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Abstract

Let P(z) be a polynomial of degree n and for any complex number «, let D, P(z) = nP(z) + (o — z) P'(z)
denote the polar derivative of P(z) with respect to a. Here, we consider the class of polynomials
P(z) = apnz" + Y, an—p2"%,1 < pu <n, having all zeros in |z| < k, k < 1 and thereby establish several

v=p

interesting results regarding the integral mean estimates for the polar derivative of P(z). Our results not
only generalize and refine some known polynomial inequalities, but also a variety of interesting results
can be deduced from these by a fairly uniform procedure.
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1. Introduction and Statement of results.
Let P, be the class of polynomials P(z) = a,z" of degree n. For P € P, define

v=0

2w 1
1 . B
I P, :={2 / |P<e19>|7} > 0.0 Pl = max|P()|, m = min |P(z)| andm = min |P(2)].
7T z|= zZ|= z|=
0

For fixed p1, 1 < pn < n, let P, ,, , denote the class of polynomials P(z) = ap2™ + Y an—y2" Y, 1 < u < n, of degree
v=p
n having all zeros in |z| < k, k < 1.

If P € P,, then we have
| P floo< || P oo - (L)

Equality holds in (1.1) if and only if P(z) has all its zeros at the origin.
The above inequality (1.1) is better known as S. Bernestein’s inequality (for example see [7]), although it first
appeared in a paper of M. Riesz [[16], p.357].
For the class of polynomials P € P, having all zeros in |z| < 1, Turdn [17] proved that
n
| P oo 5 1P (12)
Inequality (1.2) was refined by Aziz and Dawood [2] and they proved under the same hypothesis that

n
| P’ floo> 5{ | P lloo +m1}. (1.3)
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Both the inequalities (1.2) and (1.3) are best possible and become equality for polynomials P(z) = az" + 3 where
|a| = |B|. As an extension of (1.2), it was shown by Malik [15] thatif P € P, ; , then

1P

= 1+k (14

where as the corresponding extension of (1.3) and a refinement of (1.4) was given by Govil [12] who under the same
hypothesis proved that

P ooz 1 {1 P e+ }- (15)

In the literature, there already exist some refinements and generalizations of all the above inequalities, for example
see Aziz and Shah [6], Dewan, Mir and Yadav [10], Govil, Rahman and Schemeisser [13], Dewan, Singh and Lal [8],
etc.

Aziz and Shah [6] (see also Dewan, Mir and Yadav [10]) generalized inequality (1.5) and proved that, if P € P, ,, ,

then m
/
I P ooz 1= {11 P lle + s - (16)

For i1 = 1, inequality (1.6) reduces to inequality (1.5).
Let D, P(z) denotes the polar derivative of the polynomial P(z) of degree n with respect to the point o € C. Then

DoP(2) =nP(z) + (o — 2) P'(2).

The polynomial D, P(z) is of degree at most n — 1 and it generalizes the ordinary derivative in the sense that

lim {D“P(Z)} = P'(2).

a—»00 «

Aziz and Rather [5] extended (1.4) to the polar derivative of a polynomial and proved that if P € P, ; , then for
every complex number a with |a| > &,

al—k
N 17)

Aziz and Rather [4] refined inequality (1.7) and proved that if P € P, , , then for every complex number o with
la] > s,
I DaP 2 n(2L=2Y ) 1.9
Su

where

nlan K2 + plan_ k"~
5, = —
nlanlk“ +M|an—;t|

As a generalization of (1.6), Dewan, Singh and Lal [8] proved that if P € P, ,, , then for every complex number o

with |a] > k*,
oo — nm(|la] + 1)
D.,P > —_ 1.10
| Da ”OO—”( 1+ku I P leo ¥ k(14 k) (L0

Recently, Dewan et.al.[9] refined the above inequality (1.10) and proved for the same class of polynomials
P e P, , ,thatif a is any complex number with \a| > k#, then

| | mn ‘()élk”-i—A#
D P > P _— .
I Da ”°°n< 1+ku 1P lloo + K\ 14k ) (1.11)

(1.9)

where
n(lanl = 2 )82 + plan- k!
n(lanl = ) ket 4 pani

In the proof of the inequality (1.11) given by Dewan, Singh and Mir [9], the authors while using Laguerre’s
theorem claim to have deduced on page 814 that if P(z) — ™22" has all its zeros in |2| < k, k < 1, then for

A, = (1.12)

lal > k#, 1 < p < n, the polynomial D,, [P(z) — mlg\fn} also has all its zeros in |z| < k, k < 1, which is true when

|a] > k and not for |a| > k#, 1 < u < n, in general. It is worth to mention that the result still follows without using
Laguerre’s theorem, for example see [1].
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Main Results

In this paper, we shall prove some integral inequalities for the polar derivative of a polynomial having zeros in
|z| <k, k < 1and thereby obtain generalizations of many known results. We first prove the following interesting
generalization of inequality (1.8).

Theorem 1.1. If P € P, , , then for every complex number o with |a| > s, and for each v > 0, p > 1, ¢ > 1 with
p~ !l + ¢t =1, we have
n(lal = su) (| P vl 1+ 5.2 [lpy | DaP llgy, (1.13)

where s, is defined by (1.9).

Itis well known that || P ||, increases with v unless P is a constant, and thatlim,_,. || P ||y= maxo<g<ox |P (e')]
P || . If welety — 0o, p — co(so that ¢ — 1) in (1.13), we get inequality (1.8).

Theorem 3). The following corollary immediately follows by letting ¢ — oo (so that p — 1) in Theorem 1.1

Corollary 1.1. If P € P, ,, , then for every complex number o with |«| > s, and for each v > 0, we have
(ol =) [ Pl <1+ sz 1] Dok [loo (1.14)
where s, is defined by (1.9).

Dividing both sides of (1.14) by |a| and let |a| — oo, we get a result of Aziz and Rather ([3], Corollary 5). If we
take ¢ = 1 in Corollary 1.1, we get the following result.

Corollary 1.2. If P € P, 1 , then for every complex number o with |«| > sq and for each v > 0,
n(lal = s1) [ P lly <[+ 812 (5[] DaP loo, (1.15)

where
_ nlan|k? + |an_1|
nlan| + |an—1|

Remark 1.1. For k = 1, Corollary 1.2 reduces to a result of Dewan, Singh, Mir and Bhat [11].

Next, we shall prove the following general result which provides a refinement of inequality (1.11) and hence of
(1.10) as well. The interesting thing we shall see here is that the refinement of inequality (1.11) provided by Theorem
1.2 is independent of Laguerre’s theorem.

Theorem 1.2. If P € P, ,, then for every complex numbers o,  with || > A,,, || < 1and foreachy >0, p>1, ¢ > 1
withp=t + ¢~ ! = 1, we have

mﬁz afmnz""t
n(lal —Au) || P - V<1 + Apz [lpy || Do P — g llgvs (1.16)
where A, is defined by (1.12).
Remark 1.2. 1f we let ¥ — oo and p — oo(so that ¢ — 1) in (1.16), we get for |o| > A, and 8| < 1,
afmnzn~1 |ae] — mnﬁz
_ > . .
I Dap = P (B0 ) o 117)

Let 2z be a point on |z| = 1 such that

mnaﬂzo _ mnafz" !

DaP(ZO) kn )

‘fmax‘D P(z

Dividing both sides of (1.13) by |a| and let |o| — oo, we get a result recently proved by Aziz and Rather ([3],
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then from (1.17), we get for |a| > A, and |3] < 1,

mnafBzy la| — A, mpBz"
- > — . .
pupten = 22 n (550 ) o - P 1)

If in (1.18), we choose the argument of 5 such that

_ mnlal|B]|zo["

km ’

mnafzy

n—1
’DQP(zo)f = ’: ’DQP(ZO)‘

which is possible by Lemma 2.5 (stated in section 2), we get for |a| > A, and |z]| =1,

mn|a||B||zo* 1 la| — A, mpBz"
D, P ‘ - > P(z) —
’ Plz0) kn ="\1+ A, ‘ (2) kn
la) — A, m|B|
> —_— P — . .
- n( 1+ A4, IPE)l kn (1.19)
Since zj lies on |z| = 1, above inequality reduces to
la| — A, la| — A\ m|B]  mn|al|p]
D,P >n|l —— ||P — =1. 1.2

Now, if in (1.20), we make |3| — 1, we get for |a| > 4,

o] = Ay mn(la| +1)A,

>
1DaP o n( (5122 ) ) P o + Tl D

(1.21)

Remark 1.3. Since by Lemma 2.3 (stated in Section 2) A4,, < k*, it follows that the inequality (1.21) holds for |a| > k*
as well.
It is easy to see that the inequality (1.21) provides a refinement of inequality (1.11) and hence of (1.10) as well.

For this it needs to show that ol A b+ A
al — Ay mn [ |« + Ay
= A Pllo 4 E T2

”<1+ku>| | +k”< 1+ k- )

ol - 4, mn(lal + 1) 4,
<p(M=2u) py, el DA,
”( 114, P oo + k(1 + A,

(Jal = A) (A — B) || P lloo < ;’Z{Au(m — A,) — ¥ (lof —AM)}-

Since |a| > A, and A, < k*, above inequality is equivalent to
m
2 <l Pl

which is always true by Lemma 2.6 (stated in section 2).

2. Lemmas

For the proof of these theorems, we need the following lemmas.

Lemma2.1. If P € P, , and Q(z) = 2" P(%), then
Q" (2)| < sulP'(2)] for 2] =1, (2.1)
where s,, is defined by (1.9).

The above lemma is due to Aziz and Rather [3].
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Lemma2.2. If P € P,y withk > 0and Q(z) = 2" P(2), then |Q(z)| > 2| < and in particular

m

lan| > — o (2.2)
Lemma 2.3. If P € P, , , then

Ay < KF, (2.3)
where A,, is defined by the formula (1.12).
Lemma24. If P € P, , and Q(z) = z"P(2), then on |2| = 1

nm
Q)] < WP (2)] — e 4

The above Lemmas 2.2, 2.3 and 2.4 are all due to Dewan et.al. [9].

Lemma 2.5. If P € P, , , then for every complex number o with || > k*,

IOéIm

‘D P( ’ for |z = 1.

Proof of Lemma 2.5. If P has a zero on |z| = k then m = 0 and in this case Lemma 2.5 holds trivially. Hence we
suppose that all the zeros of P liein |z| < k, k < 1 so that m > 0. Now m < |P(z)| for |z| = k, therefore it follows
by Rouche’s theorem that for every complex number A with |A| < 1, the polynomial pP— m)‘z has all its zeros in

|z] < k, k <1, therefore by Guass-Lucas theorem, the polynomial P’ —
and hence

m"f also has all 1ts zerosin |z| < kk <1

mn|z|"~

Pz 2

for |z| > k. (2.5)

Because, if (2.5) is not true, then there is a point z = zy with |zy| > k such that

mn|zo|" 1
1P()] < 0"
If we take A = %}f‘ﬁ), so that |A| < 1, then we have
A n—1
P/(ZO) . mnk:() — 07

where |zo| > k, which contradicts to the fact that all the zeros of P/ — % liein |z| < k, k < 1.
Also for |z| = 1, we have

|DaP(z)| = [nP(2) + (@ = 2)P'(2)
> |0l P/(2)] — InP(2) - 2P'(2)|
= |o]|P'(2)] = 1Q"(2)I- (2.6)
Combining this with inequality (2.4) of Lemma 2.4, we get for |z| = 1 and |a| > k¥,
, mn
[DaP )| 2 (ol = ) 1P'(2)] + e (2.7)
Inequality (2.7) in conjunction with (2.5) gives for |z| = 1 and |a| > k*,
DaP(2)| 2 |O‘]|€T” 2.8)

This completes the proof of Lemma 2.5.
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Lemma 2.6. If P € P, , , then
m
2 <l P oo 29)

Proof of Lemma 2.6. Since P has all its zeros in |z| < k, k < 1, we have from Lemma 2.4,

Q) < HIP ()]~ g for |l =1 (210)

On using (1.1) in above inequality, we get for |z| = 1,

mn

/ B _
Q) <K | Pl o

= nk{ | P lloo = }.

which is true and this proves Lemma 2.6.

Lemma 2.7. The function

nxk" + N|an—;t|k#_1

Rk pilan |

Su(m) =

where k < 1, u > 1, is a non-increasing function of x.

Proof of Lemma 2.7. The proof is simple and follows by first derivative test.

3. Proofs of the theorems

Proof of Theorem 1.1. Let Q = 2" P(1), then P = 2"Q(2) and it can be easily verified that for |z| = 1,

Q' (2)] = InP(2) — 2P'(2)) 3.1)
and
[P'(2)] = InQ(2) — 2Q'(2)]. (3.2)
Since P has all its zeros in |z| < k, therefore, by using Lemma 2.1 and (3.2), we have for |z| = 1,
Q' (2)] < sulnQ(2) — 2Q'(2)]- (3.3)

Now for every o € C with |a| > s, we have
[DaP(2)] = [nP(2) + (a — 2) P'(2)]
> |al[P'(2)] = [nP(z) — 2P'(2)],
which on using (3.1) and Lemma 2.1 gives for |z| = 1,
[DaP(2)] = |of|[P(2)] = |Q"(2)]
> (laf = su)[P'(2)]- (34)

Again since P has all its zeros in |z| < k, k < 1, it follows by Guass-Lucas theorem that all the zeros of P’ also lie in
|z] <k, k < 1. This implies that the polynomial

2"IP(2) =nQ — 2Q’

V| =

has all its zeros in |z| > % > 1. Therefore, it follows from (3.3) that the function

Q)
W& = et - @)
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is analytic for |z| < 1 and [W(z)| < 1 for |z| < 1. Furthermore, W(0) = 0 and so the function 1 + s, W (%) is
subordinate to the function 1 + s,z for |z| < 1. Hence by a well-known property of sub-ordination [14], we have for
eachy >0,

2 y , 2 y y
‘1 +5,W(e )’ do < ‘1 +s,e”| df. (3.5)
0 0
Now
nQ(z)
1 ==
Fal =00 @ w
which gives with the help of (3.2) that for |z| =1
n|Q(2)] = [1+ s, W(2)[|P'(2)]. (3.6)
Since |P(z)| = |Q(z)| for |z| = 1, therefore from (3.6), we get
P(2)|
P/ = n| = 1. 7
P =y o 37)
From (3.4) and (3.7), we deduce that for each v > 0,
27 2
NE N i0y|”
n(la| —s,)” / ’P(e )‘ do < / ‘1 +5,W(e )‘ ‘DQP(e )‘ de.
0 0

This gives with the help of Holder’s inequality for p > 1,¢ > 1 with p~! + ¢7! = 1, that

2

NE
w(lal = su)" [ [P(e?)] a6
0
27 1 27 1

< {0/‘1+5#W(ei9)’md9}p{/‘DaP(e“’) q”de}q.

0

The above inequality in conjunction with (3.5) gives

27 1
n(|a su){/‘P(eie)’Vde}
0
27 1 27
io|P7
< {/’1+s#e
0

Y 19y %
d@} { / ‘Dap(e”)’ d@} ,
0
which completes the proof of Theorem 1.1.

Proof of Theorem 1.2. If P has a zero on |z| = k, then m = 0 and the result follows from Theorem 1.1 in this case.
Hence forth, we suppose that all the zeros of P liein |z| < k, k < 1, so thatm > 0. Now m < |P(z)| for |z| = k,
therefore if § is any complex number with |3| < 1, then

mpBz"
kn

<|P(z)| for|z| =k.

Since all the zeros of P lie in |z| < k, it follows by Rouche’s theorem that all the zeros of F' = P — % also lie in

lz| < k.M G=2"F(i)=0Q - %{3, then it can be easily verified that for |z| = 1,

IF'(2)] = [nG(=) — =G (=) (3.9)
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and
G/ (2)] = InF(z) - 2F/(2). (3.9)
As F has all its zeros in |z| < k, k < 1, the inequality (2.1) of Lemma 2.1 in conjunction with (3.8) gives
G/ (2)] < 8, InG(2) — 2G'(2)| for |2] = 1, (3.10)
where

nlan — BER + plas k!

s = ) (3.11)
g nlan — %|ku71 + prlan—pl
Since for every 3 with |5] < 1, we have
mp3 m|p| m
Gn — kT’ > lan| — En 2 lan| - n (3.12)

and |a,| > 7 by Lemma 2.2, it follows by combining (3.11), (3.12) and Lemma 2.7 for every /3 with |3| < 1, that

nlan — F21E2 + pilan_, [k
nla, — 22 1kr=1 + pla,_,|
- n(|an| — kﬂn)|k2“ + plan—p kP

[

nllaal — BVO Tt plan o1
Using this in (3.10), we get
|G'(2)] < AuInG(z) — 2G'(2)| for|z| =1. (3.14)
Now for every complex number « with || > A,,, we have
’DQF(Z)‘ - ‘nF(z) +(a—2)F'(2)
> |a||F'(z)] — InF(z) — 2F'(2)]. (3.15)

On combining inequalities (3.8), (3.9), (3.14) and (3.15), we get for |z| = 1 and |o| > A,,,

[DaF(2)| 2 (o] = 4, F'(2)], (3.16)

which implies,

nmaBz" "1
B k-n

nmBz" 1

D,P
(2) -

] > (o fA#)‘P’(z) for | = 1. (3.17)

Again since F' has all its zeros in |z| < k, k < 1, it follows by Guass-Lucas theorem that all the zeros of the

polynomial F’ also lie in |z| < k, k < 1. Therefore the polynomial 2" 'F’(1) = nG — 2G’ has all its zeros in
|z| > ¢ > 1. Hence it follows from (3.14) that the function

2G'(z)

Wiz) = A,(nG(z) — 2G'(2))

(3.18)

is analytic for |z| < 1 with [W(z)| < 1for |z| < 1and W(0) = 0. Thus the function 1 + A, W (%) is subordinate to the
function 1 + A,z for |z| < 1. By a well known property of sub-ordination (see [14]), we have for each v > 0,

3
do. (3.19)

27 27

. Y .
/‘1+A#W(e“’)’ d9§/‘1+A#e“’
0 0
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Now by (3.18), we have
nG(z)

L+ AW (z) = nG(z) — 2G'(2)’

which gives with the help of (3.8) that for |z| =1,
nlG(:)| = |1+ AW ()| |F'(2)

Since |G(z)| = |F(2)| for |z| = 1, therefore above equation reduces to

‘F()‘ Mfor|z|:l,
(1+A W(2)
or
P B man" n—
nfPe) - | |P(e) - %jl] for|z| =1. (3:20)
1+ 4,W () K

The above equation (3.20) with the help of (3.17) gives for |z2| = 1 and |a| > A,

n—1
(o] — A)|P() - mﬂz ]1 AW (2) - % (3.21)
From (3.21), we have for each v > 0,
2
inf
willal = 47 [ [P - "0
0
2T i(n—1)0
< / ’1 + A#W(ew)mDaP(ew) - "mo‘ien " do.
0
This gives with the help of Holder’s inequality forp > 1, ¢ > 1 withp~! + ¢! =1,
27
inf
(il = 47 [ [Py 2 g
0
T 12T i(n—1)0 3
< { / ‘1 N ANW@W)‘W} { / ‘Dap(ew) _ ’mi@n‘“de} : (3.22)
0 0
Now using (3.19) with v replaced by pv in (3.22), we obtain foreachy >0, p > 1, ¢ > lwithp™ ' +¢7 1 =1,
2
inf
W (la] = A,) / P(e) - mii "6
0
27 1 27

_ » , i(n—1)0 7
{rsa) ([l )

0 0

27 1
inb 5
n(|o] - {/ mﬂi Vda}
0
i(n—1)0 4
g{/\um " {/\Dp (o) - nmefe R ¢

which is equivalent to inequality (1.16) and this completes the proof of Theorem 1.2.

Equivalently,

a1
de} ,
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Further Remarks
Remark 3.1. 1f we make use of inequality (2.3) and the fact that
|1+ Auz [, <[ 1+ K2 |l4,7 >0,
we immediately get the following useful consequences from Theorem 1.2.

Corollary 3.1. If P € P, ,, then for every complex numbers o, B with || > k*, |B| < 1and foreachy >0, p>1, ¢ > 1
withp~! + ¢~ = 1, we have

mﬁz”
kn

afBmnz""t

n(lal —Ay) || P - V<[ L+ &2 [[py|| DaP — — n llgvs (3.23)
k

where A,, is defined by (1.12).

Corollary 3.2. If P € P, ,, then for every complex numbers ¢, B with || > k*, |B| < 1and foreachy >0, p>1, ¢ > 1

withp~! + ¢~ = 1, we have

afmnz""t
kn

mﬁz”

nlla] = B | P = "2 <) 14 K22 [y | Do —

lla - (3.24)

Remark 3.2. Making v — oo and p — oo (so that ¢ — 1) in (3.23) and (3.24) and using the same arguments as in
Remark 1.2, we get inequalities (1.11) and (1.10), respectively.
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