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Abstract

In this paper, we give Darboux approximation for dual Smarandache curves of timelike curve on unit dual
Lorentzian sphere 5?. Firstly, we define the four types of dual Smarandache curves of a timelike curve
a(s) lying on dual Lorentzian sphere S?. Then, we obtain the relationships between the dual curvatures
of timelike curve &(s) and its dual Smarandache curves. Finally, we give an example for Smarandache
curves of a timelike curve on unit dual Lorentzian sphere S3.
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1. Introduction

In the dual Lorentzian space D3, a differentiable timelike curve lying fully on unit dual Lorentzian sphere 57
represents a spacelike ruled surface which is a surface generated by moving of a spacelike line L along a curve
a(s) in E} and has the parametrization 3(s, u) = d@(s) + u I(s), where @(s) is called generating curve and I(s), the
direction of the spacelike line L, is called ruling.

In the study of the fundamental theory and the characterizations of space curves, the special curves are an
important problem. The most mathematicians studied the special curves such as Mannheim curves and Bertrand
curves. Recently, a new special curve which is called Smarandache curve is defined by Turgut and Y:lmaz in
Minkowski space-time [9]. Ali have studied Smarandache curves in the Euclidean 3-space E*[1]. Then, Kahraman
and Ugurlu have studied dual Smarandache curves of lying curves on unit dual sphere 52 in dual space D? [5].

In this paper, we give Darboux approximation for dual Smarandache curves of timelike curve on unit dual
Lorentzian sphere S7. Firstly, we define the four types of dual Smarandache curves of a dual timelike curve
a(s) on S?. Then, we obtain the relationships between the dual curvatures of dual timelike curve &(s) and its
dual Smarandache curves. Finally, we give an example for Smarandache curves of a timelike curve on unit dual
Lorentzian sphere S7.

2. Preliminaries

Let R} be a 3-dimensional Minkowski space over the field of real numbers R with the Lorentzian inner product
(,) given by (@,d) = —a1b1 + azbs + asbs, where @ = (a1, az, as) and b = (b1, by, b3) € R3. A vector
@ = (a1, az, az) of R} is said to be timelike if (@,@) < 0, spacelike if (@, @) > 0 or @ = 0, and lightlike (null) if
(@,d@) = 0and @ # 0. Similarly, an arbitrary curve @(s) in R} is spacelike, timelike or lightlike (null), if all of its
velocity vectors o (s) are spacelike, timelike or lightlike (null), respectively [7]. The norm of a vector @ is defined by
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lldll = /| (@, a)|. Now, leta = (al, as, ag)and b= (b1, bz, b3)be two vectors in R}. Then the Lorentzian cross
product of @ and bis given by @ x b = (azbs —agba , arbs — asby, azby —a1b2).By using this definition it can be
easily shown that <a x b, c> = —det(d, b, o) [11].

The sets of the unit timelike and unit spacelike vectors are called hyperbolic unit sphere and Lorentzian unit
sphere, respectively, and denoted by
Hg ={d = (a1, a2, a3) €R}: (a,a) =—1}
and
S?={d@ = (a1, a2, a3) €R}: (@,a@) =1}, respectively [11].

Let D =R xR ={a=(a,a*): a,a* € R} be the set of pairs (a,a*). Fora = (a,a*), b= (b,b*) € D the following
operations are defined on D:

Equality:a=b<a=b, a* =b*

Addition: a+b= (a+b, a*+b*)

Multiplication : ab = (ab, ab* + a*b)

Then the element € = (0, 1) € D satisfies following relationships £ # 0,2 =0, el = 1le = e.

Let consider the element @ € D of the form @ = (@,0). Then the mapping f : D — R, f(a,0) = ais
an isomorphism. So, we can write a = (a,0). By the multiplication rule we have that @ = a + ea*. Then
G = a + ea” is called dual number and ¢ is called unit dual. Thus the set of dual numbers is given by D =
{a=a+ea*: a,a* €R, e =0} . The set D forms a commutative group under addition. The associative laws
hold for multiplication. Dual numbers are distributive and form a ring over the real number field [4].

Dual function of dual number presents a mapping of a dual numbers space on itself. Properties of dual functions
were thoroughly investigated by Dimentberg [3]. He derived the general expression for dual analytic (differentiable)
function as follows f(z) = f(x + ex*) = f(x) + ex* f'(x), where f’(x) is derivative of f(x) and z,z* € R. This
definition allows us to write the dual forms of some well-known functions as follows

cosh(Z) = cosh(x 4 ex*) = cosh(x) + ex* sinh(x),
sinh(Z) = sinh(x + ex*) = sinh(z) + ex* cosh(z).

Let D3 = D x D x D be the set of all triples of dual numbers, i.e.,
D3 ={a=(a,as,a3): a; €D, i=1,23}.

Then the set D? is called dual space. The elements of D? are called dual vectors [2,4]. Similar to the dual numbers,
a dual vector @ may be expressed in the form & = @ + ea@* = (@, d*), where @ and @* are the vectors of real space
R®. Then for any vectors @ = @ + ea* and b = b + eb* of D?, scalar product and cross product are defined by
<Zz,5> = <d’, 5> + e (<c’i7 5*> + <Ei*,5>) andaxb=axb+e (Ei x b* 4+ @ x E), where <Ei,l;> and @ x b are inner
product and cross product of the vectors @ and b in R?, respectively.

The norm of a dual vector a is given by ||a|| = ||a]| + giddl) HaH @a (@#0).

A dual vector g with the norm 1 + €0 is called unit dual vector. The set of unit dual vectors is given by

= {a = (a,as,a3) € D*: (a, a) =1+ £0} and called unit dual sphere (For details [2,4,12]).

The Lorentzian inner product of two dual vectors @ = @ + ¢@*, b = b+ eb* € D?is defined by <Fz, I~)> =

<67 l;> + € (<Ei, Z;*> + <d’*, 5>) , Where <c’i, 5> is the Lorentzian inner product of the vectors @ and b in the
Minkowski 3-space R$. Then a dual vector @ = @ + ea* is said to be timelike if @ is timelike, spacelike if @ is
spacelike or @ = 0 and lightlike (null) if @ is lightlike (null) and @ # 0 [10].

The set of all dual Lorentzian vectors is called dual Lorentzian space and it is defined by

—{a=d+ea: @ a R

The Lorentzian cross product of dual vectors @,b € D3 is definedby a x b= @ x b 4+¢ (@ x b* 4+ a* x b), where
@ x bisthe Lorentzian cross product in R3.

Leta = @+ ea* € D3. Then a is said to be dual timelike (resp. spacelike) unit vector if the vectors @ and a*
satisfy the following equations: < @,d >= —1 (resp. < @,a >= 1), <a, @ > = 0. The set of all dual timelike
unit vectors is called the dual hyperbolic unit sphere, and is denoted by HZ,

ng {& = (ah (_125 5,3) EDf: <EL,EL> :71+€0}

Similarly, the set of all dual spacelike unit vectors is called the dual Lorentzian unit sphere, and is denoted by S3,
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St ={a = (a1, a» as) € D}: (a,a)=1+¢c0}.
(For details see [10]).

3. Dual Representation and Dual Darboux Frame of a Spacelike Ruled Surface with
Spacelike Ruling

In the Minkowski 3-space R, there exists a one-to-one correspondence between the spacelike vectors of unit
dual Lorentzian sphere S? and the directed spacelike lines of the Minkowski space R} [10]. This correspondence
is known as E. Study Mapping. By the aid of this correspondence, the geometry of spacelike ruled surfaces is
represented by the geometry of dual timelike curves lying on the unit dual Lorentzian sphere 57.

Let now (¢) be a dual timelike curve lying on 57 represented by the unit dual spacelike vector é(u) = &(u)+ce*(u).
Then, the given dual curve (€) corresponding to the spacelike ruled surface . = ¢(s) + vé(s) may be represented
by é(s) = €+ eC x & where (€, €) =1, (¢, &) = —1, (¢, €) = 0 and 'is the position vector of the striction curve.

The derivatives of the vectors of dual frame {é, t, g} of a timelike ruled surface are given as follows,

de - dt _ __ dg -
i - — Ng, -2 =~ d
G-l gz et 5 = (3.1)
and called dual Darboux formulae of spacelike ruled surface é(or ¢, ). Then the dual Darboux vector of the trihedron
isd= -5+ g.
Dual curvature of the ruled surface is
Fy=7—€e(d+7A) (3.2)

where 7 is conical curvature, A = det(&, €,t) and § = (&, &).

The functions v(s), d(s)and A(s)are the invariants of the spacelike ruled surface ¢.. They determine the
spacelike ruled surface uniquely up to its position in the space. For example, if § = A = 0 we have Cis constant. It
means that the spacelike ruled surface ¢. is a spacelike cone.

Dual radius of curvature of dual timelike curve lying on S? (spacelike ruled surface) &(s) is can be calculated
analogous to common Lorentzian differential geometry of curves as follows

R _ | % H3 _ 1 (3 3)
g < &=l Viea?
The unit vector d, with the same sense as the Darboux vector d = —7¢ + § is given by
~ ol _ 1 ~
/1 + ,72 /1 + ,72
Then, the dual angle between d, and ¢ satisfies the followings,
_ v - 1
cosp=—————, sinp=—= (3.5)
V1+742 V1+ 72
where p is the dual spherical radius of curvature. Hence,
R =sinp and ¥ = —cotp (3.6)

[8].

4. Dual Smarandache Curves of a Timelike Curve lying on S?

In this section, we first define the four different types of the Smarandache curves of a dual timelike curve lying
on unit dual Lorentzian sphere in D}. Then by the aid of dual Darboux frame, we give the characterizations between
these dual timelike curve &(5) (or spacelike ruled surfaces) and its Smarandache curves. Since dual spherical curves
correspond to timelike or spacelike ruled surfaces, the dual Smarandache curves can be also called Smarandache
ruled surfaces. Then, using the found results and relationships we study the developable of the corresponding
ruled surface and its Smarandache ruled surface.
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Dual Smarandache é7 -curves of a timelike curve lying on 5?7
Definition 4.1. Let & = &(5) be a unit speed regular dual timelike curve lying fully on unit dual Lorentzian sphere
S? and {é, t, g} be its moving dual Darboux frame. The dual Smarandache curves defined by

i)ay =v2é+1 i) ap = &+ V21 ) )
are called the dual Smarandache é¢-curves of dual timelike curve &. Dual curves &; and éo fully lies on H, g and S%,
respectively.

Now we can give the relationships between & and its dual Smarandache ét-curves as follows.

Theorem 4.1. Let & = &(5) be a unit speed reqular dual timelike curve lying on unit dual Lorentzian sphere S3. Then the
relationships between the dual Darboux frames of & and its dual Smarandache ét-curves are given by

N V2 1 0 N i 1 V2 0 i

€1 1 V2 5 € €2 NG 1 V35 é

Dl t1 | =| V21 Va1 -l tli)| e | =] Veztr V2l el t

g1 ] —V2y —1 7 g2 2y V275 -1 g
Vil A2 /321 V27241 /279241 /25241

(4.1)
where 7 is as given in (3.2).

Proof. i) Let us investigate the dual Darboux frame fields of dual Smarandache ét-curve according to & = &(5).
Since &1 = é1, we have

&1 =V2é+1t (4.2)
Differentiating (4.2) with respect to 5, we get
déy dé; ds; - ds; . ~
i st 2
ds ds, ds ' ds e+ V2E+7g
and hence
- 1 - P
= (e+\/§t+7g) (4.3)

ds = A - U7
where 1 = \/72 — 1. Thus, sinceg; = €; x t1, we have

g 0 v 1 . (4.4)

Y BV e BV

From (4.2)-(4.3) we have (4.1).
The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Theorem 4.2. The relationships between the dual Darboux formulae of dual Smarandache ét-curves and dual Darboux frame
of & are as follows

dé L V2 il

ds, VA%2-1 ¥2-1 VA2-1 e
Dl 4 | = | 22y 31V V2R VR i (4.5)

gééi ’ (’72_1)2 3 (’7/2_1)32 (32_1)24 ’ q

ds 7 +vV2y-v25 V2y'-27°+25 V232 -V2774795 g

! (72-1)? (32-1)* (32-1)*
des V2 1 V25
dso V27241 V27241 V27241 e
i) | dz | = | 22=2v29941 29943Vt Ve 2704y y2Y i
ggg (2§2+1) ’ 3 (2'7/2—"_1)/ (2ﬁ/i+1) 2 ’ q
d5s 21273 +v27+25 27°+9+v27 2v274 42724277 g
(272+1)* (272+1)* (272+1)°

Proof. i) Differentiating (4.2), (4.3) and (4.4) with respect to 5, we have the desired equation (4.2).
The proof of the statement (ii) can be given by the same way of the proof of statement (i).
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Theorem 4.3. Let & = &(5) be a unit speed reqular dual timelike curve on unit dual Lorentzian sphere S?. Then the
relationships between the dual curvatures of & and its dual Smarandache ét-curves are given by

ae T V27 + V2P o V2 529
i = - 372 ii) 2 = - 572 (4.6)
(-1 2y +1)
Proof. i) Since % = —4, t1, from (4.1) and (4.2), we get dual curvature of the curve &; (5;) as follows
I B Ll
1 — .
(2 - 1)*?
The proof of the statement (ii) can be given by the same way of the proof of statement (i).
Corollary 4.1. The instantaneous Darboux vector of dual Smarandache ét-curves are given by
~ 2—/ =~ _ =3 =/ B 1
o, = Y2 AR, T it i 4.7)
(-1 (7> -1) 7 =1
i) do — =2V =9-27% 5 2y 15
i) dy = =g ¢ T eyt t Noess
Proof: i) It is known that the dual instantaneous Darboux vector of dual Smarandache éf-curve is d; = —~161—31-

Then, from (3.6), (4.1) and (4.6) we have (4.7).
The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Theorem 4.4. Let &(5) = & be a unit speed regular dual timelike curve on unit dual Lorentzian sphere S?. If the ruled
surface corresponding to dual timelike curve & is developable then the ruled surfaces corresponding to dual Smarandache
curves are also developable if and only if

)5, = 5(=317'+v2r*—v/2) 5 i) 5 — —673(vV2v'+7-2%) | (1-692)+v26'
1) e (72*1)5/2 (’72*1)3/2 ll) 2= (27271)5/2 (27271)3/2
Proof. i) From (3.2) we have
Y=v-¢c(d+7A4) F1=m+e(d+mA)

Then substituting these equalities into to equation (4.6) and separating its real and dual components, we have

_ V2R -V
R

O+78) (31 + V22 = V2) | & +9 A+

y1+e(d1+71A
ey (67— 1) (2 -1

Since the ruled surface corresponding to dual Lorentzian curve & is developable, A = 0. Hence,
- + V295 = V2y 5 (=31Y +v29° = V2) &
+e :
(2 -1 (2 -1 (2 -1
Thus, the ruled surfaces corresponding to dual Smarandache curves are developable if and only if
3 (=377 + V2 - V2) 5
2 5/2 + 2 3/2°
(v?=1) (72 1)

The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Mnte(dr+ml)=

01 =

Theorem 4.5. The relationships between the radius of dual curvature of dual Smarandache ét-curves and the dual curvature
of & are given by

(272 +1)**

_9 3/2
‘ v -1 ‘ _
( ) ii) Ry =

4.8)
\/\(72 —1)° = (=7 = VI + VER)’| \/\(%2 +1)° - (V27 + 7+ 27|

)R, =
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Proof. i) Substituting equation (4.6)into to equation (3.3), the radius of dual curvature is

i | [

Ry =
\/‘1(7f7+f7 ’ \/‘v—l 7’—x/§’7+x/5ﬁ3)2‘

(72-1)°7"

(21
\/\(W2—1)3—(—ﬁ'—x@w+x/§73)2\ .
The proof of the statement (ii) can be given by the same way of the proof of statement (i).
In the following sections we define dual Smarandache ég, t§ and étj curves. The proofs of

the theorems and corollaries of these sections can be given by using the similar way used in
previous section.

Then, Rl =

Dual Smarandache ¢ -curves of a timelike curve lying on S?
Definition 4.2. Let &(5) = & be a unit speed regular dual timelike curve lying fully on unit dual
Lorentzian sphere and {é, t, g}be its moving Darboux frame. The dual curve &3 defined by

- 1

&3:E(é+§)

is called the dual Smarandache ég-curve of & and fully lies on S?. Then the ruled surface
corresponding to ¢ is called the Smarandache ég-ruled surface of the surface corresponding to
dual timelike curve a.

Now we can give the relationships between & and its dual Smarandache ég-curve a3 as
follows.

Theorem 4.6. Let &.(S) = & be a unit speed reqular dual timelike curve lying on unit dual Lorentzian
sphere S?. Then the relationships between the dual Darboux frames of & and its dual Smarandache
€g-curve & are given by

~ 1 ~
s VZoo2 ¢
~ -1 1 ~
93 w0 m/ N9

Theorem 4.7. Let &(S) = & be a unit speed reqular dual timelike curve on unit dual Lorentzian sphere

S2. Then according to dual Darboux frame of &, the dual Darboux formulae of dual Smarandache éj-curve
& are as follows

dés -
e 0 1 0 &
dt3 _ V2 0 V25 f
dss = +7 1+5

dgs 0 =1 g
dss y+1

Theorem 4.8. Then the relationship between the dual curvatures of & and its dual Smarandache ég-curve
&g is given by

I
Y
|
—_

V3

=2l
+
—_
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Corollary 4.2. Relationship between the dual curvature of & and Instantaneous Darboux vector of dual
Smarandache ég-curve is given by

~ —\/ 2~ 2
=V, f,g
I+ I+7

Theorem 4.9. Let &(S) = & be a unit speed regular timelike curve on unit dual Lorentzian sphere
S%. If the ruled surface corresponding to dual timelike curve & is developable then the ruled surface
corresponding to dual Smarandache ég-curve is also developable if and only if

25
(y+1)%

Theorem 4.10. The relationship between the radius of dual curvature of dual Smarandache ég-curves
and the dual curvature of & is given by

03 =

o VTET

SRV

Dual Smarandache £j -curves of a timelike curve lying on S?
Definition 4.3. Let &(5) = & be a unit speed regular timelike curve lying fully on unit dual

Lorentzian sphere S”f and {é, t, g}be its moving Darboux frame. The dual Smarandache curves
defined by

Day=v2i+g  ias=1+v27 .
are called the dual Smarandache ¢g-curves of dual timelike curve . a, and és fully lies on H?
and S7, respectively.

Now we can give the relationships between & and its dual Smarandache ¢j-curves as follows.

Theorem 4.11. Let &(5) = & be a unit speed reqular timelike curve lying on unit dual Lorentzian sphere
S2. Then the relationships between the dual Darboux frames of & and its dual Smarandache tg-curves are

given by
_ 0 V2 1 i . 0 1 V2
NS V2 7 V27 S T 1 V25 7
D ta | =| Ve Ve e t it | =] Vig Vi iy
94 ol —V2 —2 g 9 ol V2 L
VAir2 P2 /242 V132 V1-32 /172

Theorem 4.12. The relationships between the dual Darboux formulae of dual Smarandache tg-curves
and dual Darboux frame of & are given by

déy V2 ol V25
dsa Vi VA2 +2 V2 +2 e
i) dig — V297493427 —V27 +3v252 429/ 4+2v2 744292 42/29 7
e (32+2)° (72+2)° (72+2)° ~
Tos 27 —vV272-2v2 —33-29+v237 —V27°—2v27+27% g
(72+2)° (72+2)° (72+2)°
dés 1 2y ol }
dss 1-%2 \1-72 v 1-72 ?
i) | 4 | = | 2+v2-veR 13tV V272 V27447 ¢
dss 1-~52)2 1-~2)2 1—~2)2
dge ., ( _27 ) _( ;73) ., _( 'Y_% _, ~
. Y V27?42 2929 +V297  V27-v233 445 9

(1-52)* (1-52)* (1-52)*

St M

@
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Theorem 4.13. Let a(3) = & be a unit speed regular timelike curve on unit dual Lorentzian sphere Sz,
Then the relationships between the dual curvatures of & and its dual Smarandache tg-curves are given by

_ P=V2y'+2

=7 +v272 /2
3+ '

1) 7 = li) ’_}/5 = (17,32)3/2
Corollary 4.3. The instantaneous Darboux vectors of dual Smarandache tg-curves are given by

l) d4

\/ T Ot e T EQP’/EQ g
W == \/ij et ot + @—2?3/2 g

Theorem 4.14. Let &(5) = & be a unit speed reqular timelike curve on unit dual Lorentzian sphere and
duy and ¢ be the dual Smarandache tg-curves of &. If the ruled surface corresponding to dual timelike
curve @& is developable then the ruled surfaces corresponding to dual Smarandache tg-curves are also
developable if and only if

5(VE—VE )

. s §(~3+2y—3v2yy ..
)0, = v2 ( ) i) 05 = (212)°

6/
(v2+2)°/* (v2+2)*" 72

(1-9%)

Theorem 4.15. The relationships between the radius of dual curvature of dual Smarandache tg-curoves
and the dual curvature of & are given by

(17"

Ja—r—G—vaeevay|

(72+2)3/ ?

) Ry =
V= e

Dual Smarandache é£j -curves of a dual timelike curve lying on S?
Definition 4.4. Let &(5) = & be a unit speed regular dual timelike curve lying fully on unit dual
Lorentzian sphere and {¢, , g }be its moving Darboux frame. The dual Smarandache curves
defined by

)ag=¢+V3i+gidar=¢é+1+7 i
are called the dual Smarandache étj-curves of dual timelike curve a. &g and @y fully lies on H2
and S?, respectively.

Now we can give the relationships between & and its dual Smarandache étg-curves as follows.

Theorem 4.16. Let &(5) = & be a unit speed reqular dual timelike curve lying on unit dual Lorentzian

sphere S2. Then the relationships between the dual Darboux frames of & and its dual Smarandache
eétg-curves are given by

. 1 V3 1 i
[ ¢ V3 145 V3 ¢
i) | tg = V2722942 /2922942 /2722542 t
J6 21 V3y-V3 -2 17

V272942 /2322742 /2922942

& 111 ¢

N 1 145 5 <

W\ = V5 v R t

- et ~z -

g7 V5 vV Vo g

Theorem 4.17. The relationships between the dual Darboux formulae of dual Smarandache étg-curves
and dual Darboux frame of & are given by
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V3 1+5 V35

dég V272 -25+2 V272 —25+2 V2722512 5
dsg =\~ ! ~4 =3 2 -
ol e | = VBY —2v/B37 £297 42 @37 4232 ) 294425 - VY (5-2) 7
- ~2 _95 —2_ox —2 o
dso (292 -27+2) (292 -29+2) ,,(,2"’ 727?&) L v
dsg 37 42v370—4vEP 44372V VETY VBT 4274270 4272 337 -2v3(27° 4514252 -7) g
(272 -27+2) (272 -27+2) (272 -27+2)
dér 1 1-5 ol -
ds7 V=25 \/—2W \/—2*1 e
i 4z | = 1=2y2-2y  ¥=99-23429° 2922905y 7
d§7 N ’ 24:Y2 ’ /4’72 3 4’5 ~ '
dgz 3'+29%-25 WAy =23-27° 37 =23°+25° g
ds7 452 452 152

Theorem 4.18. Then the relationships between the dual curvatures of & and its dual Smarandache
étg-curves are given by

=37 —27° 4472 —47+2 ii) 7y = 29—272—%'
(272—27+2)*"* (—29)%%

i) Y6 =
Corollary 4.4. The Instantaneous Darboux vectors of dual Smarandache étg-curves are given by
i) de — V37 +67° —107%+107—4 c_ 37 +4v3%%—8v/372+8v3y—4v3 i+ V37 +475-1032+107—6 ~
0 (272-27+2)*/° (292~ 2w+2)3/ ’ (272-27+2)*/°
ey 7 44272 727 =~
11) d7 - (12%’;/2 e + (-2 )3/2 t+ (—27 )3’;2 g-
Theorem 4.19. Let &(S) = & be a unit speed reqular timelike curve on unit dual Lorentzian sphere
S? and a6 and &7 be the dual Smarandache étg-curves of a. If the ruled surface corresponding to dual

timelike curve G is developable then the ruled surfaces corresponding to dual Smarandache &tg-curves are
also developable if and only if

) 3(—3v/3y/ 4637y +2474 —58+3+72y% —487+14) V36!
1)56 = 2_ 5/2 2_ 3/2
(27y2-27+2) (272 —2v+2)
P E S B
(—2v)°/? (—27)%/2

Theorem 4.20. The relationships between the radius of dual curvature of dual Smarandache étg-curves
and the dual curvature of & are given by

. (a22y12)"”
1) RG = . —— - - 5
\/‘(27 —27+42) —(—\/37’—2w3+472—4w+2) ’
_ 5:73/2
ii) Ry = (29"

VI -@r-2v—y?]
Example 4.1. Let consider the dual timelike curve a(3) lying on S? given by the parametrization
a(s) = (sinh s, 0,cosh s) + ¢ (\/§ scosh s,0, /3 s sinh s) :
The curve a(s) represents the ruled surface
o(s,v) = (2 sinh s, V3 s, 2 cosh s) + v (sinh s, 0, cosh s)

which is a spacelike ruled surface rendered in Fig. 1. Then the dual Darboux frame of & is
obtained as follows,

!

(s) = (sinhs,0,cosh s) + ¢ (V3 scoshs, 0,3 ssinh s)
(s) = (cosh s, 0,sinh s) + & (V3 ssinh s, —2, v/3 s cosh s)
G(s) =(0,1,0) + e (—2coshs,0, —2sinh s)

O
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The Smarandache ét, £g, 3, and étj curves of the dual timelike curve @ are given by

ap(s) = (sinhs ++v/2coshs, 0, coshs+ v/2sinh s)
+ (\/gscoshs + /6 ssinh s, —2\/5, v/3 ssinh s 4+ v/6 s cosh s)
as(s) = (ﬂsinh s+ coshs, 0,2 cosh s+ sinh 5)

+e (\/éscoshs—l—\/gssinhs —2 \/Essinhs—l—\/gscoshs)

as(s) = (\/ii sinh s, \1[ 7 cosh 5) +e (*/g\/% 2 cosh s, 0, ‘/g\/SgQ sinh s)

du(s) = (V2coshs, 1,v/2sinhs)
+e (\/Bssinhs —2cosh s, —2v/2,v/6 s cosh s — 2sinh s)
as(s) = (cosh s, v/2,sinh s) + e (\/gs sinhs — 2v/2cosh s, —2,v/3 scosh s — 2¢/2sinh s)
dg(s) = (sinhs + v3coshs, 1,coshs+ v/3sinhs)
+e ( (\/gs — 2) cosh s + 3ssinh s, —2v/3, (\/gs — 2) sinh s + 35 cosh s)
a7(s) = (sinh s + cosh s, 1,cosh s+ sinh s)
+e ( (\/gs — 2) cosh s ++v/3ssinhs, —2, (\/gs — 2) sinh s + \/§scoshs)

respectively. From E. Study mapping, these dual spherical curves correspond to the following
ruled surfaces

2sinh s, 35 2COShS) + v (ﬁcoshs—i—sinhs, 0, coshs—l—ﬂsinhs)
2(:osh3 \/§5 —ﬂsmhs) + v (coshs—i—ﬁsinhs, 0, ﬂcoshs—i—sinhs)

901(‘9?1}) (
(s,v) = (-
w3(s,v) = (2 sinh s, /3 s, 2 cosh 3) (% sinh s, %, %coshs

¢a(s,v) = (2sinhs,v/3s,2coshs) + v (v/2coshs, 1, v/2sinhs)

@5(s,v) = (2sinhs,v/3s,2coshs) + (coshs V2, smh s)

@s(s,v) = (2sinhs,v/3s,2coshs) + v (v/3cosh s + sinh s, 1, cosh s + v/3sinh s)
¢7(s,v) = (2sinhs,v/3s,2coshs) + v (coshs +sinhs, 1, coshs + sinh s)

respectively. These surfaces are rendered in Fig.2, Fig. 3, Fig. 4, Fig. 5, Fig. 6, Fig. 7 and Fig. 8
respectively.

Figure 1. Spacelike ruled Surface ¢(s, v)with spacelike ruling
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Figure 2. Timelike Smarandache ruled Surface ¢ (s, v)with spacelike ruling

Figure 3. Timelike Smarandache ruled Surface s (s, v)with timelike ruling

Figure 4. Timelike Smarandache ruled surface ¢3(s, v) with spacelike ruling
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Figure 5. Timelike Smarandache ruled surface ¢4(s, v) with timelike ruling

Figure 7. Timelike Smarandache ruled surface g (s, v) with timelike ruling

Figure 8. Timelike Smarandache ruled surface ¢7(s, v) with spacelike ruling
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