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Several properties of Racah polynomials
Racah polinomlarinin ¢esitli ozellikleri
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Abstract

In this paper, bilinear and bilateral generating functions for Racah polynomials are derived, along with a theorem that
provides a systematic approach for obtaining these functions. Furthermore, a new recurrence relation and an integral
representation for Racah polynomials are established, enhancing their analytical framework. Special attention is given
to the limiting cases of Racah polynomials, including Hahn, dual Hahn and Meixner polynomials, for which new
recurrence relations are obtained. In particular, a novel integral representation for the dual Hahn polynomial is
introduced, offering additional insights into its structural properties. These results contribute to the broader
understanding of orthogonal polynomials, enhancing their theoretical significance and potential applications. By
expanding the known properties of these polynomials, the findings may provide a basis for further mathematical
research and applications in areas such as combinatorics, mathematical physics, and special functions.

Keywords: Generating function, Hypergeometric function, Integral represantations, Racah polynomials, Recurrence
relations

Oz

Bu makalede, Racah polinomlari igin bilinear ve bilateral dogurucu fonksiyonlar tiiretilmis ve bu fonksiyonlar: elde
etmek icin sistematik bir yaklasim saglayan bir teorem sunulmugtur. Ayrica, Racah polinomlari igin yeni bir rekiirans
bagmntist ve integral gésterim olusturulmus, boylece analitik cerceveleri zenginlestirilmistir. Racah polinomlarinin
Hahn, dual Hahn ve Meixner polinomlar: gibi limit durumlarina ozel bir ilgi gosterilmis ve bu polinomlar icin yeni
rekiirans bagintilar elde edilmistir. Ozellikle, dual Hahn polinomu icin yeni bir integral gosterim sunulmus ve bu
polinomun yapisal ézelliklerine dair ek ozellikler saglanmigtir. Bu sonuglar, ortogonal polinomlarin daha genis bir
anlayisina katkida bulunarak teorik anlamlarin ve potansiyel uygulamalarin artirmaktadir. Bu polinomlarin bilinen
ozelliklerinin genisletilmesi, kombinatorik, matematiksel fizik ve dzel fonksiyonlar gibi alanlarda daha ileri
matematiksel arastirmalar ve uygulamalar igin bir temel olusturabilir.

Anahtar kelimeler: Dogurucu fonksiyon, Hipergeometrik fonksiyon, Integral gosterim, Racah polinomlari, Rekiirans
bagintilar

1. Introduction

Racah polynomials are orthogonal polynomials named after Giulio Racah and Racah polynomials were first
described by Wilson (Wilson, 1977). Racah polynomials are a family of discrete orthogonal polynomials in
the Askey diagram. They can be reduced to Hahn and Dual Hahn polynomials with some limit operations
(Koekoek et al., 2010). Racah polynomials have been the subject of many studies (Rahman, 1980; Rahman,
1981; Area et al., 2004; Geronimo & Iliev, 2009)

In this study, bilinear and bilateral generating function families of Racah polynomials firstly were generated.
A relation between the Hahn polynomial, a special case of this family, and the Gegenbauer polynomial is
established. Then, with the help of contiguous relations by Wilson (Wilson, 1977), the recurrence relation for
Racah polynomials was obtained, and with the help of limit relations, new recurrence relations were formed
for Hahn, Dual Hahn and Meixner polynomials. Moreover, integral representation is obtained for Racah
polynomials and a new integral representation is obtained for Dual Hahn polynomials using this.
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2. Analytical methods

Let us first give the definition of the Racah polynomial and its generating functions. Racah polynomials are
given by (Wilson, 1977; Koekoek et al., 2010)

R,(A(x); &, B,v,6)

-nn+a+f+Lx+y+6+1,—x

:4F3< a+1,B+6+1, y+1 ;1)’a+1:_Nﬂ+5+1:_N°ry+1:_N @D

where n=10,1,2, .., N, Ny € Z", J(x) = x(x + y + § + 1) and 4F5 denotes the corresponding generalized
hypergeometric series.

Recall that, in general ,.F, (r, s No=N U {0}) is defined by

F, (alJ az, ..., Qr ) R o I° (a)n (a2)n - (ar)n

. n — . .
bl’ bz, e bS yZ )= n=0 (bl)n (bZ)n (bs)nn! z = TF:? (all aZI ey a‘r; blp bz; ey bS ) Z).

As usual, the Pochammer symbol (u)s is given by

(W =4 1+ seC\Z5,s€C;peC\Zp)

IN(D)
_{ 1 (s=0)
T+ D@+2) .. (ut+tk-1) (s=keN).

Provided that the Gamma coefficient exists. It is assumed that (0)y: = 1. Some generating function relations
for Racah polynomials are given below (Koekoek et al., 2010):
forx =0,12,..N,f+6+1=—-N ory+1=-N;

F(—x,—x+a—y—6_t)F<x+,8+5+1,x+y+1_t)

a+1 ’ p+1 ’
(B+6+1)(y+1)p w (N)py+1)y
= ﬁ:OT)n};“Rn(A(x); a, ﬁ; V; S)tn = n=0(BT;/nn!Rn(A(x); a, B; V; 6)tnl (22)

and fora+/1=—-N ory+1=-N;

—x,—x+ﬂ—)/_> x+ta+lLx+y+1
F(Tpraer oF (T
= SN L0t g A(x); @, B,7, )" = B nu g (A(x);a, B,7,8)e, (2.3)

T 4an=0 (g_5+1),n!

andfora+1 = —N orf+o+1=—-N;

(a—8+1),n!

F(—x,—x—cS )F(x+a+1,x+ﬂ+5+1_ )

y+1 ; a+f—-y+1 ’

_vn  (a+1)p(B+5+1), . n_ voo (N)p(B+5+1), . n
- n=0 (a+ﬁ_y+1)nn! Rn(ﬂ-(x), a}ﬂlyl S)t - Zn:O (0—’+B—V+1)nn! Rn(ﬂ'(x)l a;ﬂ;‘y; 5)t ) (24)

and

[(1 —t)-eB-1,F, <%(a +B+ 1),%((;( +B8+2),—xx+y+5+1 4t >]

T )2
a+1, B+6+1 y+1 -0

N

= Zﬁ:o%—fl)”Rn(A(x); a By, 6)t". (2.5)
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3. Results

3.1. Bilineer and bilateral generating functions

In this part, we obtain several families of generating functions for the Racah polynomials R,(A(x); a, B, y, J)
given by (2.1). We should mention that this kind of research has been done in recent years for other
polynomials such as Continuous Dual Hahn, Cesaro and Gottlieb and various hypergeometric polynomials
(Aktas & Erkus-Duman, 2015; Ozmen, 2017; Ozmen & Erkus-Duman, 2018; Korkmaz-Duzgun & Erkus-

Duman, 2018; Erkus-Duman & Choi, 2021; Dumlupinar & Erkus-Duman, 2023;).

Theorem 1. Let the function Q,(&;, ..., &) have complex variables &y, ..., & with s €N :

A[,L,l[)(é—lJ ey ES; T): = ZI?:O ag ‘Qﬂ+1/)k (511 ey fS)Tk

where a; # 0,1 € C and forn,p € N,

Ohy A @ By, 8; &1, s Esi )

(B++D)pn_pre(y+1)p—
= I e D e Rk Q003 €0 ,7,8) D6, £

in this case,

[ee)

Ui
Z oLy (A(x); a,B,y,8; &, ,,,,gs;t_p) ¢

n=0

_p(~%—x+a—-y-—96, x+,8+5+1,x+y+1_) _
=F( o ;t) F( 511 $6) M (€1, e E51).

Proof. The left side of (3.3) is denoted by H. Then using (3.2), we have,

4 - Z a B+6+ 1)n—pk,(y + 1)n—pk,

B+ 1)n_pk(n — pk)! Rn—pk(l(x); ap,y,8) -Qu+zpk(f1»

O B+ + DG+ Dy
B ) G Pt FaA00: 1) gl "

n=0 k=0
c c §+ 1,0 + 1),
= Z ay 'Qll+1l)k(fl' ---'fs)ﬂk Z (ﬂ * (ﬂ-l__l_ i) (];l'-l_ ) Rn(l(x); a, B' Y, 5)tn
k=0 n=0 no

_ (X —x+a—-y-—96, x+ﬂ+5+1,x+y+1_) _
_F( a+1 ’t) F( ﬂ-l—l 't Aﬂ,ll)(fll'fsln)

we get it in the form.

n
’fs)tTkt

3.1)

(3.2)

(3.3)

We will now show some results of the Theorem 2 for the multivariate function 2,4k (&, ..., &)  (k € Ny,

s € N) by choosing appropriate functions.

Example 1. In Theorem 1, taking s=1, & =y, u=0, ¢ =1, a;

_ (B+6+1) (y+1)g
- (B+1)k k!

and -Qu+1pk (.V) =

Ry 4wk (A(y); a, B,v, 6) a class of bilinear genarating functions for Racah polynomials is obtained as follows:
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o [n/p]
B+8+ Dnpr(y + Dypr _ (B+6+ Dy + 1y . ne
nZ) kZ‘) G+ Dnpeln—piot k@ By Oy S RGOS @by LA

_r —x,—x+a—)/—6;t)F<x+ﬁ+5+1,x+)’+1;t)

a+1 B+1

-y,—y+a—y—90, <y+[3+6+1,y+y+1_ )
xF( e ;) F 541 in).

Qu+yk (v; @, B, N) is Hahn polynomials and has a generating function relation as follows (Wilson, 1977;
Wilson, 1980; Koekoek et al., 2010):

- "M,
11 (a fl;_ ) 11 (ﬁ +A1]'t) - =0m0n(x;a.ﬁ.N)t".

The following result appears when special values are provided in Theorem 1.

(=N —
(ﬁ"'l)k k! and ‘Q‘H.-i-ll)k (y) -
Qu+yk (v; @, B, N), a class of bilateral genarating functions for Racah polynomials and the Hahn polynomials
is obtained as follows:

Example 2. If we take, in Theorem 1,s =1, =y,u=0, Yy =1, a, =

i ["Z/“ B 46+ D@ + Do =Ny

(,B + 1) k(n_pk)' Rn_pk(A(X);a,ﬂ,y,S)mQu+¢k(y; a;B,N)Y]ktn_pk
n-p ! 1

n=0 k=0

(X —x+a—-y-—96. (x+,8+6+1,x+y+1 ) y . (y—N. )
‘F( a+1 't)F B+1 ’ 1F1(a+1' ’7) 11 g+11)

The generalized Gottlieb polynomials 1,y (y; A) are generated by (Gottlieb, 1938)

1-0*(1- te‘l)_ =¥ L, (gDt |t < 1. (3.4)

Thus the following outcome is achieved when special values are provided in Theorem 1.
Example 3. If we takenas s =1,§; =y, u =0, =1, = 1, and Qi (y) = 1y (v; 1), using (2.4),
it is obtained as follows:

oo [n/p]

Z Z B+68+ Dy + Dy ok
n=0 k=0 B+ 1)n—pk(n pk)!

n—pk (A(X), (X, ﬁ' Y' 5)lk (y; A)T’ktn_pk
_n(—x—x+a—-y—96, (x+ﬂ+6+1x+y+1 ) \y y-1
_F( a+1 ’t)F B+1 A-nY(1—-ne) " .

For each suitable choice of coefficients a) (k€No) if the multivariate function 2 4yx($y, ..., &) can be
expressed as a convenient product of some simpler functions, then Theorem 1, can be used to obtain various
families of multilinear and multilateral generating functions for Racah polynomials defined by (2.1).

3.2. Limit relations

In this section, the limit relation between Racah polynomials and Hahn and Dual Hahn polynomials is given.
Moreover, a new limit case between the Hahn polynomial and the Gegenbauer polynomials is obtained.

Qn(x; @, B,N) is Hahn polynomials and is defined as (Koeckoek et al., 2010)
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_ _ -n ,n+a+f+1 ,—x _
Q.(x;a,B,N) = 3F, ( a+1,—N ; 1), n=01,2,..,N. (3.9)

Lemma 1. The following limit cases exist between Racah polynomials and Hahn polynomials (Wilson,
1980; Agarwal & Monocha, 1980; Koekoek et al., 2010):

gi_{rolo R,(A(x);a,B,—N —1,6) = Q,(x; a, B,N), (3.6)
)}1_1}010 R,(A(x); a,B,y,—B — N —1) = Q,(x;a,8,N), (3.7)
lim Ry(G0; =N = LB +7 +N +17,8) = Qa6 v, ,N). (3)

On the other hand, R,,(A(x); a, 8, N) is Dual Hahn polynomials and is defined as (Koekoek et al., 2010)

-n,—x,x+a+5+1 ; 1)'

Ra(AC0); @, 8,N) = 5F, (T 0 X

n=012.. N

Lemma 2. The following limit cases exist between Racah polynomials and Dual Hahn polynomials (Wilson,
1980; Agarwal & Monocha, 1980; Koekoek et al., 2010):

éim R,(A(x);—N —1,B,y,6) = R,(A(x);y,6,N), (3.9)
lim R,(A(x);a,—6 — N —1,y,6) = R,(A(x);y,5,N), (3.10)
a—00

l%im R,(A(x);a,f,—N —1,a+ 6+ N +1) = R,(A(x); @, 6,N). (3.11)

C1(x) are Gegenbauer polynomials, defined as follows (Rainville, 1960; Szegd, 1975):

CAx) =

(ZA)n (—n)i (22 +n), (1—x) ' 1

a (/1+ ) N 5 }L>—§, A#0.

Theorem 2. The following limit relation between the Hahn polynomial and the Gegenbauer polynomials are
provided:

. 22
N-ooo n!

N(1-x)

o (M5252-2,2-2,8) = P ). (3.12)

Proof. In the definition of Hahn polynomials given in (3.5) taking a = = 1 —% and x —» Y=

(€2

multiplying both sides of the resulting equation by and taking the limit for N — oo gives the

Gegenbauer polynomials.

3.3. Reccurrence relations

In this section, a new recurrence relation for the Racah polynomials R, (A(x); a,B,y,8) will be derived.
Furthermore, by employing the limit relations between Racah polynomials and the Dual Hahn, Hahn, and

Meixner polynomials, additional new recurrence relations for these related families will also be obtained.

Lemma 3. For seven complex numbers a,b,c,d,e,f and g there holds the three term relation (Wilson,
1977);

a,b,c,d a,b+1,c+1,d+1 1) ale —b)(e—c)(e—d)

fg4F3< 6,f,g ’ 1>_(f_a)(g_a)4p3( e+1,f+1,g+1 ’ e(e+1)
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a+1,b+1,c+1,d+1 1)20.

X4F3( e+2,f+1,g+1 ° (3.13)

Theorem 3. Racah polynomials have the following recurrence relation:

B+5+1Dy+ DR, A); a,B,7,8)—B+5+n+ 1Dy +n+ DR, Ax—-1);a+1,B8,y+1,6+1)

nn+p)(a+x+1)(a—x-y-5)
(a+1)(a+2)

+ R (Ax—1);a+2,By+1,6+1)=0, n=>1. (3.14)

Proof. If wetakea » —n,b—-> n+a+f+1, c>—-x,d>x+y+6+1, e->a+1l, f>L+5+1
and g —» y + 1in (3.13), we have

-n,n+a+f+1,—x,x+y+5+1

1)—(,8+6+n+1)(y+n+1)

y F(—mn+a+ﬁ+2ﬁw+1m+y+6+21) nn+p)a+l+x)(@a—x—y—9)
473 a+2, B+55+2, y+2 ’ (a + 1(a +2)

_n+1,n+a+ﬁ+2,—x+1,x+y+6+2_1)_0

X4&( a+3, B+55+2, y+2 ’

using the defition of the Racah polynomials given by (2.1), the desired result is obtained that completes the
proof.

Using (3.14), a new recurrence relation for Dual Hahn polynomials is obtained.

Corollary 1. Dual Hahn polynomials have the following recurrence relation,

(—=N)(¥ + DR, (A(x); ¥, 6, N) + (N —n)(y +n+ DR,(A(x — 1);y + 1,6,N — 1)

+nn—-6—-N—-DR,_;(Alx—-1);y+1,§N-1)=0, n=>1 (3.15)
Proof. If [=-6—-—N-—1 is written in the recurrence relation given in (3.14), we get
M+ D (TGO R O L) s (v -t 1)
>(41:3<—n,n+0(—6—N+1,—x+1,x+y+6+2;1)

a+2, —N+1, y+2

nn—6—N—-D@+x+D(a@—x—y—256)
* @+ D@+2)

% F (—n+1,n+a—N—6+1,—x+1,x+y+6+2.1)_0
473 a+3, -N+1, y+2 )T

The limit is taken for the @ — oo, the desired result is easily obtained as follows:

C (D Y+ 8+ De(n+a =8 = N),
(=N (¥ + Dg(a + 1)ik!

(-N)(¥ + 1) lim
=

+(N—-n)y+n+1)

n
M) (—x+Dp(x+y+6+2))y(n+a—>6—N+1
wtim Y S k(x +y Ji( ) (= —N—1)
a—0oo o= (—N + 1)k(y + Z)k(a + Z)Rk'
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0

@+x+D@—x—y =8 (n+Dyp(—x+ D (x+y+8+2),(n+a—6—-N+1),
" e @+ Da+2) ;) (=N + Dp(y + 2)(@ + 3)k! =

() (=) (e +y + 8 + 1)y
MO +D ) T T D

(—x+ 1) (x+y+6+2)
(=N + D (y + 2)i k!

C (—n)g
+(N—-n)y+n+1)

(n+ Dp(—x+Dp(x+y+6+2),
(=N + (¥ + 2)k! B

n—-1
+n(n—6—N—1)Z
k=0

-n,—x,x+y+6+1

-n,—x+1,x+y+d6+2
Ny +1) 3F2< _N, y+1 1)

1)+(N—n)(y+n+1)3F2( N+1 y+2

—n+1,—x+1,x+y+6+2_1)

=0,

which completes the proof.

After that if we write § = —ff — N — 1 in (3.14), we reached the following recurrence relation fort he Hahn
polynomials.

Corollary 2. Hahn polynomials have the following recurrence relation,

nn+p)(a+x+1)
(a+ D(a+2)

(-N)Q,(x;a,B,N) + (N —n)Q,(x —L;a+1,8,N—-1) —

XQp1(x—La+1,BN—-1)=0, n>0. (3.16)
N(1-c¢)

" in (3.14) and limit for N — oo, a new recurrence relation for

Finally, if we writey = —1and § =
Meixner polynomials is obtained:

Corollary 3. Meixner polynomials have the following recurrence relation,
N(1-c¢) N(1-o¢)
—NBR, (A0 B = L,——,N | + (N = m)(B + 1R, (A(x ~ 1B ————N - 1)
N(1-c)
[

+n(n—1-2)Roey (2 — 18, N-1)=0. (3.17)

If the left-hand side of equation (3.17) is multiplied by % and the limit is taken as N — oo, the
following result is obtained.

Remark 1. Meixner polynomials have the following recurrence relation,
—BMy (x; 8,6) + (B +WMp(x = 1,8+ 1,6) == M, 1 (x = ;8 +1,6) =0, n. 20,

M,,(x; B, ¢) is Meixner polynomials and is defined as follows (Koekoek et al., 2010):

-n,—Xx

M) = R (g i1-17).

815



Dumlupinar, 2025 » Volume 15 ¢ Issue 3 * Page 809-818

On the other hand, another recurrence relation for Meixner polynomials can beobtained using the generating
function as follows.

Theorem 4. Meixner polynomials have the following recurrence relation,

x(1-c¢)

M, (x; B, c) — P M,(x—1;8+1,¢c) — My, 1(x;B8,c) =0, n=0. (3.18)
Proof. A generating function relation of Meixner polynomials is as follows (Koekoek et al., 2010)

—-X 1- o) Mn( ;B.c)
et 1 ( P F(E9) 1) = mip B gn, (3.19)

If we take the derivative of both sides of for (3.19) with respect to t and equalize the coefficients of t in the
resulting equation, the desired recurrence relation is obtained.

3.4. Integral representations

Theorem 5. Racah polynomials have an integral representation as follows:

Ra(A(x); @, B, 8) = —— LD [A[pxer+é(1 — f)=x-8-1x, F, ( (3.20)

-nn+a+pf+ 1’_x-t>]dt
I'(x+y+8+1)T'(-x-6) !

a+1, p+6+1
wheren=0,1,,....,N ,A(x) =x(x+y+6+1), Re(y +1) >Re(x +y+6+1)>0.
Proof. If the beta function is used in (2.1), we have

R,(A(x); a, B,y,6)

- F (—n,n+a+ﬁ+1,—x,x+y+6+1_1)
T a+1l, B+6+1,y+1 '

() m+a+B+D) (—0)(x+y+686+ 1)
(a+ 1), (B+6+ 1), (y+1), k!

[
NgE

=
Il
o

() n+a+p+1) () Tx+y+6+1+k) T(y+1) TI(—x-96)
(@+ 1) (B+6+1),k! Fx+y+6+1) Tly+1+k)T(—x—96)

[
NgE

=
Il
o

() m+a+pB+ 1 (=) Ty +1)
(a+ 1), (B+6+ 1) k'T(x+y+6+ DI (—x —6)

[
NGE

Bx+y+d+1+k —x—96)

by
Il

0

O (—n) (A a+ B+ 1) (

1
l"()/ + 1) f tx+y+6(1 _ t)—x—5—1
5) 4
0 k=0

=F(x+y+5+1)f'(—x—

_x)k
(a+1D(B+8+ 1) k! tdt

_n,n+a+ﬁ+1,—x_t)]dt
a+1, +65+1 ’

— T(y+1) I x+y+8(0q _ 4)-x-6-1
_F(x+y+5+1)r'(—x—5)f0 [t 1-0 3F2(

which completes the proof.

In Theorem 5, if we writey = =N —1, § > a + 6 + N + 1 and take the limit of both sides of the equality
for f — oo, a new integral represantations of Dual Hahn polynomial is obtained.

Corollary 4. Dual Hahn polnomials have an integral represantion as follows:

R,(A(x); a,8,N)
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1
I'(—N) -n,—x

— tx+a+6 1—t —x—a—6—N—2F ’ t)dt

F(x+a+6+1)F(—x—a—6—N—1)f ( ) (06+1,’)

0

wheren =0,1,...,N,A(x) =x(x+y+5+1), Rex+a+5+1)>0.
4. Discussion and conclusions

In this paper, bilinear and bilateral generating functions for Racah polynomials have been presented.
Furthermore, a novel recurrence relation and an integral representation for Racah polynomials have been
obtained. Additionally, new recurrence relations for the Hahn, dual Hahn, and Meixner polynomials, have
been derived. A new integral representation for the Dual Hahn polynomial has also been provided.

The results of this investigation have expanded the theoretical framework of Racah polynomials and offered
new perspectives on their features. Significant findings are obtained for Racah polynomials as well as related
families of orthogonal polynomials, including Dual Hahn, Hahn, and Meixner polynomials, using
the recurrence relationships and representations. These findings may find utilize in coding theory, quantum
mechanics, and other branches of mathematical physics where orthogonal polynomials are important.
Furthermore, the techniques and representations offered in this paper might stimulate novel concepts for
researching related families of hypergeometric orthogonal polynomials. As a result, this study lays a strong
basis for future, more thorough research on integral representations, generating functions, and recurrence
relations.
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