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Abstract

In this study, certain matrices are obtained using the elements of a finite chain ring. Then using these
matrices as generator matrices; certain codes and their duals are obtained. Moreover relations between
these codes, binary codes and Hadamard codes are explained.
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1. Introduction

Various type of linear codes such as cyclic, constacyclic codes over the ring Fy + vFy where v? = 1 and v? = v are
studied. Different type of Gray maps from these rings to Galois fields are defined and certain relations that fixed the
distance between the codes on these rings and fields are established. We note that Lee distance and homogeneous
distance are used over the rings Fo + vy and F,x + ulFpx + ... + u™F» respectively. Hadamard codes were studied
before in [5]. Especially, A relation between Hadamard codes and some special codes over Fy + ulF3 was studied by
M. Ozkan and F. Oke in [1]. In this paper a relation between Hadamard codes and some special codes over the
rings 2 [U]/<U2 —1yand I [”]/@2 — p) are studied.

In this study, certain specifical matrices are created with lexicographically order relation on the ring Fy + vFs
where v? = 1 and v? = v and then codes with (n, 4n, n)-parameters are defined by using these matrices.

It is seen that the images of these codes under the suitable Gray maps are the codes with (2n, 4n, n)-parameters
over the field F2. Moreover these codes are Hadamard codes. In this study the relations between cyclic, constacyclic
and Hadamard codes written in the special cases are investigated.

2. Preliminaries

The ring 2 M/(z;Q _ 1) is isomorphic to the ring F + vF; where v* = 1 and the ring s [“}/@2 _ ) is isomorphic
to the ring Fy + vFy where v? = v.

Let C be a (n, M, d)_code. It means that C' has the length n, it has M elements and it’s minimum distance is d.
In the case v? = 1 ; The ideals of the ring R = Fy + vFy are (0) = {0}, (1+v) ={0,1+v}and (v) = (1) = R.
The property (0) C (1 +v) C (v) C (1) = Ris satisfied for these idaeals and then R is a local ring.

The Lee weight wr, , (z) of x € R is given by
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0 ; zz=0
wrpa(x)=<9 1 ; z=1,v
2 ; x=14wv

This extends to a weight function in R™. If r = (ry,ro,...,m,) € R™ then wr,(r) =>_ wr,(r;) . The distance
i=1

dr,(a,b) between any distinct vectors a, b € R™ is defined to be dy,, (a,b)= wr,(a — ) . The minimum distance
dr.,, of Cis defined as dr,,(C) = min{dy,, (a,b)} for any a,b € C,a # b. In the case v? = v ; The ideals of the ring
S =Fy+vFyare (0) ={0},(v) ={0,v},{1+v) ={0,14+v}, (1) =S theproperties (0) C (1+v) C(1)=S5
and (0) C (v) C (1) = S are satisfied and then S is not a local ring.

The Lee weight wy, , (z) of « € S is given by

0 ; z=0
wrg(x)=¢ 1 ; z=v,1+0
2 5, z=1

This extends to a weight function in S™. If s = (s1, S2, ..., $p) € S™ then wr (s) = Z wr,, (s;). The distance
i=1

drs(a,b) between any distinct vectors a, b € S™ is defined to be dr . (a,b)= wr(a — b) . The minimum distance
dpg of C'is defined as d,, (C') = min{dp (a,b)} forany a , b € C, a # b. Let C be a code over Fs of length n and
letc = (¢, ¢, ..., ¢,) be a codeword of C'.

The Hamming weight of C is defined as

wg(c) = i:le(ci)

where wy(c;) = 1if ¢; = 1 and wg(¢;) = 01if ¢; = 0. The minimum Hamming distance of C is defined as
dyg = min {dg(c,d)} forany ¢, € C, c# .

A n x n matrix such that all components are —1 or 1 and M. M* = n.I is called Hadamard matrix. A n x n
matrix is called binary normalized Hadamard matrix if it is obtained from M,, n x n normalized Hadamard matrix
writing 0 instead of 1 and writing 1 instead of —1. Let A,, be binary normalization of a binary Hadamard matrix M,,.
If each two rows of A,, are orthogonal then 7 elements are different for these rows of A,,. Think that each row of A,,
is a vector. Then it is seen that the distance of between two rows is 5. Write each row of matrix as a vector which
has length n. Adding themselves and their complements to back of these vectors respectively, new vectors which
has 2n length are obtained. Write these new vectors as a code words. If completions of these code words join to this
set, it is obtained that a Hadamard code including 4n elements. Thus the minimum distance of this code is n .

Define the Gray maps as :

o, : R" — FP
(r1,72, ey Tn) = @ (11,72, ...y 7)) = (a1,a2, ..., Gn, b1, ba, ..., by)

wherer; = a; +vb; € Rforl <i < n.

Oy . S — FP
(81,82, -y 8n) = P (81,82, ...,8,) = (C1,C2, .., Cnyc1 +d1, 00+ da, ...y + dy)

where s; = ¢; +vd; € Sforl <i<n.

Using the Gray maps ®; and ®; , the codes which have the length n over the rings F» + vIF; where =1
and v? = v respectively may be corresponded to binary codes which have the length 2n. There is a relation
dr,(a,b) = dg(®1(a),®1(b)) fora, b € R" between Lee distance dj,, over R" and Hamming distance dy over F3".
There is a relation dy, (o', V) = di(P2(a’), P2(V')) for o/, b’ € S™ between Lee distance dy ¢, over S™ and Hamming
distance dy over F3".

This means that the Gray maps ®; and ®, are isometric.
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3. Construction

Over the ring R ; Choose that all elements of first row of the matrix Np“***? from the set { 1 }, choose that all
elements of the other row from the set {0, 1, v, 1 + v } if &y = 0 and from the set { 0,1 + v } if @3 = 0. Assume that
colums of this matrix are lexicographically ordered. This matrix constructed above is a special matrix which has
a1 + a2 + 1 rows. Certain examples for the matrix Ng®*'*? constructed above are given below :

1 1 1 1 1 1

NRO’OZ[l],NRO’1:|: :|,NRO’2: 0 0 1+v 140w ’

0 1+ 0 14v 0 14w
11 1 1 1 1 1 1
N3 0 0 0 0 14v 14+v 14v 14w N0 — 1 1 1 1
R 0 0 14v 14v 0 0 14v 140 |”7F 01 v 140 |
_O 1+wv 0 1+wv 0 1+wv 0 1+wv
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Ng?°=1 000 0 111 1 v owvowv v 1l4v 14v 14v 140 |,
_() 1 v 14v 0 1 v 1409 0 1 v 1+vw 0 1 v 1+vo
101 1 1 1 1 1 1
Ngtt=l0 0 1 1 v v 14v 14w
0 14v 0 14v 0 14w 0 1+vw

Define the code Cr*'"*? = { (c1,c2). N2 ] c1 € RMtl ¢y € F)? } which has a generator matrix Np**?
where a1, as are integers such that a1, as > 0. The lenght of this code is n = 221792, Moreover ; in the case v = 1,
the parameter of the code Cr***? over Fy + vFs is (n,4n,n) .

Over the ring S ; Choose that all elements of first row of the matrix Ng®*'*? from the set { 1}, choose that all
elements of the other row from the set {0, 1, v, 1 + v } if ap = 0 and from the set { 0, 1 } if oy = 0. Assume that
colums of this matrix are lexicographically ordered. This matrix constructed above is a special matrix which has
aq + ag + 1 rows. Certain examples for the matrix Ng®"'*? constructed above are given below :

i D00 01111
NSO’O:“]’NSOJ:{O 1}’NSO’2: 00 LTINS =15 0110011
0 101 01010101
10 111 1
NS__Olvl—i—v}
111 1 111 1 111 1 1 1 1 1
Ng%0 000 O 111 1 wvowovwv v 14v 14v 140 140 [,
_Olvl—i—v()lvl—i—v()lvl—i—v 0 1 v 1+wv
111111 1 1
Ne*t'=10 011 v v 14v 14w
010101 O 1

Q

Define the code Cs“v* = { (c1,02).Ng™*? | c1 € R Tl ¢y € Fy? } which has a generator matrix Ng®!*2
where o, ap are integers such that a;, a2 > 0. The lenght of this code is n = 221taz  Moreover ; in the case

v? = v, the parameter of the code Cs®**** over Fy + vF3 is (n, 4n,n).

Theorem 3.1. Let ®; : R" — F3" be the Gray map. If Cr®""** is a code generated by the matrix Ng®"** over R, it’s
image ®1(Cr**?) under the Gray map is the (2n, 4n,n)_Hadamard code over the field F5.

Proof. The code Cr“*"*? generated by the matrix Ng®*'*? which has dimension(a; + a2 + 1) x n is of the form
Crv* = { (c1,02).Ng®¥® | ¢y € R ¢y € F3? } . The length of Cr*V*2 is n = 22122, It is clear that
the code Cr*"** C R™ is a repetition code and it has 4n elements, i.e. Cr®*? is a (n,4n,n)_ code. Hence
1 (Cr**?) C F3" and @1 (Cr*"*?) is a binary Hadamard code with (2n, 4n, n) parameter. O

Lemma 3.1. The dual code (CR“**)* is a (n, %,4)_code and it's image ®1((Cr“**)1) under the Gray map is a

(2n, j—z, 4)_code, in except the case oy = aig = 0.
Proof. The generator matrix Nz*'*** of the code Cr*'*** is the parity-check matrix of the dual code (Cx****2)~+ .
The dual code of (Cr*****)* contains elements ¢ of R" satisfied Ng®****.cT = 0. It is easily seen that the number of
words satisfied this condition is 4 and the minimum weight of these words is 4. Thus (Cr*V**)* is (n, 1., 4)_code.

Also it is seen that ®@; ((Cr“**2)1) has the parameter (21, 4~ 4). O

Y 4n?
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Theorem 3.2. Let 5 : S™ — F3" be the Gray map. If Cs“V*? is a code generated by the matrix Ng over S , it's

image ®o(Cg“*"**) under the Gray map is the (2n, 4n, n)_Hadamard code over the field F.

Proof. The proof is clear when the ring is taken instead of in the proof of Theorem 3.1. O
Lemma 3.2. The dual code (C;“V**)* is a (n, %7 4)_code and it's image ®o((Cs****)L) under the Gray map is a
(2n, j—;;, 4)_code, in except the case oy = aip = 0.

Proof. The proof is clear when the ring is taken S instead of R in the proof of Lemma 3.1. O

4. Cyclic codes and quasi-cyclic codes of index 2

Letc = (¢1,¢9, ..., ¢y) be an element of R™ (or S™). ¢ = (¢, €2, ..., ¢,) is mapped one to one with ¢(z) =
R[x] (or S[z]).

Definition 4.1. Let Cr“*'*2 C R" be a linear code n = 22*1*+22 and define the map

-
kS
a&
m

n: R* > R"
(017027.-.70»”) — T1 (017027 ---acn) = (Cnacla -~-acn—1)

If 7 (Cr™™?) = Cr™"*? then Cr""*? is cyclic code over R .
Definition 4.2. Let Cs*"*? C S™ be a linear code, n = 22%17°2 and define the map
T o ST — ST
(c1,C2, ey Cn) > To (C1,Co, ooy Cn) = (Cy €1y ovey C—1)
If 75(Cs™?) = Cg* 2 then C'g“*"*? is cyclic code over S .
Definition 4.3. Let D2 C F5?" be a linear code , n = 22%1+22 and define the map

0'®2 : F22n — F22n
(d17d27 ~'~>d2n) — U®2(d17d27 '~'7d2n) = (dn7d17 ~~~7dn717d2n7dn+17 ~~'d2n71)

If 0®2(DY1:22) = D192 then D12 is quasi-cyclic code of index 2 over Fy .
Lemma4.1. 0¥2 &, = &, 7y is satisfied.

Proof. Let ¢ = (c1,¢2,...,¢) € R" where ¢; = a; +vb; € Rforl < i < n. If ®1(c) = P1(cq,c2, ..., ) =P1(a1 +
vby,as + vba, ..., an + vby)= (a1,as,...,an,b1,ba,...,b,) then 0®2 (®1(c)) =(an,a1, ., @n_1,bn,b1,...;bn—1). On
the other hand, T1 (61,62, ...,Cn) = (Cn,Cl, ...,Cn_l) . Then (I)l 7'1(6) 2(131(7'1(01,62, ...,Cn)) = <I>1(cn,cl, ...,Cn_l):
(an,al, ...,an_l,bn,bl, ...7bn_1) .

O
Lemma 4.2. 0©2 &y = Oy 79 is satisfied.

Proof. Let ¢ = (c1,¢2,...,¢n) € S™ Where ¢; = a; +vb; € Sforl <i < n.If Py(c) = Pafcy,ca,...,cn) =P2(ag +
vby,ag + vba, ..., an + vb,) = (a1, a9, ...,an, a1 + by, as + ba,...,a, + by) then 0®2 (®y(c)) =(an,a1,...,an_1,an +
bn, bl, ceny an,1+bn,1) . On the otherhand, T2 (Cl7 Co,..ny Cn) = (Cn, Cly.eny Cnfl). Then (I)Q TQ(C) :(I)Q(TQ(Cl, Co, ..., Cn)) =
<I>2(cn,cl, ...,Cnfl): (an,ah iy A1, G + by, b1,y a1 + bnfl) . O

Theorem 4.1. Hadamard codes which are obtained with Ng®*>** (or N2 ) are quasi-cyclic code of index 2, in except the
case ag = 0.

Proof. Itis seen that the length of the codes Cr“***? (or Cs™"**? ) which are defined in third section by using different
matrices Np®"*? (or Ng®*?) is n = 22172 Therefore the length of the all codes ®;(Cr%*"*?) (or ®2(Cs**?))
over Fy is 22212211 and they are equal to the Hadamard codes that are obtained by using Hadamard matrices.
Thus from the Lemma 4.1. (or Lemma 4.2.) the equalitions 0®? (&1 (Cr“'*?))= &1 (11 (Cr*'*?))= ®1(Cr***?) (or
092 (By(Cs™?))= Py(12(Cs**?))= Py(Cs™*?) ) are satisfied.
Since ®; (or ®») is injective, it follow that 0®2 (&1 (Cr*1"*?))= &1 (Cr**?) (or 0®2 (®o(Cs*"*?))= Py (Cs™*?)
). Consequently Hadamard codes @1 (Cr®"**?) (or ®2(Cs“*"*?)) are quasi-cyclic code of index 2 .
O
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1 1

0 14w
formc:(01,02).NR0’1,wherecl € R,cy € F,. CRO’l:{00,01+v,11,1v,vv,v171+v1+v,1+
v 0} C R? Itis seen that d; ,, (Cr"' ) = 2 and ’CRO’I‘ = 8 and then this is a (2,8, 2)_ code. Therefore & (Cr"') =

{0000, 0011, 1111, 1100, 0101, 0110, 1010, 1001 } C F5 is a (4,8,2)_Hadamard code. Let Ay = { 11 ] be a

Example 4.1. Write the matrix V, rOL = [ } to define the code Cr%!. Then elements of C'z"! are of the

-1 1
normalized Hadamard matrix. Writing 0 instead of 1 and 1 instead of —1 , the vectors 00 and 10 are obtained.
(Adding the complements of these vectors the new vectors 00, 10,11,01 are obtained). Then using the method
given above, the new codewords 0000, 0011, 1111, 1100, 0101, 0110, 1010, 1001 are obtained. The code formed
by these codewords is ®; (Cr""') code which is a (4, 8,2)_Hadamard code.Moreover (Cx"')* ={00, 1+v 1+v },
((Cr%H*) = {0000, 1111} . O is a cyclic code such that the equation 7 (Cr"') = Cr"! is provided. Similarly
@, (Cr"") is quasi-cyclic code of index 2 such that the equation 0®2(®, (Cr%")) = @, (Cr™") is provided.

Example 4.2. Write the matrix Ng*? =

O O =
_ o
O~

1
1 | to define the code C's2. Then elements of Cs%? are of the
1

form c = (c1,02).NSO’2,where c1 € R,co € ]Fg
Cs"*={0000,0101,0011,0110,1111,1010,1100, 1001, vvvv,vi+vvl4+v,vvl4+vl+v,
vi+ovl+vv, 1+vl+vl4+ovl+o,l1+vvli+ov,l+vl+vvv,l+vvvl+ov} C s
It is seen that dr,. (Cs”?) = 4 and |C’SO’2’ = 16 and then this is a (4, 16, 4)_code.Therefore
dy(Cs™?) = { 00000000, 01010101, 00110011, 0110011011111111, 10101010, 11001100, 10011001,

00001111, 01011010, 00111100, 01101001, 11110000, 10100101, 11000011, 10010110 } C F5

1 1 1 1
isa (8,16,4)_Hadamard code. Let A, = :1 _11 _11 1 be a normalized Hadamard matrix. Writing 0
-1 -1 -1 1

instead of 1 and 1 instead of —1, the vectors 0000,1010,1100 and 0110 are obtained. (Adding the complements of
these vectors the new vectors 0000,1010,1100,0110,1111,0101,0011 and 1001 are obtained). Then using the method
given above, the new codewords 00000000, 01010101, 00110011, 01100110, 11111111, 10101010, 11001100,

10011001, 00001111, 01011010, 00111100, 01101001,11110000, 10100101, 11000011, 10010110 are obtained. The
code formed by these codewords is ®3(Cs”?) code which is a (8, 16,4) _Hadamard code. Moreover (Cs%?)* =
Cs"?. Cs”? is a cyclic code such that the equation 75(Cs”?) = Cs"? is provided. Similarly ®;(Cs%?) is quasi-cyclic
code of index 2 such that the equation 0®?(®y(Cs"?)) = &y(Cs"?) is provided.
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