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Abstract

The purpose of this paper is to provide sufficient conditions for the existence of a best proximity point for
various types of cyclic contraction maps. Our results extend and improve certain recent results in the
literature.
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1. Introduction and preliminaries

Let A and B nonempty subsets of a metric space X. If there is a pair (x9,y0) € A x B for which d(zo,yo) =
d(A, B), that
d(A,B) =inf{d(z,y) : x € A,y € B},

then the pair (o, o) is called a best proximity pair for A and B. We can find the best proximity pair of the sets A
and B, by consideringamap 7': AUB — AU B such that T'(A) C Band T(B) C A. The pointz € AU B is a
best proximity point for T'if, d(z, Tz) = d(A,B). Amap T : AUB - AUB, T(A) C B, T(B) C Ais called cyclic
contraction [3] if, for some k € (0, 1) the condition

d(Tz,Ty) < kd(z,y) + (1 — k)d(A, B),

holds forallz € A, y € B.
In 2003, Kirk et al. proved fixed point results for cyclic contraction maps [8]. In 2006, Eldered and Veeramani
obtained best proximity point results for cyclic contraction maps [3].

Theorem 1.1. [3] Let A and B be nonempty closed subsets of a complete metric space X. Let T : AU B — A U B be a cyclic
contraction map. Let xy € A and define x,,1 = T'x,,. Suppose {x2y, } has a convergent subsequence in A. Then there exists
x € Asuch that d(z,Tx) = d(A, B).

Best proximity point theory of cyclic contraction maps has been studied by many authors see [1, 3, 9] and
references therein. In 2007, Huang and Zhang [6] introduced cone metric spaces as a generalization of metric spaces.
Then in [10] some results about characterization of best approximations in the cone metric spaces are studied. In
2011, Haghi et al [4] obtained best proximity points for cyclic contraction maps on regular cone metric spaces. In
2012, Karapnar [7], obtained best proximity point for certain cyclic contraction maps in metric spaces. In 2013,
Amini and et al [2], introduce a new class of cyclic generalized contraction maps and it is shown that the best
proximity point property for closed and convex subsets of a uniformly convex Banach space holds.
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In this paper, we obtain some existence of best proximity point theorems for various types of cyclic contraction
maps, which are the generalization of some results in the literature. To prove our results in the next section we
recall some definitions and facts. In the present paper £ stands for a real Banach space. A subset P of E is called a
cone if and only if

(i) P is closed, nonempty and P # {0};
(ii) a,b € R* and z,y € P implies ax + by € P;
(iif) z € P and —z € P implies z = 0.

We define a partial ordering < with respect to P by « < yif and only if y — z € P. 2 < y will stand for < y and
x # y, while x < y will stand for y — = € int P, where int P denotes the interior of P.

A map f: P — P issaid to be increasing (strictly increasing) whenever = < y implies that f(z) < f(y) (z <y
implies that f(z) < f(y)).
A cone P is said to be normal if there is a number M > 0 such that forall z,y € E

0<w<y implies [z| <Myl
The least positive number M satisfying the above inequality is called the normal constant of cone P. [6]

Definition 1.1. [12] A nonempty subset A of (X, d), is said to be bounded above if there exists ¢ € intP such that
c—d(xz,y) € Pforallz,y € A.

The cone P is called regular if every increasing sequence which is bounded from above is convergent. That
is, if {x, }n>1 is a sequence such that 1 < 2o < ... < y for some y € E, then there is « € E such that lim,, . ||
Zn, — x ||= 0. Equivalently, the cone P is regular if and only if, every decreasing sequence which is bounded from
below is convergent.

Lemma 1.1. [11] Every regular cone is normal.

Definition 1.2. [6] Let X be a nonempty set. Suppose that a mapping d : X x X — FE satisfies:
(d1) 0 < d(z,y) forevery z,y € X and d(z,y) = 0 if and only if x = y;

(d2) d(z,y) = d(y, z) for every z,y € X;

(d3) d(z,y) < d(z,z) +d(z,y) for every z,y, z € X.
Then d is called a cone metric and (X, d) is called a cone metric space.

Example 1.1. [5] Let £ = (L'[0,1],]| - 1), P={f € E: f >0 a.e.}, (X,p)beametricspaceandd: X x X —» E
defined by d(z,y) = fs,, where f, ,(t) = p(z,y)t*. Then (X, d) is a regular cone metric space. In fact, if { f,, },>1 is
an increasing sequence and there is g € L'suchthat f; < fo < ... < f, < ... < g for almost every where xz, then
{fn}n>1 converges to a function f a.e. on X. Then, f,, < f < g(a.e.) foralln > 1.Thusg— f € L', g— fn < g— f1
foralln > 1and limy—og — fn =9 — f (a.e.)

Hence by the Lebesgue dominated convergence theorem, f € L' and

limp—oo || fn — f 1= 0. So, the cone P is regular.

Definition 1.3. [4] Let A and B nonempty subsets of cone metric space (X, d). An element p € P is said to be a
lower bound for A x B whenever

p < d(a,b),

for all (a,b) € A x B.If p > ¢ for all lower bound ¢ for A x B, then p is called the greatest lower bound for A x B.
We denote it by d(A4, B).

Clearly, d(A, B) is a unique vector in P.

Definition 1.4. [4] A map ¢ : P — P is called cone L- function whenever ¢(0) = 0, ¢(s) > 0 for all s € P with
s # 0 and there exists d; > 0 such that ¢(¢) < sforall s <t < s+ ;.

Lemma 1.2. [4] Let ¢ : P — P be a cone L-function and {s,,} a decreacing sequence in P such that s,11 < 1(sy,) for all
n > 1. Then lim,_ oS, = 0.
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2. Main results

Throughout this section, E is a normed space, (X, d) is regular cone metric space, < is the partial ordering with
respect to P and A, B are nonempty subsets of X.

Theorem 2.1. Let T : AU B — AU B be a map such that T(A) C B,
T(B) C Aand

d(Tz,Ty) < kmax{d(z,y), (1/2){d(Tz,x) + d(Ty,y)}}
+ (1= k)d(a,b), 2.1)

forall (a,b), (z,y) € A x B, for some k € (0,1). Then, d(A, B) exists.
Proof. The max{d(z,y), (1/2){d(Tz,z) + d(Ty,y)}} = d(z,y) is known (see [4]). Let
max{d(z, y), (1/2{d(Tx,2) + d(Ty,p)}} = (1/2){d(Tz, z) + d(Ty, y)}.
Take g € AU B, set &, 41 = Txp, and d, 1 = d(2p41, 2y, ) for alln > 1. Then
dny1 < (k/2){dn1 +dp} + (1 = k)d(a,b),
forall (a,b) € A x B, which is equivalent to

k/2 1-k
<
i1t S TR T T
for each (a,b) in A x B. It follows that d,,+1 < d,, for all n > 1. By the regularity of the cone P, there exists p € P

such that d,, — p as n — oo. Thus p < d(a, b) holds for any (a,b) in A x B. Now if ¢ is a lower bound for A x B,
then g < d, forall n > 1, and so, ¢ < p. Therefore, d(A, B) = p. O

d(a,b),

Note that, inequality (2.1) is equivalent to
d(Tx, Ty) < kmax{d(z,y), (1/2{d(Tz,x) + d(Ty,y)}} + (1 - k)d(A, B),
in metric spaces.

Theorem 2.2. Suppose that the conditions of Theorem 2.1 hold, zo € A and x, 1 = Tz, foralln > 1. If {za,} has a
convergent subsequence in A, then there exists x € A such that d(x,Tz) = d(A, B).

Proof. Let {x2y, } be the convergent subsequence of {x2,} in A with z3,, — = € A. Since
p= d(A,B) < d(xvl?nk—l) < d(xal?nk) + d(x%lkvx?nk—l)v

for each k > 1, {d(x2n,, T2n,—1)} is a subsequence of {d,, }, hence
d(x,Ton,—1) = pasn — co. As
p < d(Tx, won,) < d(, 2on,—1),

for all & > 1. It follows that d(z, Tx) = p = d(A, B). O
Theorem 2.3. Let T : AU B — AU B be a map such that T(A) C B, T(B) C Aand

d(Tz,Ty) < ad(z,y) + b{d(Tz,x) + d(Ty,y)} + cd(a,b), (2.2)
forall (a,b), (z,y) € A x B, where a,b, c are constant such that a,b,c> 0 and a + 2b + ¢ < 1. Then d(A, B) exists.
Proof. Take xg € AU B.Set x,+1 = Tz, and dy11 = d(Tp41, Tp) for all n > 1. Then

dpt1 < ady, + b{dp1 + dn} + cd(a,b),

for all (a,b) € A x B.So
a+b c
<7 _—
dn+1 =1_ bdn + 1 — bd(aab)v
for each (a,b) € A x B. So
dnsr < kdp + (1 — k)d(a, b),

for all (a,b) in A x B, where k = (a +b)/(1 —b). Hence, d,,+1 < d,, for all n > 1. Similar to the prove of Theorem 2.1
we obtain the result. O
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Note that, inequality (2.2) is equivalent to
d(Tz,Ty) < ad(z,y) + b{d(Tz,z) + d(Ty,y)} + cd(A, B),
in metric spaces.

Theorem 2.4. Suppose that the conditions of Theorem 2.3 hold, xo € A and x,41 = Tz, foralln > 1. If {xs,} has a
convergent subsequence in A. Then there exists x € A such that d(x,Tx) = d(A, B).

Proof. The proof is similar to the proof of Theorem 2.2. O

Now, we will consider the best proximity points for a pair of mapping (S,T), such that S,7 : AUB —
AUB, S(A) C Band T(B) C A.

Theorem 2.5. Let S,T: AU B — AU B such that S(A) C B, T(B) C Aand
forall (a,b), (z,y) € A x B, for some k € (0,1). Then, d(A, B) exists.

Proof. Take zy € A, then Sz € B, so there exists yy € B such that yo = Szg. Now T'yy € A, so there exists x; € A
such that z; = Ty. Inductively, we define sequence {z,,} and {y,,} in A and B, respectively by

Tn+1 = Tyn7 Yn = Sx,,. (24)
Set d,, = d(zy,, Szy,). Since
dn+1 S kd(yvuxn-i-l) + (1 - k)d(a7 b)
< k*d, + (1 — k*)d(a,b),

for all (a,b) in A x B. It follows that d,, 41 < d,,. Similar to the prove of Theorem 2.1 we obtain the result. O

Note that, inequality (2.3) is equivalent to
in metric spaces. Also, in case S = T', Theorem 2.5 reduce to the Theorem 2.1 in [4].

Theorem 2.6. Suppose that the conditions of Theorem 2.5 hold and the sequence {x,,} and {y, } are generated by (2.4) for
some xg € AU B. If both {z,,} and {y, } have a convergent subsequence in A and B respectively, then there exist x € A and
y € B such that

d(xz,Sz) =d(A,B) =d(y,Ty).

Proof. Setd,, = d(x,, Szy). Let {y,, } be a subsequence of {y,, } such that y,,, — y. The relation
p=d(A,B) < d(Tyn,,y) < dyn,,y) + dWn,; Tyn,.),

holds for each k£ > 1. Since
d(yTLk7Tynk) S kdnk + (1 - k)d(a7 b)7

for all (a,b) € A x B. It follows that d(yn,, Tyn,) < dn,. Since {d(Szy,,zn,)} is a subsequence of {d,,}, hence
limg 00 d(STn,,, Tn,, ) = p. Thus

lim d(ynvaynk) =D

k—o00

So d(T'yn,,,y) — pas k — oo. Now, for each k > 1

ATy, yn,) < kd(y, zn,) + (1 — k)d(a,b)
< k{d(ya y”k) + d(ynk7xnk)} + (1 - k)d(a7b)
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ie.
p=d(A,B) <d(Ty,yn,) < k{d(Y, yn,) + dn, } + (1 — k)d(a,b),

for all (a,b) € A x B. Letting k — oo, we have d(Ty,y) = p = d(A, B).
Similarly, it can be proved that d(z, Sz) = d(A, B). O

In the following Theorem, the distance of A and B is obtained by considering the pair mapping (S,T) in a
regular cone metric space.

Theorem 2.7. Let 1) : P — P be a cone L- function. S,T : AUB — AU B suchthat T(B) C A, S(A) C Band

d(Sla Ty) —p< 7/’(‘“%3/) - p)a
forall (z,y) € A x Bwithp < d(z,y), where p is lower bounded for A x B. Then d(A, B) = p.

Proof. Let {z,} and {y,} be as follows x,, 11 = Tyn, STy = Yny1 for some (xo,y9) € A x B, n € N. Also let
dpt1 = d(Tny1,Yns+1), we have
dn+1 — P < w(dn 7p) S dn —P-

By the regularity of the cone P, we have d,,+1 < d,,. Hence, there exists ¢ € P such that lim,,—..d, = ¢g. Thenp < q.
Put s,, = d,, — p. Since, s, > 0, we have s,11 < ¥(s,) < s,. By Lemma 1.8, lim,,_, 08, = 0. Thus, limy,_ocdy, =p
andsod(A,B) =p=gq. O

Note that, in case S = T. Theorem 2.7 reduce to the Theorem 2.4 in [4].
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