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Abstract

This paper presents, for sequences of sets, generalize the concepts of Wijsman asymptotically strongly
Z-lacunary equivalence and Wijsman asymptotically strongly Z-Cesaro equivalence by using p = (px)
which is the sequence of positive real numbers where 7 is an ideal of the subset of the set N of natural
numbers.
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1. Introduction and Background

The concept of Z-convergence was introduced by Kostyrko et al. [16] as a generalization of statistical convergence
which is based on the structure of the ideal Z of subset of the set N of natural numbers. Das et al. [6] introduced
new notions, namely Z-statistical convergence and Z-lacunary statistical convergence by using ideal.

The concept of convergence of sequences of numbers has been extended by several authors to convergence of
sequences of sets. One of these extensions considered in this paper is the concept of Wijsman convergence (see,
[2,4,12,13,18, 27, 31]). Nuray and Rhoades [18] extended the notions of convergence of set sequences to statistical
convergence and gave some basic theorems. Ulusu and Nuray [27] defined the concept of Wijsman lacunary
statistical convergence for sequence of sets and considered its relationship with Wijsman statistical convergence
which was defined by Nuray and Rhoades [18]. Kisi and Nuray [13] introduced a new convergence notion, for
sequences of sets, which is called Wijsman Z-convergence. Also, the concepts of Wijsman Z-lacunary statistical
convergence and Wijsman strongly Z-lacunary convergence were given by Kisi et al. [15]. Recently, the concepts of
Wijsman Z-Cesaro summability for sequences of sets were given by Ulusu and Kisi [26].

Marouf [17] presented definitions for asymptotically equivalent sequences and asymptotic regular matrices.
Patterson [19] extended these concepts by presenting an asymptotically statistical equivalent analogue of these
definitions. Patterson and Savas [20] extended the definitions presented in [19] to lacunary sequences. In addition to
these definitions, natural inclusion theorems were presented. Savas [23] presented the concept of Z-asymptotically
lacunary statistically equivalence which is a natural combination of the definitions for asymptotically equivalence
and Z-lacunary statistical convergence. Savas and Giimdiis [24] extended the concept of Z-asymptotically lacunary
statistical equivalent sequences by using the sequence p = (p;) which is the sequence of positive real numbers.

The concept of asymptotically equivalence of sequences which is defined by Marouf [17] has been extended by
Ulusu and Nuray [28] to concepts of Wijsman asymptotically equivalence for sequences of sets. In addition to these
definitions, natural inclusion theorems are presented. Kisi et al. [15] presented, for sequences of sets, the concept of
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Wijsman asymptotically Z-lacunary statistically equivalence which is a natural combination of the definitions for
asymptotically equivalence and Wijsman Z-lacunary statistically convergence. Recently, the concepts of Wijsman
asymptotically Z-Cesaro equivalence for sequences of sets were given by Ulusu [25].

Now, we recall the basic definitions and concepts (See [1-11, 13-18, 21, 22, 25-30, 32]).

Definition 1.1. A sequence () is said to be strongly Cesaro summable to the number L if

Definition 1.2. A sequence (z}) is said to be statistically convergent to the number L if for every ¢ > 0,

lim l‘{/{:gnz |z — L 26}‘ =0.

n—oo M
It is denoted by st — limx, = L.

By a lacunary sequence we mean an increasing integer sequence 6 = {k, } such that ko = 0O and h, = k, —k,_1 —
oo as r — oo. Throughout this paper the intervals determined by ¢ will be denoted by I, = (k,_1, k,], and ratio
2 will be abbreviated by g, .

r—1

Definition 1.3. Let 6 be a lacunary sequence. A sequence (z}) is said to be lacunary statistically convergent to the
number L if for every e > 0,

lim i‘{keh ek — L 25}‘ =0.

r—oo h,.

It is denoted by Sy — limxy, = L or o, — L(5p).
Definition 1.4. Let 6 be a lacunary sequence. A sequence (z}) is said to be strongly lacunary summable to the
number L if )
Jim o= > e = LI =0,
kel,

A family of sets Z C 2" is called an ideal if and only if

(i)0 € Z, (ii)Foreach A,B € Zwehave AUB €Z, (iii)Foreach A € Zand each B C Awehave B € Z.
An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if {n} € Z for each n € N.
A family of sets F C 2V is called a filter if and only if

(i)0 ¢ F, (ii)Foreach A,B € Fwehave ANB € F, (iii) Foreach A € F and each B O Awehave B € F.
7 is a non-trivial ideal in N if and only if 7 (Z) = {M C N: (3A € T)(M = N\A)} is a filter in N.

Definition 1.5. Let Z C 2 be an admissible ideal. A sequence (z}) is said to be Z-convergent to the number L if for
every € > 0, the set
A(e)={neN:|z; — L > ¢}

belongs to 7.

Definition 1.6. Let 6 be a lacunary sequence. A sequence (zy) is said to be Z-lacunary statistically convergent to
the number L if for every ,6 > 0, the set

{rGN:hl’{kGIr:kaZs}‘zé}

belongs to Z. It is denoted by =, — L(Sp(Z)).

Definition 1.7. Let 6 be a lacunary sequence. A sequence () is said to be strongly Z-lacunary convergent to the

number L if for every € > 0, the set
1
{rGN:hZ|ka|Z€}

" kel
belongs to Z. It is denoted by z;, — L(Ng(Z)).
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Let (X, p) be a metric space. For any point z € X and any non-empty subset A of X, we define the distance
from x to A by

d(z, A) = alrelgp(m,a).

Definition 1.8. Let (X, p) be a metric space. For any non-empty closed subsets A, A, C X, we say that a sequence
{A} is Wijsman convergent to A if for each z € X,

lim d(z, Ag) = d(z, A).

k— o0
It is denoted by W — lim A, = A.

Definition 1.9. Let (X, p) be a metric space and Z C 2" be an admissible ideal. For any non-empty closed subsets
A, A, C X, we say that a sequence { Ay} is Wijsman Z-convergent to A if for every ¢ > 0 and for each 2 € X, the set

A(z,e) ={keN:|d(z,Ay) —d(z,A)| > e}
belongs to Z. It is denoted by Zyy — lim Ay, = A or Ay — A(Zw).

Definition 1.10. Let (X, p) be a metric space and Z C 2" be an admissible ideal. For any non-empty closed subsets
A, Ay C X, we say that a sequence {4} is Wijsman strongly Z-Cesaro summable to A if for every € > 0 and for

each z € X, the set
1 n
- d(z, Ag) — d(xz, A)| >
{nEN ”,;J (z, Ag) (, )|_s}

belongs to Z. It is denoted by Ar — A (C1 [Zw]).

Definition 1.11. Let (X, p) be a metric space, Z C 2" be an admissible ideal and ¢ be a lacunary sequence. For any
non-empty closed subsets A, A, C X, we say that a sequence {4} is Wijsman Z-lacunary statistical convergent to
A if for every ¢,0 > 0 and for each = € X, the set

1
N:—
{7‘6 I

belongs to Z. It is denoted by Ay — A (Se (Iw)) .

{k el :|d(z, A) — d(z, A)| > 5}‘ > 5}

Definition 1.12. Let (X, p) be a metric space, Z C 2" be an admissible ideal and 6 be a lacunary sequence. For
any non-empty closed subsets A, A, C X, we say that a sequence { Ay} is said to be Wijsman strongly Z-lacunary
convergent to A if for every e > 0 and for each « € X, the set

{r eN: hi Z |d(x, Ag) — d(z, A)| > 5}

" kel
belongs to Z. It is denoted by A, — A (Ny [Zw]).

Definition 1.13. Two nonnegative sequences « = (z}) and y = (y,) are said to be asymptotically equivalent if

lim — = 1.
E Yk

It is denoted by = ~ y.

Let (X,p) be ametric space. For any non-empty closed subsets Ay, B;, C X, the term d(x; Ay, By) is defined as
follows:
d(l‘, Bk) ’

T A, U By,
d(x; Ag, By) =

L , x € AU By.
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Definition 1.14. Let (X, p) be a metric space. For any non-empty closed subsets A, B, C X, we say that two
sequences { Ay} and { By} are Wijsman asymptotically equivalent of multiple L if for each z € X,

lim d(x; Ay, By) = L.

k—o0
It is denoted by Ay, X By and simply Wijsman asymptotically equivalent if L = 1.

Definition 1.15. Let (X, p) be a metric space and Z C 2" be an admissible ideal. For any non-empty closed subsets
Ay, B € X, we say that two sequences {A} and {B;,} are Wijsman asymptotically Z-equivalent of multiple L if
foreverye > 0and eachz € X,

{keN:|d(z;Ar,By) — L| > e} € T.

It is denoted by Ay, 7 By, and simply Wijsman asymptotically Z-equivalent if L = 1.

Definition 1.16. Let (X, p) be a metric space and Z C 2" be an admissible ideal. For any non-empty closed subsets
Ay, B, C X, we say that two sequences { Ay} and { By} are asymptotically strongly Z-Cesaro equivalent (Wijsman
sense) of multiple L if for every € > 0 and for each x € X, the set

1’!L
N:— d(z: Ax, Br) — L| >
{ne n};ux, %, Br) _5}

L
belongs to Z. It is denoted by Aj crwl By, and simply asymptotically strongly Z-Cesaro equivalent (Wijsman

sense) if L = 1.

Definition 1.17. Let (X, p) be a metric space, Z C 2" be an admissible ideal and 6 be a lacunary sequence. For any
non-empty closed subsets Ay, B, C X, we say that two sequences {A;} and { By} are Wijsman asymptotically
Z-lacunary statistical equivalent of multiple L provided that for every ¢,6 > 0 and for each z € X,

1
(Zw)

L
It is denoted by Ay, S By, and simply Wijsman asymptotically Z-lacunary statistical equivalent if L = 1.

{k €1, : |d(x; Ay, By) — L| 25}‘ 25} el

Definition 1.18. Let (X, p) be a metric space, Z C 2" be an admissible ideal and ¢ be a lacunary sequence. For any
non-empty closed subsets Ay, By, C X, we say that two sequences {A;} and {By} are Wijsman asymptotically
strongly Z-lacunary equivalent of multiple L provided that for every e > 0 and for each z € X,

1
{TENZ hf Z |d(I’,Ak,Bk)7L| 26} el

" kel

It is denoted by Aj, No Gw] By, and simply Wijsman asymptotically strongly Z-lacunary equivalent if L = 1.

2. Main Results

In this section we introduce the concepts of asymptotically strongly Z-lacunary p-equivalence (Wijsman sense)
and asymptotically strongly Z7-Cesaro p-equivalence (Wijsman sense) for sequences of set. In addition to these
definitions, natural inclusion theorems presented.

Definition 2.1. Let (X, p) be a metric space, Z C 2" be an admissible ideal and 6 be a lacunary sequence. For any
non-empty closed subsets Ay, B, C X, we say that two sequences { A} and {Bj} are asymptotically strongly
Z-lacunary p-equivalent (Wijsman sense) of multiple L if for every ¢ > 0 and for each z € X,

1
{r EN: — > ld(x; Ay, B) — LI™* > 5} ez,

" kel

L
N (p)
where p = (px) be a sequence of positive real numbers. In this case, we write A, ° N
asymptotically strongly Z-lacunary p-equivalent (Wijsman sense) if L = 1.

Iw]

By, and simply
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L L
P[Iw N, (’Z[IW}

If we take p, = p for all k € N, we write Ay, No ™ [w] By, instead of Ay k-

Theorem 2.1. Let (X, p) be a metric space, T C 2N be an admissible ideal and 6 be a lacunary sequence. Then,

P[Zw] S5 (Iw)

(l) Ak Mo ~ Bk = Ak Bk

(i) If d(z, Ax) = O(d(z, By)), then Ay, Solw)p g, N wl B,.

Lp
Proof. (i). Let Ay, No " Lw] By,. For every € > 0 and for each z € X, we can write

Y, I A, By = L 2 Sl A By - LY
kel kel,
|d(z;Ak,Br)—L|>e

and so we get

1
> ld(x; A, By) — LI > ™
kel, "

— {kGIT:|d(x;Ak,Bk)—L|zs}‘.

Then, for any § > 0

1
N:—
{TG I

L
Therefore, A, So' (Tw By,.

(i1) Suppose that d(z, Ay) = O(d(z, By)) and Ay
M > 0 such that

1
{k €I :|d(z; A, By,) — L 25}’ 25} C {TEN:h S |d(x; Ag, By) — L|P Zsﬁ.é} el
r kel,

)

L
S (Iw) By Since d(z, Ay) = O(d(z, By,)), there exists an

for all k£ and for each = € X. For every ¢ > 0 and for each « € X, we have

1 1
— > |d(z; Ag, By) — LI = — > |d(x; Ay, By) — LI”
h"f‘ kel,. h’T kel,.

|d(x;Ak,B)—L|>e

1
- > |d(x; Ay, By,) — LIP
hT keI,
|d(x;Ag,Br)—L|<e

< hiMP~|{k€IT Jd(x; Ap By) — L] > €}
+hi6p . |{k: €l :|d(x; Ay, Bx) — L| > £}|
MP

< T-er],« : |d(x; Ag, Bx) — L] 25}|—|—6p.

Then, for any § > 0

{rGN:hl > d(x;Ak,Bk)L|p25}§{r€N:h1

sp
ot ) ) - 2 Z I
- {k €1, : |d(x; Ay, By) — L| 5}’ Mp} €

Lp
Therefore, A, No ™ [Tw] By,. O
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Theorem 2.2. Let (X, p) be a metric space, T C 2N be an admissible ideal, 0 be a lacunary sequence and p = (py) be a
sequence of positive real numbers. If 0 < t = infy, py, < supy pr =T < oo, then

NGL(P) [IW]
Ak ~ Bk = Ak

S5 (Iw)

B

L
N ® T,
Proof. Suppose that infy, py, = ¢, sup, pr = T and A;, "’ N[ wl By,. For every € > 0 and for each « € X, we have

1 1
W > ld(x; Ag, By) — LI™* = W > |d(z; Ak, Br) — L|™*
r kel, r kel,
|d(x;Ay,Br)—L|>e

1
+o- > |d(x; Ay, By,) — L|P*
he kel,
|d(z;Ar,Br)—L|<e

1
z 5 > |d(z; Ak, By) — L|™*
T kel,.
|d(z;Ay,By)—L|>e
1 Pk
> > (€)
hT‘ kel,
|d(x;A,Br)—L|>e
1 .
> Ly w7
T kel,
‘d(w;Ak,Bk)—L‘ZE
1
> — -min{(¢)’, ()T} - Hk €I, :|d(x; Ak, Bg) — L| > E}‘

he

Then, for any § > 0

1
N:—
{re I

{k €l :|d(xz; Ak, Br) — L| > E}‘ > (5}

1
C {7" eN: W > |d(w; Ak, By) — LI"* > 6 - min {(¢)’, (e)T}} eT.
T kel,

5§ (Tw)

Hence, A, By. O

Theorem 2.3. Let (X, p) be a metric space, T C 2~ be an admissible ideal, 0 be a lacunary sequence and p = (py) be a
sequence of positive real numbers. If d(z, Ay) = O(d(z, By)) and 0 < t = infy, py < supy, p, =T < oo, then

SE(Tw) Ny [Zw]
Ak ~ B, = Ak ~ By.

Proof. Suppose that d(z, Ay) = O(d(z,By)), infype = ¢, sup,pr = T and Ay 5o (Iw) By. Since d(z, Ay) =

O(d(z, Bi)), there exists an M > 0 such that
|d(£L‘, Ak, Bk) — L| S M

for all k£ and for each = € X. For every € > 0 and for each « € X, we have
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By o 4@ An B — LI = h, 2 |d(x; Ak, Bg) — L|"*
kel r kel
|d(x;Ak,Br)—L|>e

1
T > |d(x; Ak, Br) — L|™*
hr keI,
|d(x;Ax,Br)—L|<e

< — {k €I, :|d(x; Ak, Br) — L| > %H -max{Mt,MT}
1 . . ey| max{(e)"*}
+h7r {k el : |d(x,Ak,Bk) —L| < 5}‘ : f
ey, b N\l s £ max{e el
< max (M, M7} o {ke[r.|d(x,Ak,Bk) L|22H+ -

and so we get
1 .
{r eN: = > |d(z; Ag, Bg) — LIP* > s}

r kel,
1
- eN: —
{r .

= 2max{M*,MT}
r

—Imax t T
(ke bildiw; A B — L1 2 S} 2 2{}} T

L(p)
Therefore, A No ™ Jw] By. O

Definition 2.2. Let (X, p) be a metric space, Z C 2" be an admissible ideal and p = (px) be a sequence of positive
real numbers. For any non-empty closed subsets Ay, By C X, we say that two sequences {A;} and {By} are
asymptotically strongly Z-Cesaro p-equivalent (Wijsman sense) of multiple L if for every € > 0 and for each z € X,
the set

. 1 - . Pr
{n eN: EZ\d(m,Ak,Bk) — L|P* > 5}
k=1
: , e Tw] , : X ,
belongs to Z. In this case, we write A;, * ~ = By and simply asymptotically strongly Z-Cesaro p-equivalent
(Wijsman sense) if L = 1.

Theorem 2.4. Let (X, p) be a metric space, T C 2N be an admissible ideal and p = (py.) be a sequence of positive real numbers.
If = {k,} be a lacunary sequence with liminf, ¢, > 1, then

CIL(P) [IW]

NQL(P) [IW]
Ak ~ By = Ak ~

By.

Proof. Let § = {k,} be a lacunary sequence with liminf, ¢, > 1. Then, there exists A > 0 such that ¢, > 1+ A for all
r > 1. Since h, = k,. — k,_1, we have
k. 1+X\ kr_1

< — and ™

<

7
> =

Given € > 0 and we define the set

k.
1 - P
S, = {k eN: E;u(x;Ak,Bk)fL\ , <5}
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for each = € X. Itis obvious that S, € F(Z) which is the filter of the ideal Z. Then, for each k, € S, and for each
r € X, we get

1 1k 1 ke
— 2 ld(@; A, By) — LI™ = —— 37 |d(2; Ay, By) — LI™ — = 37 |d(z; Ak, By) — LI
hr kel, hr k=1 hr k=1

- & (kl 2 |d(x; Ak, Bi) —L|pk>

( ! By) — |pk>

>
S

INA
7 N
—_
>,+
>/
'

m

Now, choose

we have

{T’EN Z \dx Ak,Bk) L|pk <,LL} GF(I)

" kel

This completes the proof. O

For the next result we assume that the lacunary sequence 6§ = {k,} satisfies the condition that for any set
CeFI), U{n: ko1 <n<k., reC}teFT).

Theorem 2.5. Let (X, p) be a metric space, T C 2N be an admissible ideal and p = (py.) be a sequence of positive real numbers.
If 6 = {k,} be a lacunary sequence with lim sup,. g, < oo, then

a4, I gy, O

Proof. Let 6 = {k, } be a lacunary sequence with lim sup,. ¢, < co. Then, there exists an M > 0 such that g, < M for

(p)
allr > 1. Let Ak S By, and we define the sets B, and D,, such that
P
B—{TEN hk%;ldl‘Ak,Bk) |k<61}

and
1 n
D, = N: = |d(z; Ay, By) — L™ :
{ne nk:1|($ %, Br) | <52}

for each z € X. It is obvious that B, € F(Z).
Now, we take

for all j € B, and for each z € X.
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Choose n is any integer with k,_; < n < k, where r € B,.. Hence, we get

=

1
kr—l

) \d(x; Ay, Bi) — LIP*
1

3=

> ld(x; A, Bp) — LI™* <
k=1

>
Il

1
= ( Z ‘d(l’;Ak,Bk) —L|pk + Z |d(.’17;Ak,B;c) —L|pk
kT—l kel kels

+-- Z |d($,Ak,Bk) — L|pk’>

kel,
k1 1 Pk
= a2 |d(@; Ag, By) — L
kr—1 \ ™ wer,

kels

ko —k
+ 2 11 (,32 Z |d($;Ak7Bk)—ka>

Ky — Ky
+eeet k:ill <h1 > ld(x; Ay, By) L|pk>

" kel
ok ka — k1 kr —kp_q
B kr—1a1+ kr—l @2 + kr—l ar
< (o) s
Sup a;
B jejgr 7 ) kpoa
< &-M.

Choose g9 = % and in view of the fact that

U{n tkr—1 <n <k, ré€B.}CD,,

where B, € F(Z), it follows from our assumption on 6§ = {k,} that the set D,, also belongs to F(Z) and this
completes the proof of the theorem. O
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