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Abstract
In this paper we find integral representations, involving incomplete gamma and incomplete beta functions,
of products of incomplete gamma functions. Also, in this paper we find interesting relations between
incomplete gamma functions and Laplace transform. Since the error function is an incomplete gamma
function, we find interesting relations between error functions and Laplace transform. Using the results
above we find several interesting integrals.
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1. Introduction
Definition 1.1. For <(s) > 0, The lower incomplete gamma function is defined as:

γ(s, x) =

∫ x

0

ts−1e−tdt,

and the upper incomplete gamma function is defined as:

Γ(s, x) =

∫ ∞
x

ts−1 e−t dt.

Clearly,
Γ(s, z) = Γ(s)− γ(s, z). (1.1)

Moreover, γ(s, x) −→ Γ(s) as x −→∞ and Γ(s, 0) = Γ(s).

Definition 1.2. The incomplete beta function, a generalization of the beta function, is defined as follows: for
0 ≤ x ≤ 1,<(s) > 0 and <(t) > 0

β(s, t;x) =

∫ x

0

us−1(1− u)t−1du.

Clearly,

Proposition 1.1. For 0 ≤ x ≤ 1,<(s) > 0 and <(t) > 0

1. β(1, 1, x) = x,
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2. β(s, t, 1) = β(s, t),

3. β(1, t, x) = 1−(1−x)t

t ,

4. β(s, 1, x) = xs

s .

The following properties are needed:

Proposition 1.2. [5] For <(s) > 0

1. Γ(1, x) = e−x,

2. Γ
(

1
2 , x
)

=
√
π erfc (

√
x) ,

3. γ(1, x) = 1− e−x,

4. γ
(

1
2 , x
)

=
√
π erf (

√
x) .

5. β
(

1
2 ,

1
2 , x
)

= 2 arcsin(
√
x).

The incomplete gamma functions are used in the discussions of power-law relaxation times in complex physical
systems (see([13])); logarithmic oscillations in relaxation times for proteins (see ([9])); Gaussian orbital and exponen-
tial (Slater) orbital in quantum chemistry (see ([11]) and ([12])). The properties of these functions and other related
functions are listed in many references( see [1], [2], [3], , [6], [7] , [8], [10] [14] and [15]). Recently, the products of
incomplete gamma functions are represented in integrals which are given in polar coordinates ( see [4])

2. Main Results
Using the substitutions u = zw and v = z(1− w) one can give get the following

Γ(a)Γ(b) =

∫ ∞
0

∫ ∞
0

e−uua−1e−vvb−1dvdu

=

∫ 1

0

∫ ∞
0

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdzdw)

= γ(a+ b)β(a, b).

This proves the product Γ(a)Γ(b) equals γ(a+ b)β(a, b).The interesting question: Following a similar proof, does the
product of incomplete gamma functions satisfy a similar proposition. The answer is given in the following theorem

Theorem 2.1. For t > 0, <(a) > 0 and <(b) > 0. The product γ(a, t)γ(b, s) satisfies

γ(a, t)γ(b, s) =

∫ t
s+t

0

γ(a+ b,
s

1− w
)wa−1(1− w)b−1dw

+

∫ 1

t
s+t

γ(a+ b,
t

w
)wa−1(1− w)b−1dw. (2.1)

Proof. Using the substitutions u = zw and v = z(1− w) along with Definition 1.1, we get

γ(a, t)γ(b, s) =

∫ t

0

∫ s

0

e−uua−1e−vvb−1dvdu

=

∫ t
s+t

0

∫ s
1−w

0

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdzdw)

+

∫ 1

t
s+t

∫ t
w

0

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdzdw)

=

∫ t
s+t

0

γ(a+ b,
s

1− w
)wa−1(1− w)b−1dw

+

∫ 1

t
s+t

γ(a+ b,
t

w
)wa−1(1− w)b−1dw.
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letting s −→∞ in (2.1), then we get

Corollary 2.1. For t > 0, <(a) > 0 and <(b) > 0

γ(a, t)Γ(b) =

∫ 1

0

γ(a+ b,
t

w
)wa−1(1− w)b−1dw =

∫ 1

0

γ(a+ b,
t

1− w
)(1− w)a−1wb−1dw. (2.2)

Also,

Γ(a, t)Γ(b) =

∫ 1

0

Γ(a+ b,
t

w
)wa−1(1− w)b−1dw =

∫ 1

0

Γ(a+ b,
t

1− w
)(1− w)a−1wb−1dw. (2.3)

Now, the following is an extension of the well-known result that Γ(a)Γ(1− a) = π
sin(πx)

Corollary 2.2. For 0 < <(a) < 1 and x > 0

Γ(a, x)Γ(1− a) =

∫ 1

0

e−
x
w

w1−a(1− w)a
dw =

∫ 1

0

e−
x

1−w

(1− w)1−awa
dw. (2.4)

Moreover, If f has Laplace transform then∫ ∞
0

f(x)Γ(a, x)dx =
1

Γ(1− a)

∫ 1

0

F ( 1
w )

w1−a(1− w)a
dw =

1

Γ(1− a)

∫ 1

0

F ( 1
1−w )

(1− w)1−awa
dw.

Proof. Use Proposition 1.2 and (2.3) with b = 1− a. Now, if f has Laplace transform F it satisfies that∫ ∞
0

e−
x
w f(x)dx = F (

1

w
).

Therefore,

∫ ∞
0

f(x)Γ(a, x)dx =
1

Γ(1− a)

∫ ∞
0

∫ 1

0

e−
x
w f(x)

w1−a(1− w)a
dwdx

=
1

Γ(1− a)

∫ 1

0

1

w1−a(1− w)a

∫ ∞
0

e−
x
w f(x)dxdw

=
1

Γ(1− a)

∫ 1

0

F ( 1
w )

w1−a(1− w)a
dw =

1

Γ(1− a)

∫ 1

0

F ( 1
1−w )

(1− w)1−awa
dw

Corollary 2.3. For x > 0

erfc
(√
x
)

=
1

π

∫ 1

0

e−
x

1−w√
w(1− w)

dw =
1

π

∫ 1

0

e−
x
w√

w(1− w)
dw. (2.5)

Moreover, If f has Laplace transform then∫ ∞
0

f(x)erfc
(√
x
)
dx =

1

π

∫ 1

0

F ( 1
1−w )√

w(1− w)
dw =

1

π

∫ 1

0

F ( 1
w )√

w(1− w)
dw. (2.6)

Proof. Use Proposition 1.2 and Corollary 2.2 with a = 1
2 .

Using Corollary 2.2 with f(x) = e−bx, b > 0 we get

Proposition 2.1. For b > 0 ∫ 1

0

1

1 + bw

(
w

1− w

)a
dw =

π csc(πa)

b

(
1− 1

(1 + b)a

)
.

For example, ∫ 1

0

1

1 + 15w

(
w

1− w

)1/4

dw =
π

15
√

2
.
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Using (2.3) we have

Example 2.1. For a > 0 ∫ 1

0

e−
a
w

√
w − w2

dw = πerfc(
√
a).

Example 2.2. For <(b) > 0 and <(a+ b) > 0∫ ∞
0

xb−1Γ(a, x)dx =
1

Γ(1− a)

∫ 1

0

Γ(b)wb

w1−a(1− w)a
dw

=
Γ(b)

Γ(1− a)

∫ 1

0

wb+a−1(1− w)−adw

=
Γ(b)

Γ(1− a)
β(a+ b, 1− a) =

Γ(a+ b)

a
.

Theorem 2.2. For <(a) > 0 and <(b) > 0

γ(a, t)γ(b, s) = β(a, b)Γ(a+ b)−
∫ s+t

s

β(a, b, 1− s

z
)e−zza+b−1dz +

∫ s+t

t

β(a, b,
t

z
)e−zza+b−1dz. (2.7)

Proof. Without loss of generality we assume t < s, interchanging t and s gives the same result. Using the
substitutions u = zw and v = z(1− w) along with Definition 1.1, we get

γ(a, t)γ(b, s) =

∫ t

0

∫ s

0

e−uua−1e−vvb−1dvdu

=

∫ t

0

∫ 1

0

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdwdz)

+

∫ s

t

∫ t
z

0

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdwdz)

+

∫ s+t

s

∫ t
z

1− s
z

e−zw(zw)a−1e−z(1−w)(z(1− w))b−1 (zdwdz)

= γ(a+ b, t)β(a, b) +

∫ s

t

za+b−1e−zβ(a, b,
t

z
)dz +

∫ s+t

s

za+b−1e−zβ(a, b,
t

z
)dz

−
∫ s+t

s

za+b−1e−zβ(a, b, 1− s

z
)dz

= β(a, b)Γ(a+ b)−
∫ s+t

s

β(a, b, 1− s

z
)e−zza+b−1dz +

∫ s+t

t

β(a, b,
t

z
)e−zza+b−1dz.

Corollary 2.4. For <(a) > 0 and <(b) > 0

γ(a, t)Γ(b) = β(a, b)Γ(a+ b)−
∫ ∞
t

β(a, b, 1− t

z
)e−zza+b−1dz. (2.8)

Equation 2.4, Proposition 1.2 and Proposition 1.1 give the following result

Corollary 2.5. e−tΓ(b) =
∫∞
t

(
zb−tb
b

)
e−zdz = Γ(b+1,t)−tbe−t

b .

Proof. take a = 1 into (2.4), then apply Proposition 1.1.

Corollary 2.6. For <(b) > 0 and t > 0

erfc
(√

t
)

=
1√
πΓ(b)

∫ ∞
t

β(
1

2
, b, 1− t

z
)e−zzb−

1
2 dz. (2.9)

In particular,

erfc
(√

t
)

=
2

π

∫ ∞
t

arccos

(√
t

z

)
e−zdz =

2

π

∫ ∞
t

arcsin

(√
1− t

z

)
e−zdz. (2.10)
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Proof. Take a = 1
2 into (2.4), then apply Proposition 1.1 to prove (2.9). For (2.10), use (2.9) with b = 1

2 and use the
identity that for 0 ≤ x ≤ 1, arcsin(

√
x) = arccos(

√
1− x).

Example 2.3. Using 2.10 with t = 1 ∫ ∞
1

arcsec
(√
z
)
e−zdz =

π

2
erfc (1) .
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