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Abstract

In this paper, the authors present the (p, ¢) and (g, k)-extensions of a double inequality involving a ratio of
Gamma functions. The method is based on some monotonicity properties of certain functions associated
with the (p, ¢) and (g, k)-extensions of the Gamma function.
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1. Introduction

The classical Euler’s Gamma function, I'(z) and the classical psi or digamma function, +(z) are usually defined for
z>0as

e nln®
I'(x) :/ t" et dt = lim
0 n—oo x(x + 1)(x +2)...(x +n)

and J -
P(z) = %hnl"(g:) = F((;;

The p-extension (also known as p-analogue, p-deformation or p-generalization) of the Gamma function, I', (x) is
defined (see [2]) for p € Nand « > 0 as

X

B plp”® B P
Fp(x)_;v(a:+1)...(x+p) _:r(l—i-%)...(l—i—%)

where lim, o, I')(z) =T'(2).

Also, the g-extension of the Gamma function, I';(x) is defined (see [5]) for ¢ € (0,1) and = > 0 as

o0 1 qn+1 e 1— qn

Ty(z) =(1—¢q)'" H ﬁ =(1-g'" H [y

n=0 q n=1

where limg,; Tg(z) =T(x).

The k-extension of the Gamma function, I'; (z) is similarly defined (see [3]) for £ > 0 and z € C\kZ™~ as

] ok | n %—1
Ty (z) :/ " le % dt = lim ntk” (k)=
0

n— o0 (x)n,k
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where (2),x = z(x + k)(z + 2k) ... (z + (n — 1)k) is the k-Pochhammer symbol and limy_,; I'y(z) = I'(x).

Krasniqi and Merovci [6] defined the (p, ¢)-extension of the Gamma forp € N, ¢ € (0,1) and > 0 as

x

[plg [plq!
[m]q[x + 1]q e +p]q

Lpq(z) =
where [p|, = %, and T', 4(z) — I'(z) as p — oo and ¢ — 1. It satisfies the following identities.

Lpg(@+1) = [2]l'pq(2)
=1.

Ipq(1)
The (p, ¢)-extension of the psi fuction is similarly defined as
/
Vpqg(x) = % InT 4(x) = izzgi
It satisfies the series representation:
p ntw
Vpal) = nlply + () 3 oo

where 9, 4(z) = ¢¥(z)asp - ocoand ¢ — 1.

Diaz and Teruel [4] further defined the (g, k)-extension of the Gamma for ¢ € (0,1), £ > 0 and = > 0 as

z_ 1 o
(1- qk);,k . (1- qk)q,k

(I—gq)F 1 (1-— %) (1 — Q) F 1

Pyr(z) =

(42
(A+qht )20,

n—1

where (z+y)7, = [[2 (x +¢™y), M +2)7% = [[;Zo(1 +¢"*z), and (1+z)!,
n € N. It also satisfies the following identities.

for x,y,t € R and

Lyk(z+ k) = [z]gDg k()
Lyr(k)=1

Similarly, the (g, k)-extension of the psi function is defined as

F;,k(m)

d
quk(x) = 7lnrq,k(x) = T k(x)

dzr

satisfying the series representation (see also [9] and the references therein):

St nk+x

1
Yg () = % In(1 —¢q) + (Ingq) Z ﬁqm
n=0

where 9, x(z) = ¢(z) asq¢ — land k — 1.

In 2009, Vinh and Ngoc [10] by using the Dirichlet’s integral approach proved the inequality

H?:1 Pl + ) < H?=1 Il + o) < 1
LB+ ai) ~ T(B+ 20, aiw) — T(B)

where z € [0,1], 5 > 1, ; > 0, n € N. This provides a generalization of the previous results of Alsina and Tomas [1].

(1.1)

In the papers [8] and [12], the authors by using different procedures, proved a k-extension of (1.1) together with
other results. Also in [9], the authors established amongst other results, a (g, k)-extension of the inequality (1.1).
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Also, at the latter part of 2009, Ngoc, Vinh and Hien [11] further proved the following generalization of (1.1).
[, D(bi + o)™ < [T, T(bi + az)™ < [1i, T(bo)*
LB+ ) = T(B+30 ) = TP

for z € [0, 1] where b;, «;, 5 are real numbers, and p;, A are positive real numbers such that A > p;, a; > 0,
B+ r>bi+or>0and g, (B+ >0 asz) >0,i=1,...,n,n €N,

(1.2)

In this paper, our main interest is to establish the (p, ¢) and (g, k)-extensions of (1.2) by using techniques similar to
those of [11].

2. Lemmas

In order to establish our results, we need the following Lemmas.

Lemma 2.1 ([6], [7]). Let0 <z <y, p € Nandq e (0,1). Then,

Vp,a() < Ypq(y). (2.1)

Lemma 2.2. Let b;, p;, v, 8, X and x be positive real numbers such that X > p; and 8> b;. If 1y (8 + >y a;z) > 0
where p € Nand q € (0,1) then,

pithp,q(bi + iz) — Ay 4 (B + Z a;x) < 0.

i=1

Proof. Since b; + cyx < .+ > 1, ayx then by Lemma 2.1 we have v, 4(b; + a;z) < ¢, (8 + > 1 ayz). Then,
A>p; >0 and ¥, 4(8 + > a;z) >0 implies

Ay q(B + Z ;) > iy q(B + Z ;) > Py q(bi + o)

i=1 i=1
Hence,

1itp,g(bi + i) — Mpp (B + Z a;x) < 0.

i=1

Lemma 2.3 ([7], [9]). LetO <z <y, q€ (0,1)and k > 0. Then,

Vg k(@) < gk (y)- (2.2)

Lemma 2.4. Let b;, p;, v, 8, X and x be positive real numbers such that X > p; and 8 > b, If g k(8 + >y ayz) > 0
where g € (0,1) and k > 0 then,

pithgk(bi + i) — Mg r(B+ > aix) 0.
=1

Proof. By using Lemma 2.3, the proof is identical to that of Lemma 2.2.

O
3. Main Results
We now present our results.
Theorem 3.1. Let b;, p;, 8, A be positive real numbers, and o; be real numbers such that X > p; and 5> b;, i =1,...,n,
n €N Iftpy (B + > ) > 0and a; > 0, then the inequality
H?:1 Lpg(bi + a;)t < H?:l [pq(bi + azr) < H?:l Lpq(bi)H 3.1)

Tp(B+20 i)~ Tpe(B+201 ) = Tpqe(B)?
holds for x € [0,1], p € Nand g € (0,1) .
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Proof. Define a function G for = € [0,00), p € Nand ¢ € (0,1) by

HT‘L:1 I'p q(bi + o)
G(x) == =
(=) Cpg(B+2000 ;)

Let g(z) = InG(x). Then,
[Ty Tpq(bi + )i
=1
9(@) = In p,q(ﬂ“‘zz 1 05T

zmlnHrm (b + a;z) — AInT,, 64—2%

i=1 i=1

implying that,

- pq S B"‘Zz )
Zﬂz% Lyl <Z ) Lp gl ﬁ+Z —1 4T)

:Zﬂ'i iwp,q +O‘J; (Z >¢p,q ﬁ+za$

=1

=1
Z |:,uzwp q (b; + ) — /\wp,q(,@ + Z Oéjll?):| <0.
= =

This is as a result of Lemma 2.2. That implies g is decreasing on x € [0, 00). As a result, G is decreasing on z € [0, o)
and for z € [0, 1] we have

G(1) <G(x) <G(0)
yielding the result asin (3.1). O

Corollary 3.1. If z € (1, 00) in Theorem 3.1, then the inequality

H?:l Lpq(bi + o) H?:l Lpq(bi + )t (3.2)
Lpq(B+ Z?:l a;)? Lpq(B+ ZZL:1 ;)

is satisfied.
Proof. For z € (1,00), we have G(z) < G(1) ending the proof.
O
Theorem 3.2. Let b;, p;, 8, A be positive real numbers, and «; be real numbers such that X\ > p, and 8 > b;, i =1,...,n,
n €N Ifhg (B + >, cux) > 0and oy > 0, then the inequality
H?:l FqJC(bi + O‘i)m < H?:l Fq,k‘(bi + aim)“i < H?:l Fq,k(bi)m (3.3)
Lyr(B+ Z?=1 ) T Lyr(B+ Z?:l )N T Fq,k(ﬁy\

holds for z € [0,1], ¢ € (0,1)and k > 0.

Proof. Similarly, define a function H for « € [0,0), ¢ € (0,1) and k& > 0 by
[1imy Do (b + )
Por(B+ 20y cam)?

Let h(z) = In H(z). Then, by following the steps of Theorem 3.1, in conjunction with Lemma 2.4, we arrive at

H(z) =

=i | it r(bi + aiz) — Mo (B + D ajz)| <0
i=1

j=1

implying that h is decreasing on z € [0, 00). Consequently H is decreasing on z € [0, 00) and for = € [0, 1] we have
H(1) < H(x) < H(0)

yielding the result (3.3) . O
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Corollary 3.2. If = € (1,00) in Theorem 3.2, then the inequality

H;L:l Fq,k(bq + Oé,;CC)Hi H?:l Fq,k(bi + Oéqj)'ui

Fq,k?(/B + Z?:l OliCC)’\ Fq,k(ﬂ I Z?:l o) (3.4)

is satisfied.

Proof. For z € (1,00), we have H(z) < H(1) yielding the result.

4. Concluding Remarks

In this section, we make the following remarks concerning our results.

Remark 4.1. If in Theorem 3.1, o;; < O such that 0 < b; + a2z < S+ Y, ayz and ¥y, 4(8 + Y., a;z) > 0, then the
inequalities (3.1) and (3.2) are reversed.

Remark 4.2. Also, if in Theorem 3.2, o;; < O such that 0 < b; + a;z < S+ > ayz and Yy 1(8+ D1y ix) > 0, then
the inequalities (3.3) and (3.4) are reversed.

Remark 4.3. 1f we allow p — oo in Theorem 3.1, or we set k = 1 in Theorem 3.2, then we obtain a g-extension of (1.2).
Remark 4.4. 1If we allow ¢ — 1 in Theorem 3.1, then we obtain a p-extension of (1.2).
Remark 4.5. 1f we allow ¢ — 1 in Theorem 3.2, then we obtain a k-extension of (1.2).
Remark 4.6. If we allow p — oo as ¢ — 1 in Theorem 3.1, or we allow ¢ — 1 as k — 1 in Theorem 3.2, then we obtain
(1.2).
Remark 4.7. Ilfwesetu; =1,b; =kfori=1,...,n,and A = 1 in Theorem 3.2, then we obtain the (g, k)-extension of
(1.1) as established in [9].
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