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Abstract

We aim to find all possible solutions (k, m,n) of the Diophantine equations Py = R, R,
and Rg = B, B,. Our proof employs the famous Matveev theorem and Dujella-Pethd reduction

lemma.

Keywords: Pell number; Modified Pell number; Diophantine equation; Matveev theorem;

Linear forms in logarithms; Dujella-Pethd lemma.
Py = R,,R, ve Rgx = P,,,P,, Diophantine Denklemlerinin Coziimleri Uzerine
Oz
Bu ¢alisma, Py = R,,R,, ve Ry = B, P, Diophantine denklemleri i¢in tiim olast (k, m,n)

¢Oziimlerini belirlemeyi amaglamaktadir. Bu ¢o6ziimleri arastirmak igin ortaya koydugumuz

teoremin ispatinda, Matveev teoremi ve Dujella-Pethé indirgeme lemmasindan yararlanilmistir.

Anahtar Kelimeler: Pell sayisi; Modifiye Pell sayisi; Diophantine denklemi; Matveev

teoremi; Logaritmalarin lineer formlari; Dujella-Pethd lemmasi.
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1. Introduction

Consider the famous Pell numbers, denoted by {P,} =9, Which follows the recurrence
relation P, = 2P,,_4 + P,_, for n = 2, with initial terms P, = 0 and P; = 1. Similarly, the Pell-
Lucas numbers, represented by {Q,,} =0, and the Modified Pell numbers, denoted by {R,} 0,
adhere to the same recurrence relation but are distinguished by their initial conditions: Qg = Q1 =
2 for Pell-Lucas numbers and Ry = R; = 1 for Modified Pell numbers [1]. These sequences,
while sharing a common recursive structure, exhibit unique properties due to their distinct starting
values, making them fascinating subjects of study in number theory and combinatorics. It is well-

known that they can be defined in other ways, which are called Binet's formulas, as follows [1]:

TL_é‘TL

P, =yy_5 ,Q, =y"+ 8™ and R, =

yn+5n
Y+8

(1)

where ¥y = 1++/2 and § = 1 —+/2. The sequences have beauty and rich applications in just
about every branch of mathematics and statistics. To quote from Koshy’s monograph [1], the Pell
and Pell-Lucas numbers are among the most distinguished sequences in number theory. Herein,
we will neglect further details as to their ubiquity. Instead, the current paper will provide all

possible solutions to the following open problems:

Py = RyR, (2)
and

Ry = PPy, 3)

where k, m, and n are a non-negative integer satisfying that m < n. This restriction is necessary

due to the commutative property of multiplication.

Considering the current literature, several Diophantine equations regarding the well-known
Fibonacci, Pell, Jacobsthal, or Mersenne numbers have been analyzed. One can read the papers
by Pongsriiam [2], Ddamulira et al. [3], Sahukar and Panda [4], Qu and Zeng [5], Chalebgwa and
Ddamulira [6], Gomez et al. [7], and Faye et al. [8]. It should be noted that problems of finding
all coincidences in two integer sequences or their variants have a special place in the open
literature. To our knowledge, the investigations under consideration have been conducted for two
sequences with two different characteristic equations. For example, the Fibonacci numbers vs.
the Pell Numbers by Ddamulira et al. [9], the generalized k —Fibonacci numbers vs. the
generalized k —Pell numbers by Bravo et al. [10]. Salim et al. explored the representation of

integers by k-generalized Fibonacci sequences, providing important applications in number
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theory and cryptography [11], the Mersenne numbers vs. the Pell numbers by Alan and Alan [12],
the Leonardo numbers vs. the Jacobsthal numbers by Bensella and Behloul [13], and the
generalized k —Fibonacci numbers vs. the Padovan numbers by Rihane and Togbé [14].
Bellaouar et al. investigated Diophantine representations involving Padovan and Perrin numbers
of the form 7t — 5z — 3y — 2x, contributing new insights into the arithmetic structure and

interrelations of these sequences [15].

The above review of the literature clearly indicates that Diophantine equations of the types
proposed in Eqns. (2) and (3) have not been studied so far, and a mathematical approach to solving
these two equations is still lacking. For this reason, in the present work, we aim to reduce these
Diophantine equations into suitable logarithmic forms and, by applying Matveev’s theorem [18],
establish explicit upper bounds. Subsequently, using the Dujella—Peth6 lemma, we refine these
bounds to obtain more effective limits and, with the aid of the PC algorithm, investigate all

possible solutions.
2. Auxiliary Results

Here, we establish a general lower bound for linear forms in logarithms based on Matveev’s

result and notations [16].

Consider 14,75, ...,1; as nonzero elements in a real number field F with degree D, and

by, b,, ..., b; be integer values. Define
B = max{|by|,|bs|, ..., |b;[} and A := 1, P1m, P2 . ;P

Consider 1 as a nonzero element in F such that its degree [ is a divisor of D. Suppose that
the minimal primitive polynomial of 77 in Z[x] is given by P(x) = Y o<j< tjxj , where t; # 0. The
logarithmic height h(n) of n is defined as follows:

l

h(n) = ["tlog|ty| +171 Z log(max{|r)(5)|, 1})

s=1

where (9,1 < s < [, are the conjugates of 7.

Let A4, A5, ..., A; be real numbers satisfying the condition

A, = max{Dh(n,), |logn,|,0.16}
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foreachr = 1,2, ..., l. Utilizing the previous notations, Matveev's main theorem [16] leads to the

following bound.

Theorem 1 (Matveev Theorem [16]). Suppose that A # 0, and F is a real algebraic

number field. Then,

log(|A]) > —1.4 x 3013 x [*5 x D? x (1 +logD) X (1 +1logB) X A; X ... X A,.

In order to obtain tighter lower bounds using Theorem 1, we rely on certain results from
the theory of continued fractions. The next lemma is a modified form of a theorem originally
established by Dujella and Peth6 [18]. Here, we adopt the version presented by Bravo et al. (see
[17], Lemma 1).

Lemma 1 (Dujella-Pethé Lemma [18]). Let 7 be an irrational number, and let X, Y and p
be real numbers with X > 0 and Y > 1. Suppose M € Z*,p/q and is a convergent of the
continued fraction expansion of 7, where g > 6M. Define € = ||uq|| — M||tql|, where ||-||

represents the distance to the nearest integer. If € > 0, then there is no solution to the inequality

O<|kt—n+p|l <XY™—®
in positive integers k,n and w such that

log(Xq/€)

k<Mand w =
logY

3. Main Results
The following theorem presents the primary outcomes of the paper.

Theorem 2. Let k, m, and n be a non-negative integer. There is no solution for both Eqns.

(2) and (3) except for the ordered triple of (k, m,n) = (1,1,1).
Proof. For m = 1, our problem is reduced to P, = B,,, which means that
2P, =Py 4+ Py =2P, + 2P, < 4P, = P, < 2P, < Pp,,.
This means that there are no solutions under consideration since k must be greater than n + 1.

Now, assume that m = 2. So, we conclude that k > 2n. Let us start with Eqn. (2). By

utilizing Binet’s formulas given in Eqn. (1), we can prove the following inequalities:
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Y2 < B <y LISITM2 < B, < |8y <R, <y and |6 < R, < |87
From Eqns. (2) and (4), we can write

Y 2 < P = RyRyy < |87
and

log|d|

(k—2)logy§—(n+m)log|5|:>ks2—(n+m)ms2n+2:>ks4n.

By Binet's formula for Pell and Modified Pell numbers, we can write

]/k _ 5k <ym + 6m> <yn + 6n> 3 ynym + 6nym + yngm + snem
2V2

- 2 2 4 ’

which implies that

1 1 1 1
yk_2|6|n+m :ﬁynﬂn_'_ﬁ(gnym_l_ﬁyné\m+ﬁ5n+m_2|5|n+m+5kl

Dividing the last equation by y* with mathematical simplifications, we get

4+2  3\2
2)/" +2yk—2n '

|V—k|6|n+m2 _ 1| <

Since k > 2n and k > m, we have

4++2 . 3v2
2—}/271 zyn

5
2vk T 2ym| T ym

4+v2 3V2
ly=*ls|"*m2 — 1| s‘ + <‘

24242
y" <

S ‘
As a result, we obtain

5 -k n+m
|A1|<y_m,A1 =y "6 2-1
In this case, we can write

log(JA41]) < log5 —mlogy.

According to the Matveev theorem, we can consider
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l=3n=v,n,=16l,m3=2,by = —k,b, =n+m,and by = 1.

Dueto nq,1m,,1m3 € (@(\/E),F = Q(\/E) of degree D = 2. Assume that A; = 0. So, we have

2 = yk|—y~t~(Fm) = yktntm which is absurd. As a result, A; # 0.
1 1 1
h(ny) = > (log1 + log(max{ly|, 1}) + log(max{|5],1})) = 3 (2log1 +logy) = Elogy,
1 1 1
h(n,) = > (log1 + log(max{|8], 1}) + log(max{|y|, 1})) = 3 (2log1 +logy) = Elogy,
1 1
h(ns) = - (log1 + log(max{|2|, 1}) + log(max{|-2|,1})) = - (2log 2) = log2,
which gives that
1
Ay = A, = max {2 : Elogy, |logyl, 0.16} = A, = A, =logy,

As = max{2log2, |logv2|,0.16} = A; = 2log2,
m<n>m+n<2n<i4nk <4n = B = 4n = max{n + m,|—k|, 1}.
Further, max{|—k|,n + m} < B = 4n. As a result, from the Matveev theorem, we have

log(JA{]) > —1.4 x 30° x 3*5 x 22(1 + log 2)(1 + log4n) x (logy)? x 2log 2,

or, more slightly
log(JA,]) > —1.05 x 1012 x (1 + log4n).
By comparing Eqn. (7) with Eqn. (8), we derive
m < 1.21 X 1012 x (1 + log 4n).

Considering Eqn. (2) once again, we can write

6
|A;] < y—n,Az = V_k|5|n(\/§Rm) -1
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Similarly, repeating the above approach to Eqn. (10), we have
=311 =v¥,m2 = |6l,n3 = V2Ry, by = —=k,b, =n,b; = 1,F = Q(v2),D = 2,

1 1
h(ny) = logy, h(nz) = logy,h(ns) = log(vV2Ry,), 41 = logy, A, =logy,
Az =4mlogy,and B = 4n.

Thus, by Theorem 1, we obtain

log(]A,]) > —2.66 x 102 x (1 + log4n) X m.

From the right-hand side of Eqn. (10), we have

log(|A;]) <log6 —nlogy.
Considering these two inequalities together, we obtain

n < 3.03 x 1012 x (1 + log4n) x m. (11)
In this case, we conclude from Eqns. (9) and (11) that

n < 1.67 X 1028, (12)
This time, we shall consider Eqn. (3) without details. So, we can obtain the following statements
similarly:

A O Ay = RIS ™NZ — 15 |Ay] < -, Ay = yKIS|" Ry — Lin < 3.96 x 1077, (13

I3I<y—m,3-—yll —.I4I<y—n,4-—yll m—1;n<396x10%. (13)
According to the above, we have the following inference.

Corollary 1. All the possible solutions of both Eqns. (2) and (3) are in the range k < 4n

and0 <m <n<1.67 x 1028,

As a result, we have proved that there are a finite number of solutions to our problems.
However, since the boundaries are quite large, examining the solution will take a long time. So
now, we will focus on reducing the upper bounds using the Dujella-Peth6 lemma, which is Lemma

1. For this purpose, introduce
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[, == —klogy + (n + m)log|é| + log 2.

According to Eqn. (2), we can write

5
Ay = lexp(ly) — 1] < "

It is known from Ddamulira et al. [9, p.16] that |x| < 2|e* — 1| whenever x € (—%,%)

From this, we get

1
logy log 10 12

[ =|lk———(n+m)+ < < —
1= Fioglal ~ ™ T iggrsi| < yr=Togisll <y

To be able to apply the Dujella-Pethé lemma, let us consider

1 10g1
o 1
T = gy — 2

— — — — 28
= tomti M = g X = 12,Y =y,w = m,and M = 6.69 x 10°°(M > 4n > k).

To be clear, all the criteria of the Dujella-Pethé lemma are provided in the 63rd convergent of the

continued fraction expansion of 7, namely,

Pe3 _ 383285912971145398351980293433
qes 1418942188134947941479390319349’

6M < qg3,and

€ = ||ugesll — M||Tqesll = 0.0075 > 0.

As a result, we obtain that m < 87.

For the case m < 87, let us consider

I, = —klogy + nlog|d| + log(\/ERm).

Then, Eqn. (10) can be reorganized as follows:

4
Ay = lexp([y) — 1| < o

From this, we can write

. logy _n+log(\/§Rm) <
“ 7 [Mloglsl log|§|

4 | < 2
y*(=loglsDI ~y™
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So, we can consider the following in the Dujella-Pethd lemma:

_ logy _ log(V2Rm)  _ _ _
= log|6|’“ = oglol , X=2,Y=y,w=n,and

M = 6.69 x 1028 (M > 4n > k).

Similarly, we get

Pes _ 2796105726332502086822290216885
dee 10351312801515826765955990569711°

6M < g6, and

€ = |lugell — MlITqeqll = 0.0019 > 0.

From this, we conclude that m < 87 and n < 88.

Repeating the same procedure above with those in Eqn. (13), we conclude thatm < 83 and
n < 86. Summing up, all the solutions in question are in the range m < 87, n < 88, and k <

352. Implementing a looping in Wolfram Mathematica® proves our results.

Further, the results from Theorem 2 show that the Pell and the Modified Pell numbers have
only one overlapping term, i.e., P; = R; = 1. At the same time, it is also the only term that can
be written as the square of the Pell numbers or Modified Pell numbers, i.e., P, = 1 = R? and

R, =1 = P2
4. Conclusion

In this study, we investigated the Diophantine equations Py = R,,R, and Ry = P,,,P,
where P, denotes the Pell numbers and R,, represents the modified Pell numbers, aiming to
determine all possible integer solutions (k, m,n). Utilizing Matveev’s theorem and the Dujella-
PethO lemma, we established a complete characterization of the solutions. Our results provide a
deeper understanding of the structural properties of Pell and modified Pell numbers in the context

of multiplicative relations.

A natural direction for future research is to explore whether similar techniques can be
applied to other classes of recurrence sequences, such as balancing or associated Pell numbers.
Additionally, studying variants of these equations under different arithmetic constraints may lead

to further insights into the interplay between linear forms in logarithms and integer sequences.

Acknowledgements

225



Dasdemir & Emin (2025) ADYU J 5Cl, 15(2), 217-227

The authors wish to express profound gratitude to the anonymous reviewers for their
insightful critiques and thoughtful recommendations. Their discerning observations and expert

counsel have been instrumental in refining the rigor, clarity, and scholarly depth of this work.

References

[1] Koshy, T., Pell and Pell-Lucas numbers with applications, Springer New York, 431p,
2014.

[2] Pongsriiam, P., Fibonacci and Lucas numbers which are one away from their products,
Fibonacci Quarterly, 55(1), 29-40, 2017.

[3] Ddamulira, M., Gémez, C.A., Luca, F., On a problem of Pillai with k — generalized
Fibonacci numbers and powers of 2, Monatshefte fiir Mathematik, 187(4), 635-664, 2018.

[4] Sahukar, M.K., Panda, G.K., Diophantine equations with balancing-like sequences
associated to Brocard-Ramanujan-type problem, Glasnik Matematicki, 54(2), 255-270, 2019.

[5] Qu, Y., Zeng, J., Lucas numbers which are concatenations of two repdigits,
Mathematics, 8(8), 1360, 2020.

[6] Chalebgwa, T.P., Ddamulira, M., Padovan numbers which are palindromic
concatenations of two distinct repdigits, Revista de la Real Academia de Ciencias Exactas, Fisicas
y Naturales. Serie A. Matematicas, 115(3), 108, 2021.

[7] Goémez, C.A., Gémez, J.C., Luca, F., On the Exponential Diophantine Equation
F' —F" =F), Taiwanese Journal of Mathematics, 26(4), 685-712, 2022.

n+l
[8] Faye, B., Luca, F., Rihane, S.E, Togbé, A., The Diophantine equations P’ + P.,, = P,

n n+l
or P"+ P, =P, Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie
A. Matematicas, 117(2), 89, 2023.
[9] Ddamulira, M., Luca, F., Rakotomalala, M., Fibonacci Numbers which are products of
two Pell Numbers, Fibonacci Quarterly, 54(1), 11-18, 2016.

[10] Bravo, J.J., Herrera, J.L., Luca, F., Common values of generalized Fibonacci and Pell
sequences, Journal of Number Theory, 226, 51-71, 2021.

[11] Badidja, S., Mokhtar, A.A., Ozer, O., Representation of integers by k-generalized
Fibonacci sequences and applications in cryptography, Asian-European Journal of Mathematics,
14,9, 2150157, 2021.

[12] Alan, M., Alan, K.S., Mersenne numbers which are products of two Pell numbers,
Boletin de la Sociedad Matematica Mexicana, 28(2), 38, 2022.

[13] Bensella, H., Behloul, D., Common terms of Leonardo and Jacobsthal numbers,
Rendiconti del Circolo Matematico di Palermo Series 11, 73(1), 259-265, 2024.

[14] Rihane, S.E., Togbé, A., k-Fibonacci numbers which are Padovan or Perrin
numbers, Indian Journal of Pure and Applied Mathematics, 54(2), 568-582, 2023.

[15] Bellaouar, D., Ozer, O., Azzouza, N., Padovan and Perrin numbers of the form
7" —5% —3¥ — 2% Notes on Number Theory and Discrete Mathematics, 31(1), 191-200, 2025.

[16] Matveev, E.M., An explicit lower bound for a homogeneous rational linear form in
the logarithms of algebraic numbers. II, Izvestiya: Mathematics, 64(6), 1217-1269, 2000.

226



Dasdemir & Emin (2025) ADYU J 5Cl, 15(2), 217-227

[17] Bravo, J.J., Gomez, C.A., Luca, F., Powers of two as sums of two k—Fibonacci
numbers, Miskolc Mathematical Notes, 17(1), 85-100, 2016.

[18] Dujella, A., Pethd, A., A generalization of a theorem of Baker and Davenport,
Quarterly Journal of Mathematics, 49(195), 291-306, 1998.

227



