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Abstract
In this paper, the author establishes some Hadamard-type and Bullen-type inequalities for Lipschitzian
functions via Riemann Liouville fractional integral.
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1. Introduction

Following inequality is well known in the literature as Hermite-Hadamard'’s inequality:

Theorem 1.1. Let f : I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b.
The following double inequality holds

f(a;b>§b1a/bf(x)dx§f(a)—2i—f(b)' -y

In [8], Tseng et al. established the following Hadamard-type inequality which refines the inequality (1.1).

Theorem 1.2. Suppose that f : [a,b] — R is a convex function on |a, b]. Then we have the inequalities:
a+b 1 3a+b a+ 3b
< Z
1(57) = sl (57) o (557)]

b
< bia/f(x)dx (1.2)

IN

% [f (a;b) N f(a);f(b)} < f(a);f(b).

The third inequality in (1.2) is known in the literature as Bullen’s inequality.
In what follows we recall the following definition.

Definition 1.1. A function f : I C R — R is called an M-Lipschitzian function on the interval I of real numbers
with M > 0, if

[f(z) = fy)l < Mz —y|
forall x,y € I.
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For some recent results connected with Hermite-Hadamard type integral inequalities for Lipschitzian functions,
see [24, 9, 10].

In [9], Tseng et al. established some Hadamard-type and Bullen-type inequalities for Lipschitzian functions as
follows.

Theorem 1.3. Let [ be an interval in R, a < A< B <binlI,V=(1—a)a+ab, a € [0,1] andlet f : I— R be an
L-Lipschitzian function with L > 0. Then we have the inequality

af(A)+ (1 —a)f(B) - 1 /f(x)dm < M (1.3)

where

V. (A, B)
(A—a)? —(A=V)?+(B-V)’*+(b— B)?,
a<V<A<B<Db,
(A—a)’+(V—-A>+(B-V)>+(b— B)?,
a< A<V <B<b,
(A—a)®+(V—-A?+(b—B)*—(V-B)>,
a<A<B<LV<bh

Theorem 1.4. Let I bean intervalinR,a < A< B<C <binl, Vi = (1—a)atab, Vo =~va+(a+ p)b, a, 5,7 € [0,1],
a+B+~v=1andlet f: I— R bean L-Lipschitzian function with L > 0. Then we have the inequality

b
af(A)+5f(B)+7f(c)_ﬁ/f@)dm . LVa,gg,iA;B,C))

a

(1.4)

where V,, 3.+ is defined as in [9, Section 3].

We give some necessary definitions and mathematical preliminaries of fractional calculus theory which are used
throughout this paper.

Definition 1.2. Let f € L[a,b]. The Riemann-Liouville integrals J&, f and J;* f of order o > 0 with a > 0 are
defined by

x

T2 f@) = e [ @0 0 2> 0

a

and

b
Lﬁf@):féﬁ/kt—xf*{ﬂﬂﬁ,x<b

T

respectively, where I'(«) is the Gamma function defined by I'(o) = [ e~*t*'dt and J, f(z) = J;_ f(z) = f(x) (see
0
[5]).

In the case of a = 1, the fractional integral reduces to the classical integral. For some recent results connected
with fractional integral inequalities, see [1, 6, 7, 11].

The aim of this paper is to establish some Hadamard-type and Bullen-type inequalities for Lipschitzian functions
via Riemann-Liouville fractional integral. The results obtained herein is a generalization of the results obtained in
Theorem 3 and Theorem 4 via fractional integrals.



Hadamard-type and Bullen-type inequalities 79

2. Hadamard-type inequalities for Lipschitzian functions via fractional integrals

Throughout this section, let I be an interval in R, e < <y < bin I and let f : I — R be an M-Lipschitzian
function. In the next theorem, let A € [0,1], V = (1 — A)a + Ab, and V, », a > 0, as follows:
MNIfa<V <x<y<bh, then

alz—a V—a] 20—y «[b=V b—y
Var(z,y) = (V — - b—V _2-y
M) = (v - [0 Tt 2O oy 22N 02
2 Ifa<xz<V <y<bh, then
2@ —a)! «|[V—a z-a
Var(lz,y) = WﬂL(V*@ arl o
2(b—y)*" «[b=V by
ala+1) +o-V) a+1 !
B)Ifa<z<y<V <bh then
2(z —a)*t «[V—a z-a o=y b=V
aaz,y) = 2 (v - - b-v)r |2 - ‘
Van(@,y) ala+1) +(V-a) a+1 a +b-V) e! a+1

Theorem 2.1. Let x,y, o, A, V, V,, x and the function f be defined as above. Then we have the inequality for fractional
integrals

)+ (=010 = ) (55 0) + g )| < A0 @)
Proof. Using the hypothesis of f, we have the following inequality
)+ (L= N0 = ) [+ 55 )
\4 b
= GoF / [f@) = FO] (=) dt + V/ £ ) = F@] (=) de
% b
@ a—1 a—1
= Goa” a/|f(w)—f<t)l(t—a) dt+V/f(y)—f(t)|(b—t) dt]
M ¥ /
S Boan a/lx—tl(t—a) dt+‘/|y—t|(b—t) dt]. 2.2)

Now using simple calculations, we obtain the following identities fav |z — t| (t — a)* " dtand f‘l; ly — t| (b—t)*"" dt.
MIfa<V <ax<y<bh, then

\4
a/|:c—t|(t—a)°‘1dt—(V—a)a[x;a—Z;ﬂ
and
/ a1 2(b—y)*! a[b=V b—y
/|y—t\(b—t) ==+ 6= V) {aﬂ—a}
|4
2 Ifa<xz<V <y<b, then
\%4 a1
/x—t(t—a)“_ldtzz(ax(;i)l) +(v—a)a{‘;;f—“’;ﬂ

a
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and
/ L2y b-V by
—t|(b—t)* Tdt = b—V)* - —.
/|y € ) ala+1) +-V) {a—&-l a }
|4
B)Ifa<z<y<V <bh, then
\%4
a1 _2(sc—a)a+1 o|V—a z-a
/u—ﬂu—@ ar= 2 (V) [ -
and
/ b bV
a—1 _ _ e} ;y_ -
/w H(b— ) dt = (b V)[ . a+1}
1%

Using the inequality (2.2) and the above identities fav |z —t| (t —a)* ' dt and f‘l; ly —t| (b — t)*~" dt, we derive the
inequality (2.1). This completes the proof. O

Under the assumptions of Theorem 2.1, we have the following corollaries and remarks:

Remark 2.1. In Theorem 2.1, if we take a = 1, then the inequality (2.1) reduces the inequality (1.3) in Theorem 1.3.

Corollary 2.1. 1. In Theorem 2.1,let § € [%,1], x = da+ (1 —6)band y = (1 — §)a + 6b. Then, we have the inequality

wia+(y_&m+«1_xwf«y—&a+&»—Efﬁé?L@_ﬂ@4n$+ﬂm]
ML (a, )\, 0)(b—a)
= a+1 23)
where
L(a, A, 0)
A [1=0)1+a)=A]+2(1 =T+ (1 =N"[1-=Na—-(1-58)(1+a),
A<1-6
_ A0 =0T A Da-(1-8) A +a)]+ 1 =N"[1-Na—(1-68)1+a),
1-0<A<S6
21 =8)"T A Pa— (1 -8 T+a)]+(1-N*[1=6)1+a)—(1-Na],
§< A
2. In Theorem 2.1, if we take x = y =V, then we have the inequality
D (1= N F0) - G [ S ) + T S0 4
(z—a)*t + (b —a2)*t!
= M ar 60"

Corollary 2.2. We have the following weighted Hadamard-type inequalities for Lipschitzian functions via Rieamnn-liouville
fractional integrals

(1) In the inequality (2.3), if we take § = 1, then we have

X f(a) + (L= N (b) - ?If"fa)”

)\a+1 + (1 _ A)Oz-l-l
a+1

[Jo_fla) + J7, f(b)]

< aM(b—a)

)
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in this inequality, specially if we choose X = §=2 for x € [a, b], then

(x —a) f((z)ja()z —x)" f(b) ?b(oi Z)la) [T fla) + T2 £(b)] ’
(x — CL)Q-H +(b— x)a—H
< aM (a—|—1)(b—a)a )

(2) In the inequality (2.4), if we take x = da + (1 — )b, 6 € [0, 1], then
r 1
0 (= 7] et (00 = ) [ st + 5 )

5ot 4 (1 —8)**
< M-a (a(+1)) ’

in this inequality, specially if we choose X = %, then

'f(aa -y 2Tt [

(b—a)a (a;rb) f(a)+J€a;b)+f(b)H
a+1 _ syetl
< 2(x—1M (b _ (l) J —(’_a(i 1)6) ;

(3) In the inequality (2.4), if we take A =  and § = 2 then

‘i [f <3a:b> *f (GZSb)] B ZQEQF_‘ZS . [J?a+b>f<”>+”a+b>+f<b>“

2 (2
1+2° Y a—1
< Mo-0 STy

3. Bullen -type inequalities for Lipschitzian functions via fractional integrals
Throughout this section, let I be an interval in R, a <z <y <z <binland f: I — R be an M-lipschitzian

function. In the next theorem, let A\ +n+p =1, \,n,n € [0,1], V1 = (1 = N)a+ b, Vo = pa + (A + 1) b, and define
Vaamu @ > 0, as follows:

1. IV <Vha<ax<y<zorV; <z <V, <y<z then

B alz—a Vi—a aly=Va VoW
Va,)\,n,u(xay7z) - (V1 a) |: o a+1:|+(‘/2 Vl) |: o + O[+1:|
2(b—2)""" ofb=Ve b—=
+m+(b_v2) a+1_ o
2. If Vi < <y <V, <z then
_ wlz—a Vi—a 2 (Vo —y)*t alVo=Wi_ Vo—y
Vormu(y,2) = (Vi—a) { o a+1] alo+1) + (2 —1h) a+1 o
2(b— 2)*t! a[b=Vo b—2z
207 - - :
+ ala+1) +b=V2) a+1 «
3. If Vi <a <y <z <V, then
B olz—a Vi—al 2(Va—y*"
Va,)\,n,u(‘ra Y, Z) - (Vl CL) |: a a+1 :| a (a + 1)
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4. Ifx <V; <V <y <z then

B 2(z —a)*™! «[Vi—-a zxz-—a aly—Ve Vo-—-V;
Varmu(®,y,2) = W"’(Vl_a) arl T a + (Va2 = W) PR a1
2(b—2)**! a[b=Va b—2z
ala+1) +b-V) a+l  a |
5. Ifx < Vi <y <V, <z then
B 2(z —a)*t! o[Vi—a z—a] 20—yt
VaxA7777M(may7Z) - Oé(a+]_) +(Vl _a) a+1 - a CM(OZ+1)
o [Vo=Vi Vo—y] 2(b—2)""" a[b=Vo bz
(2 =1) [a—l—l e ] a(a+1) +(b=V) +1 !
6. Ifx <Vy <y<z<V,, then
2(z —a)*t! o[Vica z—a] 2(Va—y)*"
Va y Y = -/ N Vi— -
A, 2) ala+1) +(i—a) a+1 a ala+1)
« V2_V1 V2_y [eY b z b_‘/Z
_ h— _
(V- V) [04-1-1 ]+< V) [ - aﬂ}
7. Ifx <y <V; <V, <z then
_ 2(@—a)" a[Vi-a z-a o[Vo=Vi Vo—y
Vaxnu(e,y,2) = W+<Vl_a) arl a + (V2= W) arl o
2(b—2)*"! wlb=Va b—2z
e - .
ala+1) + =) a+1 a

8. Ife<y<Vi<z<Vhorax<y<z<V; <V, then

_ 2@-a o[Viza z-a
Varnu(t,y,2) = W‘L(Vl_a) a+l  «
o Vz—y V2_V1 « b—=z b_V2
_ - b— - :
+e-W) [ oz+1]+( v [ a O‘+J

Theorem 3.1. Let x,y, 2, A\, n, tt, V1, Va, Vo a .. and the function f be defined as above. Then we have the inequality

N0 1 0) 6D = o [ @)+ TG FVa) + s 0] '
aMVy xpu(2,y, 2)
< OMTorns 1)

Proof. Using the hypothesis of f, we have the inequality

AN (@) + 0% f(y) +uf(2) - w [J& _f(a) + Jg L f(Va) + J\°}2+f(b)]’
Vi Va ,
= e | [ U@ = =0 s [ = 50105 -0 e+ [0 = 00— 0" e
a Vl V2
b

Vi Va
Sh-ar [a/f(ﬂf)—f(t)(t—a)a‘ dt+v/|f(y)—f(t>|<v2—t)a— dt+V/|f(z)—f(t)|(b—t)a_ dt]
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M
e {/u t—a“]dpﬁ/W—ﬂ‘%—0“1ﬁ+}/p—ﬂ —ﬂ“lﬁ] (3.2)

Now, using simple calculations, we obtain the following identities fa Yo —t| (t—a)* " dt, f ly—t| (Vo —t)* " dt
and [} |zt (b—t)"" " dt.
1. Vi <Vua<ax<y<zorV; <z <V, <y<z then we have

1%
/ ot (t— a)® Lt

Vs
Jv-ia-0""
i
b

_Za—i-l —V _ 5
/|z—t|(b—t)a_1dt:%+(b—V2)O‘ [bﬁvi —ba }

m—a_Vl—a}

i - o |20 - B

(Vo = )"

Ve Vo—VW
[y 2+ 2 1}
a+1

and

Va

2. If Vi <z <y <V, <z, then we have

Vi
a alz—a Vi—a
— ) (t — Ydt = - -
[le—de-a i-ar [0 - 22
7 ] 2 (1 — )™ Va-Vi Va—y
/\y—ﬂ(Vz—f) dt W‘F(Vz—vﬂ [aJrl i }
Vi
and
_ = 20-2)"" o afb=Ve b-=
/|z (b U=y O e T |
3. If V} <z <y <z<Vs,, then we have
Vi V
B ez —a 1 —a
JER - - [T 2
a1, 2(Va—yt W[Va-Vi Va-y
/\y (V2 =) di = ala+1) + (V2= 11) a+1 o

Vi

and

a [ b—z b*‘/Q
—t( Yt = (b— - .
/|z 0 - |-

4. Ifx < V) <V, <y <z, then we have

Vi

" 2@ —a)! «[Vi—a z—a
/"T Ht—a)™dt = a(a+1) +Mi-a) a+1 a |’
7 Vo, Va-V
| (Va—t)* = (-w)” L2 2
JIRIa (- v [ 2
i
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and
/ 1 2(b—2)*t! b—Va bz
/'Z—t“b—” =+ O [a+1‘ a }
Va
5. Ifx <V <y <V, <z, then we have
1%
a1 _ 2(z —a)*t «|Vi—a x—a
/\x -0 = 2t |2 -
i | 2(V —y)* " Vo-Vi Va—y
[ro-awam o = HEEA av [Tag- R
i
and
/ 1 2(b—2)*t! b—Va bz
Va
6. If x < Vi <y <z <V, then we have
1%
a1 _ 2(z —a)*t «|Vi—a x—a
/‘x t[(t —a) dt = ala+1) +(Vi—a) a+1 « ’
i | 2(V —y)* " Vo-Vi Va-—y
Jlw-twe-orta = MR v [a—i—l T Ta }
Vi
and
/ b b—V;
a—1 _ _ «@ _Z_ — V2
/|z 1 (b— ) dt = (b—Va) [ - aﬂ}
Va
7. Ifx <y <V; <V, <z then we have
Vi
a1 B 2(z —a)*t! olVi—a x—a
/|$ Ht—a)™dt = ala+1) +Mi-a) a+1 a |’
7 Vo Vi Vi
a-1 _ e | Y2V Va—y
Jli-dma e = -y |2 - B
|1
and ,
act1 ,,  2(b—2)°* Wb=Vo b—z
/|z U= o= 20T vy |2 -
Vo
8. Ife<y<Vi<z<Vyorax<y<z<V; <V, then we have
Vi
a1 2@ —a)! «[Vi—a z—a
/"T Ht—a)™dt = a(a+1) +Mi-a) a+1 a |’
7 V. Vs — Vi
a—1 _ - a|V2—Y Vo— Wi
Jli-dma - = -y [ - B
|41
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and

/|z—t| ) dt = (b—vg)“[b_z—b_v?}

e’ a+1

Using the 1nequa11ty (3.2) and the above identities f |z — ¢ (t —a)* " dt, f ly —t| (Vo — t)* " dt and
fV2 |z —t| (b — t)* " dt, we derive the inequality (3.1). This completes the proof.

Under the assumptions of Theorem 3.1, we have the following corollaries and remarks:
Remark 3.1. In Theorem 3.1, if we take o = 1, then then the inequality (3.1) reduces the inequality (1.4) in Theorem
1.4.

Corollary 3.1. In Theorem 3.1, let § € [3,1], x = da+ (1 — 8)b, y = “t% and z = (1 — 6)a + 6b. Then, we have the
inequality

N f(0a (L= 00 0 S ) 4 F((1 = 8o+ a0) G [ fa) + T FVa) 4 0]
< MN (o, \,n,0) (b—a)

a+1
where N (o, A\, n, 9) is defined as follows:

1. If)\+77§1—6or)\§1—5§/\+7]§%,then

N (a, A\, n,0) A1 =90)(a+1) —al] +n {<)\ 7}) Oz+1)+om]
21 =80T+ A =A=%a(l=A=n)—(a+1)(1—-96)].
IfA<1-6<3<A+n<4, then
a+1
N (a,\m,0) = )\a[(15)(a+1)a)\]+2(/\+7];) +na{an(a+1)<)\+n;)]

2(1=8)*T 41 =A=n)*[a(l=A—n)—(a+1)(1-10)].
3.IfA<1-6< 1 <0< A+, then
a+1
N (a,\,n,0) = )\a[(lé)(a+1)a)\}+2()\+77;)
wt fan= e+ 1) (A n =) |+ 0= 2=0) [+ 1)1 =0) ~a (1= A= n)].

4. If1-6<A<A+n< i then

N(a, \n,8) = 41=0)"+2%ar— (1 -8 (a+1)]+n* {oer(ale) <;)\n)]
+A=A=n)"a(l-A=n)—(a+1)(1-0)].

5 If1-0<A<$<A+n<4, then

1 a+1
N (a,A,n,6) = 4(1_5)a+1+/\a[a)\—(1—6)(&—‘,—1)}+2<)\+77—2)

+n® {an(aJrl) <A+n;)] +A=A=n)Na(l-A=n)—(a+1)(1-9).
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6. f1-0<A<3 <0< A+, then

1
2

1 a+1
N(a,A\n,6) = 2(1_6)a+1+)\a[a)\—(1—5)(a+1)]+2()\+77—2)

+n® {an—(a—kl) (A—H?—;)] +(A=2A=n)Na+1)1=06)—a(l=X—mn)].
7. 1f 1 <A< A+ <4, then

N(a,\m,0) = 41 =8 +2%ar— (1 -0)(a+1)] +7° [an— (a+1) ()\+77— ;)]
+A=A=n)"[a(l=A=n) = (a+1)(1-0)].
8. If 1 <A< 5 < A+nord <)\ then
N(a,\n,6) = 2(1—=8)"" + X% [ad—(1—6) (a+1)]
+n® {(a—i—l) ()\+77— ;) —om] +(1=A=n)"[(a+1)(1—=08) —a(l-X—n).
Corollary 3.2. In Corollary 3.1, if we take § = 1, A = p = % and n = 1 — 0 with 0 € [0, 1], then we have the following
weighted Bullen-type inequality for M-Lipschitzian functions via fractional integrals

a+b MNa+1)

\(Z) (@) + F0) + (1= 0 F(2) = S [, @)+ T S (V)+ T S

M (20 (§)* + (1 =0 o5t 2 (159 (b - a)
a+1 '

< (3.3)

Remark 3.2. In the inequality (3.3), if we take 6 = 1, then the inequality (3.3) reduces to the following Bullen-type
inequality for M-Lipschitzian functions via fractional integrals

3 [T (53] - T [y 160+ Ty SO+ sy 0|

M(b—a)

_m[&+1+2a71(0¢—1)].

Remark 3.3. In the inequality (3.3), if we take § = £, then the inequality (3.3) reduces to the following Simpson-type
inequality for M-Lipschitzian functions via fractional integrals

1 a+b 6 T'(a+1) [ o a+ 5b o
‘6 |:f<a’) +4f< 2 ) +f(b):| - (b— a)(x J(Sag—h)if(a) + J(5a6-%—b)+f( 6 )+ J(a-z5b)+f(b):|’
M(b_a’) 2a a+1
Sig(ay ) TR
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