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Abstract

In this paper, we investigate special associated curve of a non-degenerate Frenet curve according to the
Sabban frame in anti de Sitter 3-space. Moreover, we give a construction method of Sabban apparatus of
a special direction curve in terms of the elements of Sabban apparatus of its donor curve. Furthermore,
we obtain some results for the direction curve with respect to special cases of the base curve. Finally, we
give an example of a helix and its direction curve which is also a helix and draw theirs images under the
stereographic projection in Minkowski 3-space.
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1. Introduction

It is known that there are three kinds of Lorentzian space forms which is Minkowski 3-space, Anti de Sitter
3-space and de Sitter 3-space. Especially, Anti de Sitter 3-space is quite different from those of Minkowski space and
de Sitter space according to causality.

The theory of the associated curve of a given curve has been studied by many authors in different ambient space
from various viewpoints. For instance, in Euclidean 3-space, new associated curve was defined by Choi and Kim
[3]. They introduced direction(i.e. special associated) curves of any base curve and give characterizations for the
general and slant helices via their associated curves. After, in Minkowski 3-space, Choi et al. [4] studied some
associated curves of a given Frenet curve to classify the general helices and the slant helices. Macit and Duldiil
defined some new associated curves (W-direction, W-rectifying, V-direction) of a Frenet curve in Euclidean 3-space
and Euclidean 4-space [8]. Kiziltug and Onder gave definition of associated curves of a Frenet curve in a three
dimensional compact Lie group G [6]. They introduced the principal normal direction curve and principal normal
donor curve and gave some characterizations for these curves in G.

This paper is organized as follows. In section 2, we give local differential geometry of non-degenerate regular
curves in Anti de Sitter 3-space and de Sitter 3-space with index two, which are denoted by H$ and S3, respectively.
We call that a curve is AdS (dS) curve if the curve is immersed unit speed non-degenerate curve in H3 (S3). In
section 3, we consider the concept of associated curve theory in H“f. Let W be a non-null unit vector field along the
Frenet AdS curve v in H. After we define non-degenerate W-direction curve 7 of v which is called W-donor curve
of 7. In here, we choose a W-direction curve 7 which is a principal unit normal of v with respect to Sabban frame
in H$. Moreover, we give the relationship between the curves v and 7 with respect to theirs Sabban apparatus.
After, we obtain some corollaries for the associated curve 7 when the curve 7 is a planar curve, horocycle, helix,
respectively. In section 4, we give definition of stereographic projection in Hf and S3. Then, we give an example
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for base curve and its special direction curve, which are helices. Finally, we draw the theirs images by using the
stereographic projection in Minkowski 3-space.

2. Preliminary

In this section, we give the basic theory of local differential geometry of non-degenerate curves in de Sitter
3-space with index 2 and Anti de Sitter 3-space. For more detail and background about these spaces, see [2, 10].

Let R} denote the four-dimensional semi Euclidean space with index two, that is, the real vector space R*
endowed with the scalar product

(T,y) = —71y1 — T2y2 + T3Y3 + TaYa
forall x = (21,72, 23,74), ¥y = (y1,Y2,Y3,y4) € RL Let {e1, ez, €3, €4} be pseudo-orthonormal basis for R3. Then
d;; is Kronecker-delta function such that (e;, e;) = d;j¢; fore; = ey = —1,e3 =4 = 1.
A vector x € R} is called spacelike, timelike and lightlike (null) if (z ,z) > 0 (orz =0), (x,z) < 0and (z,z) =0,
respectively. The norm of a vector x € R} is defined by ||z|| = \/|(z , z )|. The signature of a vector x is denoted by

1, «isspacelike
sign(z) =< 0, xisnull
—1, xistimelike

The sets

S5 = {zeR;|(z,z)=1}
H‘;’ = {mERgHw,m):—l}

are called de Sitter 3-space with index 2 (unit pseudosphere with dimension 3 and index 2 in R3) and Anti de Sitter
3-space (unit pseudohyperbolic space with dimension 3 and index 2 in R}), respectively.
The pseudo vector product of vectors x,y and z is given by

—€1 —€2 €3 €4
x1 €2 T3 T4
U1 Y2 Ys Y4
21 2 23 24

TANYNz=

where {e1, €2, e3, €4} is the canonical basis of Rj and « = (21, 22, 73,74),y = (Y1, Y2, Y3, Y4), 2 = (21, 22, 23, 24) € R3.
Also, it is clear that
(w,z Ay A z) = det(w, x,y, 2) (2.1)

for any w € Rj. Therefore, x A y A z is pseudo-orthogonal to each of the vectors z,y and =.

Unless otherwise stated for the sake of brevity, we will use the notation M?(dy) instead of the symbols S3 or
H3. In here, if §o = 1 or §y = —1, then M3(1) = S§ or M?*(—1) = Hj, respectively. Now, we give the basic theory of
non-degenerate curves in M3 ().

Let vy : I — M?3(Jp) be regular curve (i.e., an immersed curve) for open subset I C R where sign(vy(t)) = & for
every t € I. The regular curve 7 is said to be spacelike or timelike if v’ is a spacelike or timelike vector at any ¢ € I
where 7/(t) = dry/dt. The such curves are called non-degenerate curve. Since vy is a non-degenerate curve, it admits an
arc length parametrization s = s(t). Thus, we can assume that v(s) is a unit speed curve. Then the unit tangent
vector of v is given by t(s) = 7/(s). Since (y(s),v(s)) = do, we have (y(s),t'(s)) = —d; where &§; = sign(t(s)).
The vector t'(s) + dpd17(s) is pseudo-orthogonal to v(s) and ¢(s). In the case when (v”(s),~"(s)) # do and

t'(s) + dod17v(s) # 0, the principle normal vector and the binormal vector of v is given by n(s) = %
and b(s) = v(s) A t(s) An(s), respectively. Also, geodesic curvature of + are defined by r4(s) = ||t/(s) 4+ dod17(s)]|-
Hence, we have pseudo-orthonormal frame field {v(s), t(s), n(s), b(s)} of R3 along ~y. The frame is also called the

Sabban frame of non-degenerate curve v on M?3(8y) such that

t(s) An(s)Ab(s) = —0p037(s)

n(s) Ab(s) Avy(s) = 103t(s) 22)
b(s) ANv(s) At(s) = —0d205n(s) ‘
v(s) At(s) An(s) = b(s)
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where

sign(t(s)) = 01, sign(n(s)) = 02, sign(b(s)) = ds,
{ ? det(i,t n,b) = —ds. ! ’ (2.3)

Now, if the assumption is < v"(s), " (s) ># dy, we can give the following Frenet-Serret formulas of -y such that

vl e o PR |
t'(s) | | —door 0 Kg(s 0 t(s
W) | T 0 —aiemgls) 0 —616smy(s) | | n(s) (2.4)
b'(s) 0 0 010274(s) 0 b(s)

61 det(v(s)7 (s )’Y”( )" ()
(rg(s))?

Remark 2.1. The condition < v"(s),7"(s) ># dy is equivalent to k,(s) # 0. Moreover, we can show that r4(s) =0
and t'(s) + do01v(s) = 0 if and only if the non-degenerate curve 7 is a geodesic in M (4y).

where the geodesic torsion of v is given by 7,(s) =

We will give the following definitions in [1, 2] and also they are valid for S3.

Definition 2.1. Let~y: I C R — M?3(Jy) is an immersed spacelike (timelike) curve according to the Sabban frame
{7,t,n, b} with geodesic curvature k, and geodesic torsion 7,. Then,

e If 7, =0, v is called a planar curve in M3 ().
o If ky=1and 7, =0, is called a horocycle in M? ().
e If k, and 7, are both non-zero constant, v is called a helix in M?(dp).
Remark 2.2. From now on, we call that v is a non-degenerate AdS (dS) curve if v is an immersed non-dejenerate unit
speed curve in H? (S3).
3. Associated Curves of the Non-degenerate Curve in H}

In [3, 4], the authors introduces the definition of W-direction curve and W-donor curve in Euclidean space and
Minkowski space. In the following, we investigate this concepts in H3 from this point of view Lorentzian space
forms by using method in [7].

Definition 3.1. The non-degenerate regular curve v with , # 0 is called the Frenet curve in Hj.

Let consider a Frenet AdS curve y = 7(s) : I C R — H with the Sabban apparatus {(s), t(s), n(s), b(s), r4(s), 74(s)}
with the equations (2.3) and a non-null unit vector field W € X(H3) along the curve ~ be given by

W(s) = c1(s)t(s) + ca(s)n(s) + c3(s)b(s) (3.1)

where ¢;(s) is arbitrary differentiable function and s is the arc length parameter of . Since W is non-null unit vector
field in X(H3), we have

3
Z(Sic? =41, ¢ =¢i(s). (3.2)

Definition 3.2. Let v be a Frenet AdS curve and W be a non-null unit vector field along the curve v which is
satisfying the equations (3.1) and (3.2). If there exist a curve 7 with the Sabban apparatus {ﬁ,i 7, b, Kg, Fg} in

M3 (go) which is an integral curve of W (i.e. t = W), then 7 is called W-direction curve of ~ and ~ is called W-donor
curve of 7.

Thus, we can give the following associated curves of ~ in H3.
o If W =1t, thent — direction curve 7 of the curve v is trivially v (i.e. t=1t).

e If W = n, then t = n. In this case, n — direction curve 7 of the curve 7 is called the principal direction curve of
~ and so the curve v is called the principal donor curve of 5.
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o If W = b, then ¢ = b. In this case, b — direction curve ¥ of the curve ~ is called the binormal direction curve of ~
and so the curve v is called the binormal donor curve of 7.

Now, we will define a special associated curve of v in Hj.

Definition 3.3. If W = | n'_ thent = . In this case, the curve 7 is called W-direction curve of the curve ~.

’ ’
Il Il

Remark 3.1. From now on, we will take as W = ﬁ for calculations, unless otherwise stated. Hence, we easily see

that # = W such that W = % by (2.4) and so it must be defined by 7 = n is non-degenerate curve
1Ky 3Tg

which is fully lying on M3 () (i.e. H or S3).

Let the W-direction curve 5 : J — M3(8,) of v = ~(s) be defined by

7(5(s)) = n(s) (3.3)

with the Sabban aparatus {7(5),?(5), n(5),b(8), kye(5), 7:;(5)} where

sign (7) = 5~0, sign (Z) =61, sign (n) = 5~2, sign (E) =655

and 5 be the arc length parameter of ¥ such that 5 : I — J is a regular differentiable function. It is clearly that if the
signature d is equal to —1 or 1, then M3(—1) is H$ or S3, respectively.
Now, differentiating both sides of (3.3) with respect to s and by using (2.4), we get

55 _ —8102kgt — 61037,b (3.4)
ds
where
95 _ L[5 (512 + 6572
% =4+ 1 ( 1l€g + 37'g) (35)
with the condition
01 ((51%3 + (537‘3) > 0. (36)

Moreover, by using (3.3) and (3.6), we have the following signature table

502—1 51:1;522—(53 50:—1 51253:1;52:—1
T (51:1;(52:53:—1
o=l S T - s

dp = —1 0y =—063;0,=1

Table 1. Signature table for W-direction curve and W-donor curve

Before the calculations, we give the following corollaries from Table 1
Corollary 3.1. There exist no timelike W-direction curve 5 in H3 of any non-degenerate curve ~ in H3.
Corollary 3.2. There exist no timelike W-donor curve ~y in H3 of any non-degenerate curve 5 in H.

Now, we will give a construction method of Sabban apparatus of ¥ in terms of the elements of Sabban apparatus
of its W-donor curve 7.

Theorem 3.1. Let 5 = 3(3) be W-direction curve in M3(é,) of any non-degenerate AdS curve v = ~(s) in H3. Then the
Sabban apparatus of W-direction curve 7 can be constructed with according to the elements of Sabban apparatus of ~y for all
possible cases from the Table 1.

Proof. 1f n is timelike(spacelike), then 7 is fully lying in H3 (S3) by (3.3). Thus, we have the following two main
cases by using Table 1.
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Casel:(goz—l;gl =1, 52:—53; (50:—1; (51 :(53:17 (52:—1)
In this case, 7 is spacelike W-direction curve of the spacelike curve y in Hf. Without loss of generality, we choice
positive sign of 2. By using (3.4) and (3.5), we have

d3
o = VRt

and N
t=cosft+sinb b, 0, = 91(8) (37)
where
— B9 ng =T tan-l(0) = e
cosl; = m, sin 64 W, tan™"(6q) . (3.8)
By using (2.4),(3.3),(3.7) and (3.8),
cos 01 .
— (sin 61t — cos 01b) . (3.9)
91’)2 — cos291‘ ‘(91’)2 — 005291’

We have two possible subcases of the Case 1 according to the signature 85 of 7.
Subcase 1.1: (52 =1; 53 -1)
In this subcase, 7 is spacelike so b must be timelike such that (01’)2 — cos?0; > 0. Then, we get

n = (sinh ¢1) v + cosh 1 (sinf1t — cos01b) , 1 = p1(s)

where ,
sinh 1 = C(;S 01 , coshpy = _291 .
(91/) — cos20; (91') — cos20;
Hence, we get easily
b = (cosh ¢1) v + sinh ¢4 (sin 61t — cos 01 b) (3.10)
and
n2 .
N (91 ) —cos20;  _ _ 1+sin6;

K = 5 7' = ——

by using (2. 1) (2.2) and (2 4).

Subcase 1.2: (62 —1; 03 = 1)

In this subcase, n is timelike so b must be spacelike such that (91')2 — cos?6; < 0. Then, we obtain

1 = (cosh 2) v + sinh ¢y (sin 01 — cos 61b) , Y2 = a(s)

where )
0 —0
cosh g = s = sinh @y = ! =
cos?0; — (61") cos?0, — (61")
Thus, we have _
b = (sinh @) v + cosh ¢y (sin 61t — cos 61 b) (3.11)

and
,V cos26, — (91/)2

-~ —(1+sinb)
Kg =

R B W
by using (2.1),(2.2) and (2.4).

Now, if n is spacelike, then 7 is fully lying in S3 by (3.3). Hence, we have the following the other possible cases.
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Case 2: (SO =1;8)=—1,6 =—03, 65 =1)
In this case, 7 is spacehke or timelike W-direction curve which is fully lying on S} of the non-degenerate curve v
which is fully lying on H$. Without loss of generality, we choice positive sign of 4. By using (3.4) and (3.5), we have
ds =
25 = V010 (k5 = 77)
under the condition B
0101 (Hz —Tg2> >0

and B
t = cosh &t +sinh &b, & = &1(s) (3.12)
where 5 5
cosh & = N_%ﬁg, sinh & = NT—g, tanh ™' (&) = —01fg (3.13)
5151 (Hg — ng) 6151 (Rg — Tg) Tg

By using (2.4),(3.3),(3.12) and (3.13), we get

5= 01 cosh & (sinh &t — cosh &1b) . (3.14)

\/’cosh &+ 51(51 \/’COSh & +61(&) ’

Thus, we have two possible subcases of the Case 2 with according to the signatures n and b.
Subcase 2.1: (62 =1, (51 = 53 —1;0,=-1,6,=03=1)
In this subcase, n is spacelike so b must be timelike such that (¢,")2 — cosh?¢; > 0. Then, we get

n = (sinhny) v + coshn (sinh &1t — cosh &1b) , n1 = n1(s)

where ,
_ cosh
sinhny = coshé , coshmy = 3!
(51’)2 — cosh?¢; (51')2 — cosh?¢;
Hence, we obtain B
b = (—coshny )y — sinhn; (sinh& ¢ — cosh &1 b) (3.15)

and

_ (51/)2 — cosh? fl ~ 1 1 —sinh§;

kg = K2 _ 7.2

g K2 —T12

by straightforward calculations.
Subcase 2.2: (51 = 1, (525 53 = 71; 51 = 52 = 1, 53 = 71)
In this subcase, n and b must be timelike. Then, we get

n = (cosng) vy + sinmng (sinh &1t — cosh &1b) , n2 = n2(s)

where
cosh & . &'
cosng = =, sinny = =.
cosh®&; + (&) cosh’&y + (&)

Consequently, we get

b = (sinng)y — cosne (sinh &t — cosh &1 b) (3.16)
and

— COSh §1 + (fl ) ~ Sll’lh gl -1

Kg =\ ————5— =

2 _ 2
kg —Tg NG

by straightforward calculations. The proof is complete. O
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Corollary 3.3. Let 7 be the W-direction curve of the curve ~y. Then the following statements are equivalent:
(i) is helix in H? ,
(ii) The angle between tangent vectors of v and ¥ at corresponding points(considered as vectors in R3) is constant,
(iti) The angle between binormal vectors of -y and 7 at corresponding points(considered as vectors in R3) is constant,
(iv) -y is the W-direction curve of the curve 7.

Proof. We see easily that the statements (i) and (ii) are equivalent by using the equations (3.7),(3.8) and (3.12),(3.13).
61 and &; are constant by the equations (3.7) and (3.12), if the angle between tangent vectors is constant. Then we
show that the angle between binormal vectors is constant from the equations (3.10),(3.11),(3.15) and (3.16) or vice
versa. So the statements (ii) and (iii) are equivalent. Finally, the statements (iii) and (iv) are equivalent from the
equations (3.9) and (3.14). The proof is complete. O
Corollary 3.4. Let 7 be the W-direction curve of the curve ~y. Then the following statements are satisfied:

(i) If v is a planar curve or a horocycle in H3, then ¥ is a helix with i, = 1 and 7, = —1 in M3 (3p),

(ii) If  is a helix in H3, then ¥ is a helix in M3 (&),

4. Stereographic Projection of H} and S3

Let R? denote Minkowski 3-space (three-dimensional semi Euclidean space with index one), that is, the real
vector space R? endowed with the scalar product

(Z,Y), =T+ T2+ 7303

forall T = (71,72,73), ¥ = (U1,%2,53) € R3. ThesetS? = {z e R} | (T, T), =1} is called de Sitter plane (unit
pseudosphere with dimension 2 and index 1 in R$).

Definition 4.1. The conformal map

& HA\T — RA\S?, &(x) = [ —2 3 4
1\ - 1\1a (w) 1+$171+I1’1+.’L‘1

is called the stereographic projection of H3 according tosetI' = { @ € H3 | z; = —1} [9].
Now, we give the stereographic projection of S3.

Lemma 4.1. The mapping
RS = RY, pu(pr,p2,ps) = (p3,p1,p2)

is an anti-isometry that carries each S? anti-isometrically onto H3 and vice versa [10].

Definition 4.2. The map

17$4717$4’17I4

U SH\A — RIHS, ¥(x) = ( o B )

is called the stereographic projection of S3 according toset A = {x € S§ | 24, =1} [5].

Hence, we say that the following conformal map

U= T SHA - R\S?, (x) = (2, L 2
Ho 2\ 1\ 1> (X) 1—$4’1—{L‘4’1—1’4
is an alternative stereographic projection of S3 by the Lemma 4.1 and Definition 4.2.
Now, we give an example for spacelike AdS curve and its W-direction curve. Also, we show that its IW-direction
curve is a helix if the base curve is a helix. Besides, we draw pictures of these curves under the related stereographic
projection by using Mathematica.
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Example 4.1. Let a spacelike AdS curve v be
v(s) = (\/gcosh(\@s), 3i/4 cosh(2s) + V2 4 V/3sinh(2s), v3sinh(v/3s), V' 2 + /3 cosh(2s) + 3t/4 sinh(28)) .

Then the geodesic curvatures of « are

Hg:\/i, 79:6\/5,

by straightforward calculations. Thus, 7 is a helix in H? (see Figure 1.a). Also, W-direction curve of v is given by

3(5(s)) = (\/5 cosh(v/3s), \/g (31/4 cosh(2s) +1/2 + \/gsinh(Zs)) ,V/2sinh(v/3s), \/g (\/ 2 + V3 cosh(2s) + 31/4 sinh(2s))>

which is a timelike dS curve in S} and its geodesic curvatures are

. V23 1
:77 T :—77
g 6 g 23\/3

by straightforward calculations. Therefore, 7 is also helix in S (see Figure 1.b).

(a) (b)
Figure 1. (a) The spacelike AdS curve v (b) The timelike W-direction dS curve of v

5. Conclusions

In this paper, we define a special associated curve of non-degenerate base curve according to the Sabban
apparatus in H3. Especially, we consider a W-direction curve whose W = ﬁ of the base curve. Similarly, it can

or

be considered the other special direction curves such as the vector field W is either e £ b T As another point of

T T
view, H ” -direction curve corresponds to tlmehke(spacehke) principal normal image in H$ (S3) of the base curve.
In this sense, G '” -direction curve and ” ” -direction curve correspond to tangent image and binormal image in

M3 (3y), respectively.
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