ2κ2

nB
= 0.
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