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Burgers denklemi
Atangana-Baleanu g-Elzaki
homotopi analiz doniisiimii yontemi

Bu caligma, Atangana-Baleanu anlaminda kesirli tiirevleri iceren, baglh
Burgers denklemi i¢in oldukca dogru sayisal ¢oziimler elde etmek amaciyla
yeni Atangana-Baleanu yonteminin uygulanmasimi arastirmaktadir. Bunu
basarmak i¢in, Atangana-Baleanu g-Elzaki homotopi analiz doniisiimii
yontemi (ABg-EHATM), sistemi etkili bir sekilde ele almak icin bir
hesaplama teknigi olarak kullanilmistir. Bu yontem, kesirli hesaplamanin
avantajlarim1  g-Elzaki ve homotopi analiz c¢ergevelerinin esnekligiyle
benzersiz bir sekilde birlestirerek, dogrusal olmayanliklarin ve bellek
etkilerinin ele alinmas1 konusunda yeni bir bakis agis1 sunmaktadir. Bu hibrit
yaklasimla elde edilen sayisal ¢oziimlerin ayrintili bir incelemesi sunulmakta
ve Onerilen yontemin hem hassasiyeti hem de hesaplama verimliligi
vurgulanmaktadir. Ayrica, kesirli mertebeler araligi i¢in Maple yazilimi
kullanilarak sayisal simiilasyonlar gergeklestirilmekte ve bu da kesirli
parametrelerdeki degisimlerin genel sistem dinamiklerini nasil etkilediginin
kapsamli bir gekilde incelenmesine olanak saglamaktadir. Sonuglar ABq-
EHATMnin yalnizca etkili ve esnek bir yaklasim degil, ayn1 zamanda
karmasik dogrusal olmayan kesirli diferansiyel denklemlerle baga ¢ikmak i¢in
saglam ve giivenilir bir alternatif oldugunu agik¢a géstermektedir. Genel
olarak, bu calisgma ABq-EHATM'nin pratik ve yenilik¢i bir uygulamasini
vurgulayarak potansiyel faydalarmi gostermekte ve kesirli diferansiyel
denklem modellemesi alaninda giiglii bir ara¢ olarak G6nemini
vurgulamaktadir.
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This study explores the application of the novel Atangana—Baleanu method to
obtain highly accurate numerical solutions for coupled Burgers equation,
which incorporates fractional derivatives in the sense of Atangana—Baleanu.
To achieve this, the Atangana—Baleanu g-Elzaki homotopy analysis transform
method (ABg-EHATM) is utilized as a computational technique to address the
system effectively. This method uniquely combines the advantages of
fractional calculus with the flexibility of g-Elzaki and homotopy analysis
frameworks, offering a new perspective on handling nonlinearities and
memory effects. A detailed investigation of the numerical solutions obtained
through this hybrid approach is presented, emphasizing both the precision and
computational efficiency of the proposed method. Furthermore, numerical
simulations are carried out using Maple software for a range of fractional
orders, allowing for a thorough examination of how variations in the fractional
parameters influence the overall system dynamics. The results clearly
demonstrate that the ABg-EHATM is not only an effective and flexible
approach, but also a robust and reliable alternative for tackling complex
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nonlinear fractional differential equations. Overall, this study highlights a
practical and innovative application of the ABg-EHATM, illustrating its
potential benefits and underscoring its significance as a powerful tool in the
field of fractional differential equation modeling.

To Cite: Giingér H. A Robust Study on Atangana-Baleanu Fractional Coupled Burgers Equation. Osmaniye Korkut Ata
Universitesi Fen Bilimleri Enstitiisii Dergisi 2025; 8(5): 2464-2482.

1. Introduction

Fractional differential equations have recently acquired popularity due to their successful applications
in a variety of scientific and engineering domains. For example, a fractional derivative can be used to
characterize an earthquake's nonlinear oscillations. In dynamic systems such as earthquakes, which are
nonlinear and where past behaviors can influence future responses, fractional derivatives offer a
powerful tool to capture this memory dependence. In contrast, partial derivatives generally represent
local and instantaneous changes, and thus may fall short in accurately describing systems where
historical effects are dominant. In this context, the ability of fractional derivatives to more accurately
and realistically model nonlinear oscillations makes them a preferable choice for the mathematical
characterization of such physical phenomena. Research on this subject is progressing rapidly, and new
applications are being discovered every day. Genetics, medicine, biology, chemistry, geology,
economics, statistics, pharmacy, psychology and other fields fall under the umbrella of engineering and
physics. It has numerous uses in many fields of science (Miller et al., 1993; Machado et al., 2011;
Baleanu et al., 2012; Atangana, 2018; Shah et al., 2022).

Fractional calculus is also applied in domains such as control theory, heat conduction, electricity,
mechanics, chaos, and fractals. For example, fractional differentiation is used to generalize Maxwell's
equations (Engheta, 1998). Some derivatives, such as the Griinwald, Riemann-Liouville and Caputo
definitions, are based on the singular kernel and are discussed in the literature. Recent examples of
nonsingular kernels used to define fractional derivatives include the Atangana-Baleanu and Caputo-
Fabrizio fractional derivatives (Podlubny, 1999; Kilbas et al., 2006; Caputo and Fabrizio, 2015;
Atangana and Baleanu, 2016; Hristov, 2019). This derivative addresses some of the limitations
associated with traditional fractional derivatives, such as the singular kernels found in the Riemann-
Liouville and Caputo formulations. By employing an exponential kernel, it avoids the singularities
present in conventional definitions. The AB derivative is particularly suitable for modeling physical
systems that display smoother memory behaviors. In this study, the Caputo derivative is preferred due
to its compatibility with classical initial conditions and its suitability for modeling physical problems
more effectively. There are a few integral transform approaches available in the literature for solving
fractional differential equations. The Elzaki transform (ET) is an important transform in this context.
Numerous academics have examined some major techniques for tackling real-world problems, as well
as numerical simulations produced by the novel integral transform (Elzaki, 2011).

Burgers equations are applied to products of thermodynamics, gas dynamics, elasticity, diffusion theory,

shock wave theory, and turbulence issues.
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v is a real constant

Up + Uty — VUlyy =0 @
The equation (1), known as the Burgers equation, was first investigated by Bateman (Bateman, 1915).
Burger has done substantial research on this equation, particularly as a model of turbulence. As a result,
the equation became known as the Burgers equation (Partal, 2011).
The Burgers equation has the following initial and boundary conditions:

u(x,0) = f(x), a<x<bh )
{u(a,t):a, wb,t) =8, 0<t<T (2)

The Burgers equation has similar properties to the Navier-Stokes equation due to the nonlinear
convective term ux and the viscosity term vuxx. Therefore, before moving on to the numerical solutions
of the Navier-Stokes equation, it is a suitable start to study the simpler model, the Burgers equation.
Therefore, the Burgers equation is used as a model to test the stability and accuracy of the numerical
solution methods of the Navier-Stokes equation (Jain and Holla, 1978; Ugar et al., 2023).
To date, several scientists have employed various numerical solution approaches to determine the
numerical solutions to the Burgers equation. It has been found that numerical solutions to the equation
become challenging at very low viscosity values. Jain and Holla investigated the numerical solution of
the one and two-dimensional Burgers equations using the finite difference approach and cubic spline
functions (Prakasha et al., 2019; Yagmurlu and Gagir, 2022).
The time-fractional coupled Burgers equation is (Esipov, 1995; Liu and Hou, 2011),

0% 0%u 0%u  9(uv)

gt~ oxz T M oxa ox A3)
9Py _ 0% N P2 O(uv)
ot~ ox2 ' “UoxP:  ox

O<ai,[)’i<1, t>0.

The Burgers turbulence model is a fundamental framework in fluid dynamics, widely used to study
shock waves and nonlinear flow behavior. Many researchers have explored its theoretical aspects to
better understand physical flow dynamics and assess alternative approximation methods. Eq. (3) offers
an advantage over other numerical formulations due to its simplicity in capturing viscous diffusion and
nonlinear advection.

In this study the Atangana- Baleanu fractional coupled Burgers equation is examined as (Ahmet et
al.,2019);

Ju(x,y,t du(x,y,t 4
BDEu(x,y,t) + u(x,y,t) dulxy,6) +v(x,y,t) oulx,y,t) 4
0x dy
_ 1[0 | 0%ulxy, D)
" Re 0x?2 ayz ’
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ov(x,y,t) N ov(x,y,t)

ABDf v(ix,y,t) + u(x,y,t) Ty v(x,y,t) %
1 [8%v(xy,0) | 0%v(x,y,0)
" Re J0x? dy? ’

where 0 < (<1, 0<u<1 0<a<l1 0<B<1,1>0. Reis Reynolds number. Re represents
the Reynolds number. As is well-known, when the Reynolds number is large, a shock wave with a cusp
forms, and achieving numerical stability near this shock wave is often challenging. (Yagmurlu and
Gagir, 2021).

The coupled Burgers equation is used in a variety of applications and is essential for understanding and
modeling nonlinear systems. Solving equations can be quite analytically complex, especially in the
coupled case. For this reason, numerical methods are widely used in solving problems (Giingor, 2024).
The conventional Fourier integral serves as the foundation for the Elzaki Transform. The Elzaki
transform is mathematically simple and has fundamental features. Tarig Elzaki created the Elzaki
transform to make it easier to solve ordinary and partial differential equations in the time domain.
Typically, Fourier, Laplace, and Sumudu transforms are useful mathematical tools for solving
differential equations; however, the Elzaki transform and some of its essential features are also used
(Baleanu, et al., 2022).

The primary objective of this study is to introduce a novel methodological approach, referred to as the
Atangana- Baleanu g-Elzaki Homotopy Analysis Transform Method (ABg-EHATM), and to employ it
for obtaining innovative numerical solutions to the Atangana- Baleanu fractional coupled Burgers
equation. The structure of this paper is systematically organized as follows.

In the second section, the fundamental definitions of fractional derivatives are elaborated, and the Elzaki
transform is introduced as a significant tool for their computation. Section three provides a
comprehensive exposition of the Atangana- Baleanu g-Elzaki Homotopy Analysis Transform Method
(ABg-EHATM), detailing its mathematical formulation and applicability. In section four, numerical
solutions to the Atangana- Baleanu fractional coupled Burgers equation are presented, demonstrating
the effectiveness and practical implementation of the proposed approach. Finally, the fifth section

summarizes the key findings of the study and offers conclusive remarks based on the obtained results.

2. Main definitions and Theorems

In this section, fundamental definitions and key theorems will be presented and discussed.

Definition 2.1. Let 9(t) be a continuously differentiable function. The Caputo derivative of order u >

0 is mathematically expressed as (Baleanu, et al., 2012);
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9™ (5)
“DEEI(D)] = mf ©) s

(t _ S)1+u n

n—1l<pu<n neN, t>0, 9(t) € C™10,t], s(t) =t"# Lis the singular kernel.
CD“ t € Z,u € R* gives n th integer and fractional order derivatives of 9 (t)(Kiirkgii et al.,
2019)

Definition 2.2. The fractional derivative of order u of the function 9(t) is mathematically defined as
follows (Anag, 2022);

(6)

D] = f@—wnﬂlwaw 9(s)] ds

F(n ) dtn

Definition 2.3. The Atangana-Baleanu (AB) fractional derivative of order 0 < u < 1 for a function

I(t) is defined in terms of the Mittag-Leffler function as follows (Atangana and Baleanu, 2016);
()

ABCDRL9(£)] = (M)fﬁ()E [ %}du o<u<i,

where N (u) is the normalization function, which satisfies N (1) = 1 when u = 0,4 = 1 and E,, denotes

the Mittag-Leffler function, defined as;

’Z I'(uk +1)

This fractional derivative is widely used in modeling complex systems and non-local phenomena due to

its non-singular kernel and memory effects.
Definition 2.4

The Caputo-Fabrizio fractional derivative of order 0 < u for a differentiable function 9(t) is expressed
as (Caputo, 1969; Caputo and Fabrizio, 2015);

(8)

CFpE [9(8)] = (”)fﬁ (1) ex [ “gt__:) dr,  t>0,

where M (w) is the normalization function such that M(0) = M(1) = 1,and g € H'(a, b), b > a. Here,
M () represents a normalization function that ensures the operator satisfies fundamental properties of
fractional calculus. The presence of the exponential kernel differentiates this derivative from classical
fractional derivatives, as it provides a non-singular memory effect, making it suitable for real-world

applications involving systems with smooth fading memory behavior (Alkan and Anag, 2024).
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Definition 2.5 The Elzaki transform applied to the Atangana-Baleanu (AB) fractional derivative of order
ABpH[9(t)] under the Atangana-Baleanu-Caputo (ABC) operator is formulated as follows: (Haroon et
al., 2022)

N(a) BB, O() w3(0) )

ABCp [ABCpa
E DE9(t)| =
“[ t ()] aw®*+1—a

2.1. The basic principle of the g-homotopy analysis transform method
To illustrate the basic concept of the suggested approach (Veeresha, P et al, 2019; Alkan and Anag 2024)
let's look at the fractional-order nonlinear non-homogeneous partial differential equation:

DEu(x,t) + Ku(x,t) + Su(x,t) = f(x,t),t € (0,0),n—1<u<n, (10)
Where Dfu(x, t) presents Caputo fractional derivative of the function «(x, t), K and S, respectively,

correspond to linear and nonlinear operators, and f (x, t), represent the source term.

Applying the Laplace transform (LT) to Equation (10), Equation (11) is obtained as follows:

n-—1 (11)
stL[u(x,t) ] — Z sHR1 00 (x, 0) + L[Ku(x, £) ] + L[Su(x, t) ] = L[f(x,0) ].
k=0
Rewriting the Eq. (11), Eq. (12) is obtained by
L n-1 L (12)
Llu(x,t)] - i Z sk, () (x, 0) + S—#{L[Ku(x, )] + L[Su(x, t) ] — L[f(x,t) ]} = 0.
k=0

Via the homotopy analysis method, the nonlinear operator of ¥ (x, t; q) is described by

n—-1

1
NG 6] = L @) | = ) st 190, ,g)(0)

k=0

1
+ LKy gl + LISY(x, t9) | - LIfF(x, O T},

where g € [0, %] and ¥ (x, t; ¢) is real function of x, t, and g.

A homotopy is generated by
(1 —ng)L[Y(x,t; g) — uo(x, t)] = hqS[Y(x, t; 4)], (13)

where h # 0 is an auxiliary parameter, and g € [0, %] ,n > 1 is the embedding parameter, 1 (x, t) is an
initial guess of 2¢(x, t) and ¥ (x, t; g) is an unknown function. By considering the cases g = 0 and g =

%, the corresponding solutions of Equation (13) can be determined.

1
P60 = uoln ), ¥(n6s)= w0,
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Thus, as g varies from 0 to % the solution ¥ (x, t; g) gradually approaches w(x,t) starting from

w(x, t). Expanding around g, using Taylor’s theorem, the resulting expression is obtained as follows:

- (14)
Y(x, t;q) = up(x, t) + Z 1, (x, t)g™,
i=1
where,
1 0™YP(x,t;q)
U, (x,t) = _'6%—"‘ lg=o0-

Eq. (14) converges at g = % for the convenient «,(x, t), n and h. Therefore, the numerical solution of

the nonlinear equation is obtained as

m

u(x,t) = uo(x, t) + i W (%, 1) (%)
m=1

By differentiating the 0 — th order deformation Equation (14) #n —times with respect to g and
subsequently dividing by 2!, we obtain the following expression for g = 0:

Lty (x, ) = £ppthy—1(x, )] = hR (1),
where the vector notation is defined as

Uy = {ug(x, t), uq(x, 1), ..., 1, (x, t)}. (15)
Applying the inverse ABCET (IABCET) to Equation (15), we derive the following result:

’u’m(xJ t) = /"’mum—l(x' t) + hﬁ_l[Rm(ﬁm—l)]'

where

Ry (Bpyq) = L[ty—q (x, )] — (1 - &Tm)

n-1
(Z shk=14, 00 (x, 0) + Slug[f(x, t) ]) S%L[Rum_l +H* o1l

k=0
The coefficient £, is given by

0, m<1, (16)
n, m>1.

Fo = {
Here, H*,,, represents homotopy polynomials, which are formulated as

L1 0mptg)
Hom =200 g™

Utilizing Egs. (16)-(17), one gets

17
lg=0 W (X, ;) = Po + gy + g* Py + -, (17)

n—-1
10,06, 0) = (Bpy + W)tk 1 (6, 0) — (1 _ %) L <Z shk=1y, () (x, 0) + S%L[f(x, £) ])

k=0
1
+hL™t {STL[R“m‘l + H*m—l]}

Via ABg-EHATM, then it is obtained as
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wu(x,t) = Z U (x, 1).
m=0

3. Analysis of the ABq-EHATM
Now, we proceed with the analysis of the Atangana-Baleanu time fractional partial differential equations
(ABTFPDE), which are expressed as follows:

ABEDEy(x,t) + Kw(x, t) + Sw(x, t) = {(x,t),t € (0,00),n—1< a < n. (18)
In this context, K and S correspond to linear and nonlinear operators, respectively, while {(x,t)
represents a nonhomogeneous function. Additionally,*2¢Dg denotes the Atangana-Baleanu-Caputo
fractional derivative (ABCFD) of order a, which plays a crucial role in the mathematical formulation
of fractional differential equations.
By applying the Atangana-Baleanu Elzaki Transform (ABET) to Equation (18) and incorporating the
initial condition (IC), Equation (19) is obtained as follows:

ABC 19
N(a) E, u(x,t) — wu(x,0)| + ABCEa [Ku(x, t) + Sulx, t)—{(x,t)] = 0. (19)

aw*+1—-a w
Rewriting the Eq. (19), Eq. (20) is obtained by

aw* + w — wa (20)
N(a)

x 4BCE [Ku(x,t) + Su(x, t)—{(x,t)] = 0.

ABCE u(x,t) — w?u(x,0) +

Via the homotopy analysis method, the nonlinear operator of ¥ (x, t; q) is described by

aw®*tt +w —wa

N[y(x, t;g)] = “PE[Y(x, t; )] — 0*P(x, t; ) (0F) +

N(a)
x ABCEq [Kp(x, t; @) + S (x, t; 3)—{(x, )],
where g € [O, %]
A homotopy is generated by
(1 —ng)*"“Eq [Y(x,t;g) — uo(x, )] = hqH" (x, )P, [P (x, £ 4], (21)

where h # 0 serves as an auxiliary parameter, and “8E, denotes Atangana-Baleanu-Caputo Elzaki
Transform (ABCET). By considering the cases ¢ =0 and g = % the corresponding solutions of

Equation (21) can be determined.

1
Y(x, t;0) = uo(x, t),y (x, t; E) = u(x,t).
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Thus, as g varies from 0 to % the solution ¥ (x, t; g) gradually approaches w(x,t) starting from

w(x, t). Expanding around g, using Taylor’s theorem, the resulting expression is obtained as follows:
< (22)
P06 a) = up(6 ) + ) s, 0G"™,
i=1
where,

1 0™yY(x,t;9)
— o lg=0
! dg

U, (x,t) =
Eq. (22) converges at g = % for the convenient «,(x, t), n and h. Therefore, the numerical solution of

the nonlinear equation is obtained as
¢ I\ (23)
w(x, t) = ug(x, t) + 2 1, (x,t) (—)
m=1 n
By differentiating the 0 — th order deformation Equation (22) #n —times with respect to g and
subsequently dividing by 2!, we obtain the following expression for g = 0:
ABCEO.' [’u’m(x' t) - i"’mum—l(xJ t)] = hH*(x' t)jem(am—l)ﬁ

where the vector notation is defined as

’l’_{')m = {/M'O (x) t)l /u'l (x) t)l .y ’”ﬂm(xr t)}' (24)
Applying the inverse ABCET (IABCET) to Equation (24), we derive the following result:

-1 N
Uy (2, 8) = Rppthyy_1(x, t) + h(ABCEa ) [H*(x,)R,,, (L )p—1)],

where

R (1) = **CEy Tty (0] = (1= 22) 02t

+1
aw Tt +w—wa p-
N(a)

+ Etx [Kum—l(xJ t) + Sm—l(x' t)—((x, t)]

The coefficient £, is given by

0, m<1, (25)
n, m>1,

Fo = {
Here, H*,,, represents homotopy polynomials, which are formulated as

\ 1 0™P(x, t;9)
Hom = i agm  la=o

and

Y(x, t;q) = Yo + gy + g% P, + . (26)
Utilizing Egs. (25)-(26), one gets

o
w,,(x,t) = (£, + W,,_1(x, t) — (1 - T) w?uy(x, t)
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a+1
+h(4ECE, )" [(““’ NJE(:; W2 avcg, [Kum_1<x,t)+H*m_1(x,t)—Z(x,t)D]-

Via ABg-EHATM, then it is obtained as

u(x,t) = Z uc(x,t).
c=0

4. Applications

In the part, the application of the ABg-EHATM to Atangana-Baleanu time-fractional Coupled Burgers
equation (ABTFCBE) is presented.

Example 4.1.
Let us analyze the nonlinear ABCTFCBE (Liu and Hou, 2011).
ou(x,y, ou(x,y,t 27
ABD?“(x'y't)+u(x,y,t)%+ v(x,, )& (27)
_ 1 [2*ulxy,t) azu(x . 2|
" Re 0x2

A%ﬁﬂx%ﬂ+u@%ﬂlijﬂl+(”)@izﬂg

1 [0%v(x,y,t) azv(x y, t)
~Re|  ox2

0<x<1, 0<y<1l, 0<a<l, 0<p<1, t>0.

with ICs
3 1 (28)
u(x,0) = 4 R(—4x+4y)"
4+ 4e 32
3 1
v(x,0) = 4 + R(—4x+4y)"
4+ 4e 32

where, R is Reynolds number.
Applying the ABCET to Eqgs. (28) and using ICs, then it is found by

N(a) APCE q[u(x, )]
aw?®+1—a«a w

x.0) | + 4°E, 6u+ ou azu 0%u (29)
ks “ox 3y Rel|ox? 6y2

N(a) ABCE [v(x,t)] (30)

aw®+1—«a w

AB v v 1 [d%v 9%y
—wv(x,0) |+ “°E, 0

(')+ dy Rel|ox? 6_yZ=
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Rewriting the Eq. (29-30), then it is obtained as

aw®+1—a 6u 6u 02% 62 (31)
ABE 1 — w2 0 _ ABIE [ -— v
a[u(x; )] w /u’(xl ) + N(a) X w o0x ay Re 6x2
=0.
aw®+1—a v v 0%v 021/ (32)
ABE 1 — w2 0 7 - " AB [ — —1| =0.
a[V(x; )] w V(X, )+ N(a) X ’LLa tv 6y Re 6x2 0}/2

Via the homotopy analysis method, the nonlinear operator of @ (x, t; g), ¥(x, t; g) is described by

No(xy,ta), v(x,y,7¢)] = “PE.lo(x,y,74)] —w?e(x,t;¢)(0)

aw® +1—a(,, 09(x,y,7; 4) 09 (x,y,7:4) (33)
" )ABR cgq) — 2 P cg) —— 7 P2

N (@) { o(x,y,1:9) 7% +Y(x,y,1:9) 3y

1 [0%(x,y,7;9) ++62¢(x,y.r: 4)
" Re O0x? ’

N2[p(x,y,7;0),%(x,,T:9)] = “PE,[¥(x,v,7:9)] — w?P(x, t; ¢)(0F)

+1-— Y, TS a g 34
%{ABECI Qo(x;y;f'%)W'ﬁl)(( ut '%)M ( )

1 [0%y(x,y,7;4) azw(x YT 4)
" Re dy? ay?

where g € [O, %]

By implementing the proposed algorithm, the deformation equation of order »2 — th is formulated as

follows:
ABEa[’“’m(x: t) - kmum—l(x' t)] = thl,m(ﬁm—l)' (35)
ABIEa[Vm(x: t) - kmvm—l(xJ t)] = hRZ,m(f}m—l)' (36)
where,
. k aw®+1—-a 37
Rl,/m(’”ﬂm—l) = AB[EQ[/M’/WL—l(xJ Y, t)] - (1 - 74%) WZ’LL()(X, Y, t) + W ( )
i i
oui_i(x,y,t ou;_i(x,y,t
AB]Ea Z u;(x,y,t) M + Z vi(x,y,t) w
i 0x — dy
j= j=

aszl,,m_l(x, Y, t) + aszl,,m_l(x, Y, t)
Re 0x? y? '
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aw®+1—-«a (38)
N(a)

i i
ovi_i(x,y,t) ov;_i(x,y,t)
ABE, [Z vi(x,y, t)”T + Z vi(x,y, t)”T
j=0 j=o0

1 azvm—l(x;y: t)_l_azvm—l(x'Y! t)]

S k
RonGm1) = Bl 1 063,01 = (1= 2 ) wovo (e, y,0) +

" Re 0x? dy?
Implementing the inverse ABCET (IABCET) to Eq. (35-36), then it is acquired by
-1 N
U (0, Y,6) = Kyt 1 (0,9, 8) + A(*PEq) ™[Ry (o). (39)
-1 5
Vi (69,0 = Vi1 (69,0 + h(PEq) [y, (Fimms)]. (40)

With ICs, it is obtained by

3 1 (42)
(%, y,t) = 4 R(=4x+4y)’
4 + 4e 32
33 1
Vo (x, Y t) = ZZ + R(—4x+4y)"
4+ 4e 32

Putting the values of m = 1,m = 2 in the Egs. (39-40), Egs. (42)-(45) are found as

a R(x-y)
hR(l—a+L).e_ 8 (42)
I'a+1)
ul(x'yJ t) = R(x—y) 2
128.N(a) (1 +e 8 )
B _R(x=y) 43
hR<1—ﬁ+L).e (“3)
rg+1)
Vl(x'y' t) = R(x—y) 2
128.N(B) (1 be B )
te _R&x-y)
(n+ h)hR l—a+=at e 8
uz(x'y, t) = ( F(a+ 1))

_R@-y)\?
128N (a) (1 +e 8 )

1
+

_RGx-»\*
4096N (a)? (1+e 8 ) NPT (B (a)
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_RGx-y) r 1)¢2« 44
x (hze T R? (N(B)T'(B) <% +T(1 - a)t“) (44)
al(B + 1t?@
— (N((Z) <m+ (1 - (Z)tﬁ)
at“ -¥)
@ (V) (1-a T 1)) (—1+@) = (=1 + HN@)) T@)e ™" 8
-y) r 1)t2e
v (¢ 7 - 1) (- T
at?
—1-a)t*+(-1+a) (1 —a+ Tt 1)> F(a)))).
B _R(x-y)
(n+h)hR( —p+ r(gt+ 1)> =5
Vz(x’y, t) = - RG—y)\ 2
128N (B) (1 +e B )
1
B _RGe—y\*
4096N (B)? (1 te B ) N@T(B) (@)
_RGa-y) B (B + 1)tk BT (a + 1)t*+F (45)
X (h3e 8 RZ <W+(1—ﬁ)tﬁ) N(a)l“(a)+[‘([?) (-N(ﬁ) (m'F (1—ﬁ)ta)
Bt RG=y) BT (B + 1)t2F
X (((1 = ﬂ)N((X) + N(ﬂ)(—l + O.’)) <1 -B+ F(ﬁ n 1)> F(O.’)) + <W— 1 -B) th
—y)
+(1-pr)a-pre+ (e o -1) N(a)r(a))>.
Therefore, the ABg-EHATM solution of Eq. (28) is found as
- 1™ (46)
/u’(ny' t) = uo(x'y; t) + Z /u’m(xﬁy' t) (E) .
m=1
1™ (47)

v(x,y,t) =vo(x,y,t) + i Vi (%, 7, t) (E)
m=1

2D graphs for «(x,y,t),v(x,y,t) solution with ABg-EHATM by distinct «, 8 values are shown in
Figure 1.
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Figure 1. 2D plots of w¢(x, y, t), v(x, y, t) solutions with ABg-EHATM at t = 0.5,R = 100,h =
—1,n = 1 with distinct «, .

Figure 2 shows 3D graphs for the 2¢(x, y, t), v(x, y, t) solution of ABg-E

@ ®

Figure 2. Three-dimensional visual representations of the solutions «(x, y,t), and v(x, y, t) obtained
using the ABgq-EHATM method for t = 0.5,R = 100,n = 1, and h = —1, considering various values

of the fractional parameters a and S.

Table 1 presents the numerical results of the «(x, y, t) obtained using the ABq-EHATM method for

different fractional values of «.
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Table 1. The numerical values of «(x, y, t) solutions with ABq-EHATM at various fractional values
afort =05Re=100h=—-1,n=1vep = 1.

X y a=0.55 a=0.7 a=0.85 a=1
01 01 0.5051186770 0.5088260690 0.5166198748 0.5273437500
0.2 0.5003980018 0.5389457141 0.5712559823 0.5974078528
0.3 0.6266025790 0.6509116808 0.6704624271 0.6855030474
04 0.7077119587 0.7165529014 0.7235970002 0.7289501769
0.5 0.7372185060 0.7399346407 0.7420932709 0.7437282216
02 01 0.5707221498 0.5432957620 0.5260105116 0.5173540324
0.2 0.5051186770 0.5088260690 0.5166198748 0.5273437500
0.3 0.5003980018 0.5389457141 0.5712559823 0.5974078528
0.4 0.6266025790 0.6509116808 0.6704624271 0.6855030474
0.5 0.7077119587 0.7165529014 0.7235970002 0.7289501769
03 01 0.5439768322 0.5274194867 0.5162491980 0.5097284239
0.2 0.5707221498 0.5432957620 0.5260105116 0.5173540324
0.3 0.5051186770 0.5088260690 0.5166198748 0.5273437500
0.4 0.5003980018 0.5389457141 0.5712559823 0.5974078528
0.5 0.6266025790 0.6509116808 0.6704624271 0.6855030474
04 01 0.5158212171 0.5099438254 0.5059235302 0.5035112213
0.2 0.5439768322 0.5274194867 0.5162491980 0.5097284239
0.3 0.5707221498 0.5432957620 0.5260105116 0.5173540324
04 0.5051186770 0.5088260690 0.5166198748 0.5273437500
0.5 0.5003980018 0.5389457141 0.5712559823 0.5974078528
05 01 0.5048422224 0.5030509491 0.5018211703 0.5010779842
0.2 0.5158212171 0.5099438254 0.5059235302 0.5035112213
0.3 0.5439768322 0.5274194867 0.5162491980 0.5097284239
04 0.5707221498 0.5432957620 0.5260105116 0.5173540324
0.5 0.5051186770 0.5088260690 0.5166198748 0.5273437500

Table 2 displays the numerical values of v(x, y, t) solutions with ABq-EHATM at various fractional
values a.
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Table 2. The numerical values of v(x, y, t) solutions with ABg-EHATM at various fractional values a

fort =0.5Re=100h=-1,n=1vef =1.

B=0.55 B=0.7 B=0.85 B=1
01 01  0.9948813229 0.9911739307 0.9833801252 0.9726562500
0.2  0.9996019982 0.9610542859 0.9287440177 0.9025921472
03  0.8733974210 0.8490883192 0.8295375729 0.8144969526
04  0.7922880413 0.7834470986 0.7764029998 0.7710498231
05  0.7627814940 0.7600653593 0.7579067291 0.7562717784
02 01  0.9292778506 0.9567042375 0.9739894880 0.9826459680
0.2  0.9948813229 0.9911739307 0.9833801252 0.9726562500
03  0.9996019982 0.9610542859 0.9287440177 0.9025921472
04  0.8733974210 0.8490883192 0.8295375729 0.8144969526
05  0.7922880413 0.7834470986 0.7764029998 0.7710498231
03 01  0.9560231680 0.9725805137 0.9837508017 0.9902715758
0.2  0.9292778506 0.9567042375 0.9739894880 0.9826459680
03  0.9948813229 0.9911739307 0.9833801252 0.9726562500
04  0.9996019982 0.9610542859 0.9287440177 0.9025921472
05  0.8733974210 0.8490883192 0.8295375729 0.8144969526
04 01  0.9841787826 0.9900561747 0.9940764696 0.9964887783
02  0.9560231680 0.9725805137 0.9837508017 0.9902715758
03  0.9292778506 0.9567042375 0.9739894880 0.9826459680
04  0.9948813229 0.9911739307 0.9833801252 0.9726562500
05  0.9996019982 0.9610542859 0.9287440177 0.9025921472
05 01  0.9951577778 0.9969490505 0.9981788296 0.9989220154
0.2  0.9841787826 0.9900561747 0.9940764696 0.9964887783
03  0.9560231680 0.9725805137 0.9837508017 0.9902715758
04  0.9292778506 0.9567042375 0.9739894880 0.9826459680
05  0.9948813229 0.9911739307 0.9833801252 0.9726562500

5. Results and Discussion

Figure 1 presents the two-dimensional graphical representations of the solutions <« (x, y, t) and v(x, y, t)
obtained using the Atangana-Baleanu g-Elzaki Homotopy Analysis Transform Method (ABg-EHATM)
for various values of the fractional parameter «, specificallya = 1and a = 0.6, = 0.7, = 0.8,a =
0.9, within the framework of the Atangana-Baleanu-Caputo Time-Fractional Coupled Burgers Equation

(ABCTFCBE). Similarly, Figure 2 illustrates the two-dimensional graphs of the function «(x,t),
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computed through ABg-EHATM for the same set of fractional values, demonstrating the influence of «
on the solution behavior. Additionally, the numerical results corresponding to the computed solutions
w(x,y,t) and v(x, y, t) for different values of a (i.e., a = 0.6, = 0.7, = 0.8, = 0.9,and a = 1)
are systematically tabulated in Tables 1 and 2, providing a comparative analysis of the obtained

outcomes.

6. Conclusion

The ABQ-EHATM exhibits significant potential as a viable methodology for the resolution of the
ABCTFCBE. The method's capacity to decompose intricate equations into more manageable
components, in conjunction with its precision and alignment with other numerical approaches, renders
it a useful asset in the realm of mathematics. Additionally, the ABg-EHATM presents numerous benefits
in comparison to conventional numerical methods, rendering its implementation more straightforward
and yielding enhanced precision. The numerical solutions for ABCTFCBE have been rapidly and
effectively acquired. Thus, it can be inferred that ABq-FHATM is highly efficient and resilient in
generating numerical solutions for a wide range of Atangana-Baleanu fractional partial differential
equations. Due to its considerable potential, it is anticipated that this approach will assume a
progressively significant role in addressing nonlinear differential equations in the forthcoming years.

Consequently, researchers are strongly encouraged to delve deeper into its prospective applications.

Statement of Conflict of Interest

The author declare that there is no conflict of interest.

Author’s Contributions

The author declares that he has contributed 100% to the article.

References

Anag H. Conformable fractional Elzaki decomposition method of conformable fractional space-time
fractional Telegraph equations. Ikonion Journal of Mathematics 2022; 4(2): 42-55.

Ahmed HF., Bahgat MSM., Zaki M. Analytical approaches to space-and time-fractional coupled
Burgers’ equations. Pramana 2019; 92: 1-14.

Alkan A., Ana¢ H. A new study on the Newell-Whitehead-Segel equation with Caputo-Fabrizio
fractional derivative. AIMS Mathematics 2024; 9(10): 27979-27997.

Atangana A., Baleanu D. New fractional derivatives with nonlocal and non-singular kernel: theory and
applications to heat transfer model. arXiv preprint arXiv:1602.03408 2016; 20: 763—769.

2480



Atangana A. Non validity of index law in fractional calculus: A fractional differential operator with
markovian and non-markovian properties. Physica A: Statistical Mechanics and Its 2018; 505:
688-706.

Baleanu D., Diethelm K., Scalas E., Trujillo JJ. Fractional calculus: Models and Numerical Methods.
World Scientific: Singapore 2012; 3: 15.

Baleanu D., Jajarmi A., Mohammadi H., Rezapour S. A new study on the mathematical modelling of
human liver with Caputo—Fabrizio fractional derivative. Chaos, Solitons and Fractals 2020; 134:
109705.

Bateman H. Some recent researhes on three motion of fluids. Monthly Weather Review 1915; Rec. 43:
163-170.

Caputo M., Elasticita e dissipazione. Zanichelli, 1969, Bologna.

Caputo M., Fabrizio M. A new definition of fractional derivative without singular kernel. Progress in
Fractional Differentiation and Applications 2015; 1(2): 73-85.

Elzaki TM. Application of new transform “Elzaki transform” to partial differential equations. Global
Journal of Pure and Applied Mathematics 2011; 7: 65-70.

Elzaki TM. The new integral transform ‘Elzaki transform’. Global Journal of Pure and Applied
Mathematics 2011; 7: 57-64.

Elzaki TM., Hilal EM. Homotopy perturbation and Elzaki transform for solving nonlinear partial
differential equations. Mathematical Theory and Modeling 2012; 2: 33-42.

Engheta N. Fractional duality in electromagnetic theory. Proceeding of the URSI international
symposium on electromagnetic theory, Thessaloniki, Greece 1998; 44(4): 554-566.

Esipov SE. Coupled Burgers equations: A model of polydispersive sedimentation. Physical Review E
1995; 52(4): 3711.

Fernandez A., Ozarslan MA., Baleanu D. On fractional calculus with general analytic kernels. Applied
Mathematics and Computation 2019; 354: 248-265.

Giingor H. The efficient method to solve the conformable time fractional Benney equation. Journal of
Mathematics 2024; 1: 3676521.

Haroon F., Mukhtar S., Shah R. Fractional view analysis of Fornberg—Whitham equations by using
Elzaki transform. Symmetry 2022; 14(10): 2118. https://doi.org/10.3390/sym14102118.

Hristov J. On the Atangana—Baleanu derivative and its relation to the fading memory concept: the
diffusion equation formulation. In: Trends in theory and applications of fractional derivatives with
Mittag—Leffler kernel. AG: Springer Nature 2019, Switzerland.

Jain PC., Holla DN. Numerical solutions of coupled Burgers’ equation. International Journal of Non-
linear Mechanics 1978; 13: 213-222.

Kilbas AA., Srivastava HM., Trujillo JJ. Theory and applications of fractional differential equations.
North-Holland Math. Studies, Elsevier 2006, Netherlands.

2481



Kiirkcii OK., Aslan E., Sezer M. A novel graph-operational matrix method for solving multidelay
fractional differential equations with variable coefficients and a numerical comparative survey of
fractional derivative types. Turkish Journal of Mathematics 2019; 43(1): 373-392.

Liu J., Hou G. Numerical solutions of the space-and time-fractional coupled Burgers equations by
generalized differential transform method. Applied Mathematics and Computation
2011; 217(16): 7001-7008.

Machado JT., Kiryakova V., Mainardi F. Recent history of fractional calculus. Communications in
Nonlinear Science and Numerical Simulation 2011; 16: 1140-1153.

Miller KS., Ross B. An introductionto fractional calculus and fractional differential equations. A Wiley
1993, New York.

Partal T. Numerical solution of some nonlinear partial differential equations by finite difference method.
Firat University, Science Institute Master's Thesis 2021, Elazig.

Podlubny I. Fractional differential equations, mathematics in science and engineering. Academic Press
1999, New York.

Veeresha P., Prakasha DG., Baskonus HM. Solving smoking epidemic model of fractional order using
a modified homotopy analysis transform method. Mathematical Sciences 2019; 13: 115-128.

Prakasha DG., Veeresha P., Rawashdeh MS. Numerical solution for (2+1) dimensional time-fractional
coupled Burger equations using fractional natural decomposition method. Mathematical Methods
in the Applied Sciences 2019; 42(10): 3409-3427.

Qureshi S., Rangaig NA., Baleanu D. New numerical aspects of Caputo- Fabrizio fractional derivative
operator. Mathematics 2019; 7(4): 374.

Shah R., Saad AA., Weera W. A semi-analytical method to investigate fractional-order gas dynamics
equations by Shehu transform. Symmetry 2022; 14: 1458.

Ucar Y., Yagmurlu NM., Yigit MK. Numerical solution of the coupled Burgers equation by
trigonometric B-spline collocation method. Mathematical Methods in the Applied Sciences 2023;
46(5): 6025-6041.

Yagmurlu M., Gagir A. Numerical simulation of two dimensional coupled Burgers equations by Rubin-
Graves type linearization. Mathematical Sciences and Applications E-Notes 2021; 9(4): 158-169.

Yagmurlu M., Gagir A. A finite difference approximation for numerical simulation of 2D viscous
coupled burgers equations. Mathematical Sciences and Applications E-Notes 2022; 10(3): 146-
158.

2482



