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Abstract

In this paper, we establish some Hermite-Hadamard type Integral inequalities for a new class of convex
function called A-MT-convex function. Our results generalize and extend some existing results in
literature.
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1. Introduction

In this section, some definitions and results used in this paper are presented.
Let f : I C R — R be a convex function defined on the interval I = [a, b] of the real numbers and let a, b € [c, d]
where a < b. Then, the following double inequality

f(a;b) Sbia/abf(”“’)df“gw -

is known in the literature as the Hermite-Hadamard Integral Inequality [7]. The inequality, often referred to as the
first fundamental result for convex functions with a natural geometrical interpretation and many applications, has
attracted and continues to attract much interest in the field of Optimization, Mathematics and Engineering since its
establishment in 1881 (see [2]). A good number of research papers and texts have been written on (1.1), providing
new proofs, expositions, noteworthy extensions, generalizations and numerous applications (see [5]).

We give some definitions relating to convex functions below:

Definition 1.1. [2] A function f: I — Ris said to be convex, if for every z,y € I and t € [0, 1], we have

fltz+ (1 =t)y) <tf(x)+ 1 -1)f(y). (1.2)
Definition 1.2. [4] A function f : [0,b] — R is said to be m-convex, where m € [0, 1], if for every z,y € [0,b], and
t € [0, 1], we have
[tz +m(l —t)y) < tf(x) +m(1 —1)f(y). (1.3)
In [11], Tunc and Yildirim defined the class of MT-convex functions as follows.

Definition 1.3. [11] A function f:I C R — R is said to belong to the class MT'(I) if f is nonnegative and Vz,y € I
and ¢ € (0, 1) satisfies the inequality

Vit 1—¢

(z) +

fltz+(1-t)y) <

< 2\/1—_75‘/" f(y). (1.4)
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Recently, Omotoyinbo and Mogbademu [9] introduced a new class of convex function as follows.

Definition 1.4. [9] A function f: I C R — R is said to belong to the class m — MT(I) if f is nonnegative and
Vz,y € Iand t € (0,1), with m € [0, 1] satisfies the inequality

Vit my/1—1t
ot g

Recently, Tunc and Yildirim [11] obtained the following two new inequalities of Hermite-Hadamard type for the
class of MT-convex functions.

Ftz +m(1 - t)y)

f(y)- (1.5)

Theorem 1.1. Let f € MT(I),a,b € I witha < band f € Ly[a,b]. Then, one has the inequality
a+b

<

1(*5") <

b
b—a/a 7(z) f(z)dx < — (1.6)

and

where T(x) = W,me [a, D).

In [12], Tunc et al. established some Hermite-Hadamard inequalities for MT-convex functions. Indeed, they
proved the following;:

Theorem 1.2. Let f : [a,b] C R — R be nonnegative MT-convex function and f € L1[a, b]. Then,

o [ e < T + s (17)

Theorem 1.3. Let f, g € [a,b] — R be two nonnegative MT-convex functions and f,g € L1[a,b]. Then,

f<“+b>g(“;b> < M(a,b) + N(a,b), (1.8)

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a)-

Theorem 1.4. Let f, g : [a,b] C R — R two nonnegative MT-convex functions and f,g € L1([a,b]). Then,
F(432) (9(a) +9(b) + g (45%) (f(a) + £(b)

<ot (50) o (“52) + 2@ + 0D ata) + (o) 19)

Motivated by the results of Dragomir et al. [3], Tunc and Yildirim [11], Omotoyinbo and Mogbademu [8], [9]
and Tunc et al. [12], we introduce and define the following new class of convex functions.

Definition 1.5. A nonnegative function f:1 C R — Rissaid to be a A-MT-convex function or said to belong to
the class A-MT'(I) if Yo,y € I, A € (0, 4] and ¢ € (0, 1) the following inequality is satisfied

Vit (1-XNVI—t
< o=l )+72W£

Remark 1.1. An example to illustrate this type of function is:

fi[1,2] = R, f(z) = 2"k € (071000)
By choosing I = [1,2], A € [3, 2],t = 0.5,z = 1,y = 2, inequality (1.10) is satisfied. Thus, f is A-MT-convex.

fltx+ (1 -1ty <

f(). (1.10)

The purpose of this paper is to establish some new Hermite-Hadamard type integral inequalities for A-MT-
convex function, thereby extending known results in literature, using simple analytical techniques.
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2. Main Results

Theorem 2.1. Let f, g € [a,b] — R be two nonnegative X — MT-convex functions and f, g € L1([a,b]) with a,b € I and
a < b. Then

2 2
where M (a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
Proof. Since f and g are A — MT-convex, then from Definition 1.5,

a+b Vit (1-MVI—t
1(*50) = s+ B2

8A2f (” + b) p (““’) < (A2 = A+ 1)(M(a,b) + N(a,b)), 2.1)

2
1 Vit (1—-MVI—1
<3 (o= + 2 G+ o) 22)
and
a+b Vit (1=MVI—t
1(%57) = srmpato + E 2 =
1 Vit (1—-A)V1—t
<3 (5o + B2 @ + a0, 23)

Multiplying (2.2) and (2.3), we obtain

)0 () < [HE + AT () + 70) (o) + 9(0)

2,2 2 2 (24)
— L (RN N A0 (1) - £(3))(g(a) + g(b)):
It is easy to see that (2.4) gives
L6AZH(1 — 1) f(“E2)g(<EL) < (A2 + 201 — A\t(1 — 1)

2.5
HL=N21L= 02 (@) + B 9(@) + 90)) (2

Integrating both sides of (2.5) wrt ¢ over [0, 1] to get

1632 f(42)g(42) [y (1= )t < (f(a) + F(b))(g(a) + g(B))(N? J, t2dt
+2)\(1 — )fl t(1— t)dt (2.6)
fo — 1)%dt).

Substituting fol t(1 — t)dt = g, fol t2dt = fol(l — t)%dt = % in (2.5) and simplifying further gives the inequality
@.1). 0

Remark 2.1. Setting A = § in Theorem 2.1 gives
s/ (%379 (*3")

which is Theorem 2.5 of Tunc et al. [12].

Theorem 2.2. Let f,g : [a,b] C R — R be two nonnegative \-MT-convex functions and f,g € Li([a,b]) with a,b € I
where a < b. Then

F(452) (9(a) +9(b) + g (452) (f(a) + £(b)

X + 1A
sl
>

where M(a, b)= fla)g(a) + f(b)g(b), N(a,b)= f(a)g(b)+f(b)g(a).
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Proof. Since f, g € A-MT(I), then

Vi (1—-NVI—t
s+ L) )+ 50,

)
(
) VE iy L AVIZE
(
r<gq

21—t 22/t 9(0)

Vit (1-NVI—1t
s+ LM (o) + 90,

then pg + rs < ps + qr.

Recall: For p,q,r,s,t € R",if p < s,and
(a+b)

b
+7 <a+ )
a+b a+b 1
<1(57)o(5) [

Simplifying (2.9), we get

L (252) (9 + U500 (9(0) + 90) + 3o(%52) (S + S50 (f(a) + 1)

e R v L
( Vi —1
(

e L
)

Vit )\)\/1 t
V1— t Wit

] () + g(b)).

< J(efh)g(eg) + (AR UNIZO) (£(a) + £(8))(9(a) + 9(0).
Multiplying both sides of the inequality (2.10) by 16A*¢(1 — ¢), gives
4F (#52) W22 (1= + X1 = Nt (1= ))(g(a) + g(b
(U3 (N3 (1= 1)2 + A1 = N2 (1—1)2)(f( (
< 16X%(1 - £ F(452)g(452) + (W12 +2(1 = Mi(
A1 =21 = 1)*)(f(a) + F(b)(9(a) + g(b))-
Integrating both sides of (2.11) wrt ¢ over [0, 1],

Af (a“’) <A2/01t3(1—t)%dt+A(1—A)/Olt%(l—t)idt> (g(a) + g(b)

g (“‘2”’) </\2/01t3(1—t)§dt+)\(1—/\)/Olté(l—tﬁ) (f(a) + £(b))

<1027 ()0 47 ) fi #(1 ~ byt

Substitute the following equalities in (2.12),

/01 (1 -1)
/Olt(l—t)dt:é,/oltzdtzfol(l—t)%tz;’.

[N

1
dt = / 51— t)3dt = =
; 16

This completes the proof.

(2.7)

(2.8)

(2.10)

(2.11)

(2.12)
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Theorem 2.3. Let f : [a,b] C R — R be a nonnegative X\ — MT-convex functions and f € L1 ([a,b]) with a,b € I where
a < b. Then

1 (2500 1
Gl e /( rwiy < 5 (3) @+ f0)
Proof. Since f € A\ — MT(I). Then, we can write
A Vit (1—=MVI—t
! <ta + m(1 - t)b) \/7f( a) + YW f(b), (2.13)
A Vit (1—-MVI—t
f <tb+ ﬁ(l —t)a ) \/7f(b)+ WG fla). (2.14)
Adding (2.13) and (2.14) gives
Vit (1-NVI—1

! (m+ %(1 —t)b) +f (tb+ %(1 —t)a) < % (\/ﬁ + W ) (f(a) + f(D)). (2.15)

Integrating both sides of (2.15) wrt to ¢,

/;f(ta—i—l)\)\(l—t)b) dt—i—/1f<tb+1)\)\(1—t) )dt

gi(/ B(1— 1) dt—i——/ (1-1) dt)(f(a)+f(b)). (2.16)

Substituting = = ta + 12 (1 — )b, dz = (a — (25)b) dt,

A
Yy = tb+ﬁ(1*t)a, dy—(bf(

where fo t72(1—t)2dt = folté 1 —t)~2dt = T into (2.16) and simplifying to get:

M/a(u)bf(x)d“ T /< a = (5) U@+ s

1-X

Hence, the proof is completed.

Remark 2.2. Let f : [a,b] C R — R be a nonnegative MT-convex function and f € La, b]. By choosing A = 1 and
T = y we obtain

o [ e < 5@+ g0,

which is Theorem 2.3 of Tunc et al. [12].
Remark 2.3. Alternatively, we can integrate directly either of the A — M T-convex functions

f(ta+1iA(1—t)b) < fa )+ Lot

f(tb+ li/\(l—t) ) 2\/\1/;f(b)+ (1_2):\)\/”251_15

f(0)

or

to obtain

or
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Theorem 2.4. Let f : [a,b] C R — R be a nonnegative X\ — MT-convex functions and f € L1 ([a,b]) with a,b € I where

a < b. Then
a+(25)b 1 1 (250 1 b
f <2> < 5 (W/a f(z)dz + = (ﬁ)a) /(ﬁx)a f(y)dy> . (2.17)
Proof. Since f € A— MT(I). Then, forallz,y € I,
f (ta+ %(1 —t)b) < 2\/\1/%f(a) L a ‘;A)ﬁl —' ), (2.18)

Substituting ¢ = 1 in inequality (2.18), we have,

That is, with z = ta + 12 (1 — t)b,dz = (a — ($25)b)dt,

A A

Ja)dt,

where [} t72 (1 —t)3dt = [ t3(1 — )" 2dt =

f (W) < % </01f(ta+1)\)\(1—t)b) dt—&—/olf(l)\)\(l—t)a—i—tb) dt). (2.19)

Further simlification of inequality (2.19) completely gives (2.17). Hence, the proof is completed. O

NIE

Remark 2.4. Setting A = %, in (2.17) we obtain

b b
(57 <52, | s@an

which is the first part of Hadamard’s inequality and Theorem 2a of Tunc and Yildirim[11].

Theorem 2.5. Let f,g : [a,b] C R — R be two nonnegative \ — M T-convex functions and f € Li([a,b]) with a,b € I
where a < b. Then

A2 (2306 B i
Q(G)W/a (=)0~ 2)2(z —a)? f(z)dz
AL =) (200 ) s 3
+9(b)w/a ((m)b—l“) (z—a)? f(z)dx
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Proof. Since f and g are A — MT-convex, we can write

f(tas P50 -00) < 2+ L =,
o (1 250 -00) < s gt + B2
Using the basic inequality, pg + rs < ps + gr, whenever p < s and r < ¢ for any p, ¢,r, s € R we have
A Vit (1—-MVI—t
(o 250-00) (oo + S )
+g (ta+ %(1 t)b) (2 {L_ tf(a) + u _;A)\/; _tf(b)>
Vit (1—-MVI—t Vit (1—-MVI—t
< (s + S0 ) (ot + S )
+f <ta + %(1 - t)b) g (m+ %(1 _ t)b) .
This gives
g(a) \/Elv_lt’tf (t + ﬁu - t)b> S G A)ﬁv L=ty <m+ %(1 - t)b)
+f(a) \/ilv_lt_tg (ta+ %(1 - t)b) + s A)‘A/fv 1=t <m+ %(1 - t)b)

_ _ —)\)2(1 —
<3 (1o @a@ + B e + B st + CE )

+2f (m+ %(1 —t)b) g (ta+ %(1 —t)b) .

It can be eaily seen that (2.21) gives
g(@)NtVt/1T—tf (ta + %(1 - t)b) + g(ONL = NA = )VEVT—Lf <ta + %(1 - t)b)

1-A

+f(a)NtViV1 —tg (ta + L(l — t)b) + (AL =N (1 —)VIVI—tg (ta + %(1 - t)b>

<

(W2 f(a)g(a) + A1 = N1 = 1)(f(a)g(b) + F(b)g(a)) + (1= X)*(1 = )* f(b)g (b))

+2M%(1 — 1) <f <ta + %(1 - t)b) g <ta + %(1 - t)b))

Integrating both sides of (2.22) over [0, 1] wrt to t,

N | —

gla)\? /1 Vi1 —tf (ta + %(1 - t)b) dt
o -
+g(B)A(1 = N) /1(1 — VIV —tf (ta + %(1 - t)b> dt
. -
+f(a)\? /1 ViVl —tg (ta + %(1 - t)b> dt
A -

+f(B)A(1 = N) /01(1 —tVtV1 —tg (ta + %(1 — t)b) dt

(2.20)

(2.21)

(2.22)
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1
<1(v[;ﬁmﬂ@mw+xa—Axﬂ@mM+f@m@Q

|

+% (/Olm —fydt+ (1 — /\)Qf(b)g(b)/ol(l - t)2dt>
+2)2 /01 t(1—1t)f <ta + %(1 - t)b) g <m + %(1 - t)b> dt (2.23)

By using z = ta + {25 (1 — )b, dz = (a - (ﬁ)b) dt in (2.23), we obtain

g(a)\? /01 Vi1 —tf (m + %(1 - t)b) dt

8 (2200 L
=mw)yx)gé (-2 )b — )} (& — a)} f(a)de,

((Zx)b —a 12
g(D)A(1 = N) /01(1 — V1 —tf (ta + %(1 - t)b) dt
B A1-A) R s s
1O g | (ot @b

fla)\? /01 ViVl —tg (m + %(1 - t)b> dt

2 (ﬁ)b 3 1
:f(a))\/\_a)?)/a ((L)b—x)i(x—a)ig(x)dx,

(=)0 1-A
! A
FON1 — /\)/ (1—t)Vtv/1—tg (ta + ——(1— t)b) dt
0 1— A\

A U P N B P bo—a)t
IO Gy (G wie @l
1 1 1 1 1

234 A2t — = _ = =
/Otdt_/o(l t)dt_g,/o t(1 t)dt_ﬁ.
Hence, this completes the proof. O
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