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Abstract
We are interested in oscillation of the fourth-order nonlinear differential equations of the form

4

(r(®)((t) +pM)z(a()")" + 2 a:()G(a(7:(t))) éhi(t)H(x(pi(t))) =0

=1 @

under the assumption that

for different ranges of p(t).
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1. Introduction

Over the past few years, there has been a strong concern in the study of the oscillatory behavior of solutions of
delay differential equations with positive and negative coefficients of the first and second orders; see, e.g., [1, 5-8,
10-11]. In this paper, we consider the nonlinear fourth-order delay differential equations of the form

4

4
(m@®) @@®) +p®2(e®)")" + Y @G @) = > @ H((pi(t) =0 (1.1)
i=1

i=1
where r1, 0, g;, Ti, hi, p; are continuous and positive on [0, c0) ,i € {1,2,...,¢} p € C(]0,),R),G, H € C(R,R) with
dG(d) > 0and bH(b) > 0 for d,b # 0, H is bounded, G is nondecreasing. Further o(t) < ¢, 1’/liﬁm o(t) = o0, and o7 is

a positive constant such that oy < o(t) < t. And 7 € C([0, 00),R) such that 7(¢) < 7;(¢t) < tfori € {1,2,...,£}, and
tli)m 7(t) = oo and p € C([0,00), R) such that p(t) < p;(t) < tfori e {1,2,...,¢}, tli)m p(t) = 0.

The main object of our work is to investigate the oscillatory and asymptotic behaviors of the solutions of (1.1)
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under the assumption that
oo

(Hy) / Tlt(t)dt < 0.
0

Ifo(t)=t—7and ZZI qi(t)G(z(7:(t))) — ZE: hi(®)H (x(pi (1)) = q(t)G(z(t — «)), then (1.1) reduced to

=1

(r(t)(2(t) + p(t)z(t = 7))")" + ¢(O)G(x(t — a)) = 0 (1.2)

where G € C(R,R) with dG(d) > 0,d # 0, G is nondecreasing, 7,a > 0 are constants. In[4], Parhi and Tripathy
studied Eq. (1.2) under the assumption (H3).
Tripathy et al.[2] considered nonlinear fourth-order neutral delay differential equations of the form

(r()(y(t) + p)y(t —7))")" + ¢O)G(y(t — a)) = h(O)H(y(t - B)) =0 (1.3)

where G, H has the same properties with us and 7, «, 5 > 0 are constants.
They studied (1.3) under the same assumption in addition to

(oo} o0

(Hs) /%(S)/th(t)dtds < 0.
0

S

Since Eq. (1.1) is more general than Egs. (1.2) and (1.3), it is worth studying. Not only the present work is more
illustrative than [2] but also some of results are generalized and improved. A solution of (1.1) is understood as a
function z € C([—7, c0),R) such that (z(t) + p(t)z(o(t))) and (r1(t)(x(t) + p(t)z(c(t)))”) are twice continuously
differentiable, and (1.1) is satisfied for ¢t > 0, where n = max{c, 7;, p; },

sup{x(t) : t > to} >0

for every t > t¢. A solution z(t) of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative,
and it is called nonoscillatory otherwise.

2. Preliminaries
We begin with the following results frequently used in what follows:

Lemma 2.1. [4] Let (Hy) hold. If f(t) is an eventually positive twice continuously differentiable function such that r1(t) f" (t)
is twice continuously differentiable and

(r@®)f"()" <0, #0

for large t, where 1 € C([0, 00), (0, 00)), then one of the following cases holds for large t:
t)

(@) f/(t) > 0, f(t) > 0 and (ry(t) f" (1)) >
(®) f'(t) > 0, f"(t) < Oand (ri(8) f"(8))" >
(c) f'(t) > 0, f"(t) < Oand (ri(t) f"(t)) <
(d) f(t) <0, f(t) > Oand (1 () /" (1)) >

Lemma 2.2. [4] Assume that the conditions of Lemma 2.1 are satisfied. Then

(i) the following inequalities hold for large t in the case (c) of Lemma 2.1

8

F/(t) > = (@ ()R, £1(1) > —mO)f" (1) [ 725,

f() Z ktf'(t) and f(t) = —k(r(8) " (1)) tR(?),

where k > 0 is a constant and
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oo

Rit)= [ = e ds,
t

and

(i) f(t) > r1(t) f" (t)R(t) for large t in the case (d) of Lemma 2.1.

Lemma 2.3. [4] If the conditions of Lemma 2.1 are satisfied, then there exist constants ky > 0 and ko > 0 such that
k1 R(t) < f(t) < kot for large t.

Lemma 2.4. [4] Let (Hy) hold. Suppose that z(t) is a real-valued twice continuously differentiable function on [0, 0o) such
that (r1(t)2"(t))” <0, #0forlarget. If z(t) > 0 eventually, then one of the following cases holds for large t:

(@) 2/(t) > 0,2"(t) > 0 and (r,(£)2" (1)) >
(b) 2/ (t) > 0,2"(t) < O and (ry(t)2"(t)) > 0,
() 2(t) > 0,2"(t) < 0and (r1(t)2" () <
(d) 2'(t) < 0,2"(t) > 0and (r1(t)2" () >

If z(t) < O for large t, then either one of the cases (b)-(d) holds or one of the following cases holds for large t:

(e) 2/(t) < 0,2"(t) < Oand (r ()" (t)) >0,
() 2/ (t) < 0,2"(t) < 0and (r1(t)2"(t))’ < 0.

Lemma 2.5. [3] Let p,x, z € C([0, 00), R) be such that

z(t) = z(t) + p(t)z(t — 7)
fort>7>0,z(t) >0fort >ty >71 liginf z(t) =0, and fli}m z(t) = L exists. Also let p(t) satisfy one of the following
L— 00 L—> OO
conditions:

() 0<pt)<pi <1,
(i) 1 <ps <p(t) < ps,
(iii) py < p(t) <0,

where p; is a constant, 1 < i< 4. Then L =0

3. Main Results

In this section, sufficient conditions are established for the unbounded oscillation and asymptotic behavior of
the solutions of (1.1) under the assumption (H1). For our aim, we need the following assumptions:

> 0 such that G(d) + G(b) > \G(d + b) for d,b > 0,d,b € R,
(db) = G(d)G(b),d,b € R,
(—d) = —G(d),and H(—d) = —H(d),d € R,

Q(t)dt = 00, Q(t) = min{q(t), q(o(t))},t > o1,

~ I~~~
ot
e — — —

5
=g =g Q Q>

= 00, where b(t) = min{R"(t), R"(c(t))},
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v > 1,t0 > n > 0,
%) l

(Hg) [ RY(t) 3 G(R(7i(t)))q;(t)dt = 00,y > 1,t9 > n > 0.
to i=1

Remark 3.1. Since

r1(s)

R(t) < [ —ds,
t

we conclude that R(t) — 0 as t — oo in view of (H).

Remark 3.2. Assumption (H,) implies that G(—d) = —G(d). Indeed,
G(1)G(1) = G(1) and G(1) > 0 imply that G(1) = 1. Further, G(—1)G(—1) = G(1) = 1 implies that (G(-1))? = 1.
Since G(—1) < 0, we conclude that G(—1) = —1. Hence,

G(—d) = G(~1)G(d) = —G(d).

Moreover, G(zy) = G(z)G(y) for every z,y € R such that G(db) = G(d)G(b) ford > 0and b > 0 and G(—d) =
—G(d). In addition, the prototype of G satisfying (Hs), (H4) and (Hs) is

G(u) = (a+ blu[")[ul" sgnu,
where a > 0,b > 0,7 > 0and p > 0 are such thata + b = 1.

Theorem 3.1. Let 0 < p(t) <a < 1lorl < p(t) <a < co. Suppose that (Hy)-(Hz) hold. Then every solution of Eq. (1.1)
with o(t) = t — oy either oscillates or tends to zero as t — oo.

Proof. Due to Remark 3.1, we have b(t) — 0 as t — c0. So (H7) implies that

0 ¢
/ Q) Y GR (1))t = . (3.1)

We assume that z(¢) is a nonoscillatory solution of (1.1). Then z(¢) > 0 or z(t) < 0 for t > tg > p. Let z(¢) > 0 for
t > ty. Setting

2(t) = 2(t) + p(t)x(o (1)) (3.2)
K(t) = / 5 [ X0 (e 0)dsis (33)
and

oft) = 2(t) — K(t) = a(t) + p(t)a(o(t)) — K(t) (3.4)

we have

V4
(" (1) = -3 @G (m1) <0, #0 (35)
=1

for t >ty + o1. Therefore, v(t), v’ (t), (r1(t)v” (t)), and (r1(t)v”(t))" are monotonic on [t1,00),t; > to + o1. In what
follows, we have two cases, v(t) > 0 or < 0 for ¢ > ¢;. Assume that we have the first case. By Lemma 2.1, any of the
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cases (a), (b), (c), and (d) holds. Suppose that any of the cases (a), (b), and (d) holds. By using (H3), (H4), and (Hg),
Eq. (1.1) can be represented as

0= (RO (0)' + 3 GG ) + @) o) (o ()"
+Gw>§;%uwwMXx@xau»»

> (ri(t)0"(1))" + G(a)(ri(a(®)v"(a(1)))” + AQ(t) ;é G(x(7i(t)) + ax(7i(o(1))))

> (ro()0"(1)" + Gla)(ri(a(®)v"(a(1)))” + AQ(t) ilG( (7i(1)))

for t >ty > t1, where we have used the fact that z(_t < z(t) + azx(o(t)). From (3.3), K(t) > 0, K'(t) < 0, and thus,
tlgg() K (t) exists due to (Hs). Also, the inequality v(¢) > 0 for ¢ > ¢; implies that v(t) > z(¢) for t > t5 and, thus, the

last inequality yields
¢

()" (1)" + G(a)(ri(a(t))v"(0(t)))” + AQ(t) 21 G(v(ri(t))) <0,
fort > i, i.e,, "
(ri ()" ()" + G(a)(ri(a(t)v"(0(1)))" + AG(k1)Q(2) Z G(R(7i(t))) <0

due to (H,) and Lemma 2.3, for t > t3 > to. Integratmg th1s inequality from ¢3 to oo, we get

Gl ] Q0 é (R (1))t < oo

but this contradicts (3.1). Further, we suppose that the case (c) holds. By using Lemmas 2.2 and 2.3, we have

k(—r1(£)v" () tR(t) < wv(t) < kot
fort >ty > t3. Hence,

—[((=ri@®v" () = (v = D((=ra ()" (1)) 77 (=r1 (80" (1)

14

> (y = DLRY(1) ) a:(0 (1) Gla(ri(a(1)))), (3.6)

i=1

where L = £ > 0. Therefore, the inequality
2

—[((—rl(t)v”(t))’)l_;]’ —~ G<a)[((—ﬁ(U@))w(a(t)))/)l-gl
> (y—= 1LY [RW(t) Z gi()G(x(r:(1) + Gla) RV (o (1) Y- ¢i(0(1)Gla(ri(o(1)))

i=1 =1

EAW—UDM>()éG@(UD>A(—UDMWmﬂéGwm®D
Y/

> Ay = DLYG(R)bB)Q(?) ; G(R(7i(t)))

implies that

Ay — 1)L7G(k1)£70b(t)Q(t) éG(R(Ti(t)))dt < o0,

which contradicts (H7). Therefore, the latter holds. Consequently, the inequality z(t) < K(t), where K (t) is
bounded, implies that z(¢) is bounded. It follows from Lemma 2.4 that any of the cases (b)-(f) is realized for
t >ty > t1. In the cases (e) and (f) of Lemma 2.4, we get tl'gn v(t) = —oo, which contradicts the facts that z(t) is

bounded and tlim v(t) exists. Keep in view either the case (b) or the case (c), where —co < tlim v(t) < 0. Hereby,
—00 —0
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0> flirgo v(t) = limsup[z(t) — K(t)] > limsup[z(t) — K(t)]

t—o00 t—o0

> limsup z(t) — tlim K (t) = limsup z(t)
—00

t—o0 t—o0

implies that tli_{n z(t) = 0. We may note that tli_{n K(t) = 0. At last, let the case (d) of Lemma2.4 hold. Then
e} e}

tlim (r1(¢)v”(t))" exists. Hence, integrating (3.5) from ¢, to co, we obtain

—00

TS ai()G(a(rs()dt < oo,

to i=1

ie.,

©0 V4
/ Q(t) ZG(x(n(t)))dt < 0. (3.7)

If lim inf z(¢) > 0, then inequality (3.7) implies that

t—o0

T Qt)dt < oo,
ta

which contradicts (Hg) due to Remark 3.1. Therefore, litm inf z(¢t) = 0. Since ltlim v(t) exists, by using Lemma 2.5,
— 00 — 00
we get

tlgglov(t) =0= tlggoz(t)

Even, z(t) > x(t) implies that tlim x(t) = 0. If 2(t) < 0 for t > to, then we set y(t) = —x(t) for ¢ > to and
— 00

(r (@) (y(@) + p)y(a()")" + Zifl %:(H)G(y(ri(t))) — Z::l hi(£)H (y(pi(t))) = 0

Thus Theorem 3.1 is proved. O
Remark 3.3. 1t follows from Theorem 3.1 that z(¢) is bounded in the case where v(t) < 0 for ¢t > t;, which further

converges to zero as t — co. However, this fact is not required in the other case. Hence, the following theorem has
been proved.

Theorem 3.2. Let 0 < p(t) < a < oo. Suppose that (Hy) — (Hz) hold. Then every unbounded solution of (1.1) oscillates.

Theorem 3.3. Let 0 < p(t) < a < 1. If (H1), (H2), (Ha4), (Hs), and (Hg) hold, then every unbounded solution of (1.1)
oscillates.

Proof. Since R(t) — 0 ast — oo. (Hg) implies that

oo

/ > GOR((1))ai ()it < o (3.9)

to =1

and, hence,

00
/Zqi(t)dt < o0. (3.9)
o=l

Let 2(t) be a nonoscillatory solution of (1.1) such that z(¢) is unbounded and z(t) > 0 for ¢t > t; > 0. The case
x(t) < 0fort >ty > 0 is similar. We set z(¢), K (t), and v(t) as in (3.2), (3.3), and (3.4), respectively, to obtain (3.5) for
t > to + o1. Consequently, each of v(t),v'(t), (r1(t)v” (¢t)), and (r1(¢)v”(t))’ is of constant sign on [t1,0),t > to + 071.
Assume that v(¢) > 0 for ¢t > ¢;. Then Lemma 2.1 holds. If any of the cases (a) or (b) holds, then
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0 </ (t) = 2'(t) — K'()

implies that 2/(t) > 0 or < 0 for ¢t > t;. Pay attention to z(¢) is unbounded because z(t) is unbounded. Thus,
Z'(t) < 0is not true. Ultimately, z/(¢t) > 0 and we obtain

(1 =p(1))2(t) < 2(t) = p(t)2(a (1)) = 2(t) — p(t)p(o(t))x(a (o (1)) < 2(t).

This means that

z(t) > (1 —a)z(t) > (1 —a)v(t)
fort >ty > t;. Hence, (3.5) yields

G((L = a)v(mi(t))qi(t) < —(ra(t)v"(1))",
ie.,
G(k1(1 = a)G(R(7:(t))ai(t) < —(ri(t)v"(t))” (3.10)

due to Lemma 2.3 and (H,). Integrating (3.10) from ¢ to oo, we conclude that

o0

fé G(R(m:(1)))ai(t)dt < oo,

which contradicts (3.8). For the case (c) of Lemma 2.1, we proceed as in the proof of Theorem 3.1 to obtain (3.6). By
using inequality (3.6), we obtain

—[((=r ")) ) = (v = DLIG((L = )k ) R () éQi(t)G(R(Ti(t)))

for t > t,. Integrating the last inequality from ¢, to oo, we find

T 5 0GR <

which contradicts (Hs). In the case (d) of Lemma 2.1, tlim v(t) exists, i.e., tlim z(t) exists in contradiction with our
— 00 — 00
hypothesis. Due to Remark 3.3, the case v(t) < 0 is not executed. Thus, Theorem 3.3 is proved. O

Theorem 3.4. Let —1 < a < p(t) < 0. If (H1), (H2), (Hs) and (Hg) hold, then every solution of Eq. (1.1) with o(t) = t—o1
is either oscillatory or tends to zero as t — oo.

Proof. Let x(t) be a nonoscillatory solution of (1.1) such that z(¢) > 0 for ¢ > t;, > 0.Setting z(¢), K (t), and v(¢) as
in (3.2), (3.3) and (3.4) we obtain (3.5) for t > to + o1 and, therefore, v(t) is monotone on [t1,00),t; > to + o1. Let
v(t) > 0 for t > t1. Assume that one of the cases (a), (b) and (d) of Lemma 2.1 holds for ¢ > ¢;. From Lemma 2.3, we
conclude that z(t) > v(t) > k1 R(¢) for t > t5 > t; and, hence, (3.5) yields

f Z% (R(7i(t)))dt < o0, t3 >ty + 01,

ts i=

which contradicts (3.8). Now consider the case (c). Proceeding as in the proof of Theorem 3.1 we have (3.6). Further,
x(t) > v(t) > k1 R(t) for t > ty by Lemma 2.3. Consequently, for t > t3 > t3 + ¢,

=[((=r@®" () = (v = LG (k) R (t) Xel (1) G(R(7i(1)))-

Integrating above inequality from ¢3 to co, we obtain
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:fo R() é%(t)G(R(n(t)))dt < 0

in contradiction with (Hs).
If v(t) < 0 fort > t1, then x(¢) is ultimately bounded. Thus, z(t) is bounded and the same is true for v(¢). In what
follows, none of the cases (e) and (f) of Lemma 2.4 is executed. In the case (b)[or (c)], we have

—oo < lim v(t) <0.

t—o0

In view of the fact that 26li>m K(t) = 0, we obtain

lim v(t) = lim z(%).

t—o0 t— o0
Hence,
0> lim v(t) = lim z(¢t) = limsup|x(¢) + p(t)z(o(t))] > limsup z(t) + lim inf(az(o(t)))
t—o0 t—o0 t—00 t—00 t—o0

= limsup z(t) + alimsup z(o(t)) = (1 + a) lim sup ()

t—o0 t—o0 t—o0

implies that limsup z(¢) = 0, i.e., tlir(r)lo z(t) = 0. Let the case (d) hold. Since

t—o00

lim (r1(t)v"(t))

t—o00

exists, (3.5) implies that

0 y
/ Zqi(t)G(x(n(t)))dt < o0. (3.11)

If liminf 2(¢) > 0, then it follows from (3.11) that

— 00

?f qi(t)dt < oo,

to i=1

which contradicts (3.9). Therefore, litm inf z(t) = 0. In view of Lemma 2.5, we assert that
—00

lim v(¢t) =0 = lim z(¢).

t—o00 t—o0

Following the above proof, we can see that lim sup z(¢) = 0 and, hence, lim x(¢) = 0.
t—00 t—oo

If 2(t) < 0 for t > ty, then, acting as above, we obtain litm inf z(t) = 0. This means that tlim x(t) = 0.
—00 —00

Thus, Theorem 3.4 is proved. O

Theorem 3.5. Let —oco < p(t) < 0. If (Hy),(Hz),(Hs) and (Hg) hold, then every unbounded solution of (1.1) with
o(t) =t — oy is oscillatory.

The proof of this theorem is quite similar the proof of Theorem 3.4. Hence, the details are omitted.
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