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Abstract 

We aim to find all possible solutions (𝑘, 𝑚, 𝑛) of the Diophantine equations 𝑃𝐾 = 𝑅𝑚𝑅𝑛 

and 𝑅𝐾 = 𝑃𝑚𝑃𝑛. Our proof employs the famous Matveev theorem and Dujella-Pethő reduction 

lemma. 

Keywords: Pell number; Modified Pell number; Diophantine equation; Matveev theorem; 

Linear forms in logarithms; Dujella-Pethő lemma. 

𝑷𝑲 = 𝑹𝒎𝑹𝒏 ve 𝑹𝑲 = 𝑷𝒎𝑷𝒏 Diophantine Denklemlerinin Çözümleri Üzerine 

Öz 

Bu çalışma, 𝑃𝐾 = 𝑅𝑚𝑅𝑛 ve 𝑅𝐾 = 𝑃𝑚𝑃𝑛 Diophantine denklemleri için tüm olası (𝑘, 𝑚, 𝑛) 

çözümlerini belirlemeyi amaçlamaktadır. Bu çözümleri araştırmak için ortaya koyduğumuz 

teoremin ispatında, Matveev teoremi ve Dujella-Pethő indirgeme lemmasından yararlanılmıştır. 

Anahtar Kelimeler: Pell sayısı; Modifiye Pell sayısı; Diophantine denklemi; Matveev 

teoremi; Logaritmaların lineer formları; Dujella-Pethő lemması. 
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1. Introduction 

Consider the famous Pell numbers, denoted by {𝑃𝑛} 𝑛≥0, which follows the recurrence 

relation 𝑃𝑛 = 2𝑃𝑛−1 + 𝑃𝑛−2 for 𝑛 ≥ 2, with initial terms 𝑃0 = 0 and 𝑃1 = 1. Similarly, the Pell-

Lucas numbers, represented by {𝑄𝑛} 𝑛≥0, and the Modified Pell numbers, denoted by {𝑅𝑛} 𝑛≥0, 

adhere to the same recurrence relation but are distinguished by their initial conditions: 𝑄0 = 𝑄1 =

2 for Pell-Lucas numbers and 𝑅0 = 𝑅1 = 1 for Modified Pell numbers [1]. These sequences, 

while sharing a common recursive structure, exhibit unique properties due to their distinct starting 

values, making them fascinating subjects of study in number theory and combinatorics. It is well-

known that they can be defined in other ways, which are called Binet's formulas, as follows [1]: 

𝑃𝑛 =
𝛾𝑛−𝛿𝑛

𝛾−𝛿
, 𝑄𝑛 = 𝛾𝑛 + 𝛿𝑛,  and  𝑅𝑛 =

𝛾𝑛+𝛿𝑛

𝛾+𝛿
                  (1) 

where 𝛾 = 1 + √2 and 𝛿 = 1 − √2. The sequences have beauty and rich applications in just 

about every branch of mathematics and statistics. To quote from Koshy’s monograph [1], the Pell 

and Pell–Lucas numbers are among the most distinguished sequences in number theory. Herein, 

we will neglect further details as to their ubiquity. Instead, the current paper will provide all 

possible solutions to the following open problems: 

𝑃𝐾 = 𝑅𝑚𝑅𝑛                (2) 

and 

𝑅𝐾 = 𝑃𝑚𝑃𝑛,                (3) 

where 𝑘, 𝑚, and 𝑛 are a non-negative integer satisfying that 𝑚 ≤ 𝑛. This restriction is necessary 

due to the commutative property of multiplication. 

Considering the current literature, several Diophantine equations regarding the well-known 

Fibonacci, Pell, Jacobsthal, or Mersenne numbers have been analyzed. One can read the papers 

by Pongsriiam [2], Ddamulira et al. [3], Sahukar and Panda [4], Qu and Zeng [5], Chalebgwa and 

Ddamulira [6], Gómez et al. [7], and Faye et al. [8]. It should be noted that problems of finding 

all coincidences in two integer sequences or their variants have a special place in the open 

literature. To our knowledge, the investigations under consideration have been conducted for two 

sequences with two different characteristic equations. For example, the Fibonacci numbers vs. 

the Pell Numbers by Ddamulira et al. [9], the generalized 𝑘 −Fibonacci numbers vs. the 

generalized 𝑘 −Pell numbers by Bravo et al. [10]. Salim et al. explored the representation of 

integers by k-generalized Fibonacci sequences, providing important applications in number 
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theory and cryptography [11], the Mersenne numbers vs. the Pell numbers by Alan and Alan [12], 

the Leonardo numbers vs. the Jacobsthal numbers by Bensella and Behloul [13], and the 

generalized 𝑘 −Fibonacci numbers vs. the Padovan numbers by Rihane and Togbé [14]. 

Bellaouar et al. investigated Diophantine representations involving Padovan and Perrin numbers 

of the form 7𝑡 − 5𝑧 − 3𝑦 − 2𝑥, contributing new insights into the arithmetic structure and 

interrelations of these sequences [15]. 

The above review of the literature clearly indicates that Diophantine equations of the types 

proposed in Eqns. (2) and (3) have not been studied so far, and a mathematical approach to solving 

these two equations is still lacking. For this reason, in the present work, we aim to reduce these 

Diophantine equations into suitable logarithmic forms and, by applying Matveev’s theorem [18], 

establish explicit upper bounds. Subsequently, using the Dujella–Pethő lemma, we refine these 

bounds to obtain more effective limits and, with the aid of the PC algorithm, investigate all 

possible solutions. 

2. Auxiliary Results 

Here, we establish a general lower bound for linear forms in logarithms based on Matveev’s 

result and notations [16]. 

Consider 𝜂1, 𝜂2, … , 𝜂𝑙 as nonzero elements in a real number field 𝐹 with degree D, and 

𝑏1, 𝑏2, … , 𝑏𝑙 be integer values. Define  

𝐵 ≔ 𝑚𝑎𝑥{|𝑏1|, |𝑏2|, … , |𝑏𝑙|} and Λ ≔ 𝜂1
𝑏1𝜂2

𝑏2 … 𝜂𝑙
𝑏𝑙. 

Consider 𝜂 as a nonzero element in 𝐹 such that its degree 𝑙 is a divisor of D. Suppose that 

the minimal primitive polynomial of 𝜂 in ℤ[𝑥] is given by 𝑃(𝑥) = ∑ 𝑡𝑗𝑥𝑗
0≤𝑗≤𝑙 , where 𝑡𝑙 ≠ 0. The 

logarithmic height ℎ(𝜂) of 𝜂 is defined as follows:  

ℎ(𝜂) = 𝑙−1 log|𝑡0| +𝑙−1 ∑ log(𝑚𝑎𝑥{|𝜂(𝑠)|, 1})

𝑙

𝑠=1

  

where 𝜂(𝑠), 1 ≤ 𝑠 ≤ 𝑙, are the conjugates of 𝜂. 

Let 𝐴1, 𝐴2, … , 𝐴𝑙 be real numbers satisfying the condition  

𝐴𝑟 ≥ 𝑚𝑎𝑥{𝐷ℎ(𝜂𝑟), |log 𝜂𝑟|, 0.16}  
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for each 𝑟 = 1,2, … , 𝑙. Utilizing the previous notations, Matveev's main theorem [16] leads to the 

following bound. 

Theorem 1 (Matveev Theorem [16]). Suppose that Λ ≠ 0, and 𝐹 is a real algebraic 

number field. Then, 

log(|Λ|) > −1.4 × 30𝑙+3 × 𝑙4.5 × 𝐷2 × (1 + log 𝐷) × (1 + log 𝐵) × 𝐴1 × … × 𝐴𝑙 .  

In order to obtain tighter lower bounds using Theorem 1, we rely on certain results from 

the theory of continued fractions. The next lemma is a modified form of a theorem originally 

established by Dujella and Pethő [18]. Here, we adopt the version presented by Bravo et al. (see 

[17], Lemma 1). 

Lemma 1 (Dujella-Pethő Lemma [18]). Let 𝜏 be an irrational number, and let 𝑋, 𝑌 and 𝜇 

be real numbers with 𝑋 > 0 and 𝑌 > 1. Suppose 𝑀 ∈ ℤ+, 𝑝/𝑞 and is a convergent of the 

continued fraction expansion of 𝜏, where 𝑞 > 6𝑀. Define 𝜖 ≔ ‖𝜇𝑞‖ − 𝑀‖𝜏𝑞‖, where ‖∙‖ 

represents the distance to the nearest integer. If 𝜖 > 0, then there is no solution to the inequality  

0 < |𝑘𝜏 − 𝑛 + 𝜇| < 𝑋𝑌−𝜔  

 in positive integers 𝑘, 𝑛 and 𝜔 such that  

𝑘 ≤ 𝑀 and 𝜔 ≥
log(𝑋𝑞/𝜖)

log 𝑌
. 

3. Main Results 

The following theorem presents the primary outcomes of the paper. 

Theorem 2. Let 𝑘, 𝑚, and 𝑛 be a non-negative integer. There is no solution for both Eqns. 

(2) and (3) except for the ordered triple of (𝑘, 𝑚, 𝑛) = (1,1,1). 

Proof. For 𝑚 = 1, our problem is reduced to 𝑃𝑘 = 𝑃𝑛, which means that 

2𝑃𝑘 = 𝑃𝑛−1 + 𝑃𝑛+1 = 2𝑃𝑛 + 2𝑃𝑛−1 < 4𝑃𝑛 ⇒ 𝑃𝑘 < 2𝑃𝑛 < 𝑃𝑛+1.  

This means that there are no solutions under consideration since 𝑘 must be greater than 𝑛 + 1.  

Now, assume that 𝑚 ≥ 2. So, we conclude that 𝑘 > 2𝑛. Let us start with Eqn. (2). By 

utilizing Binet’s formulas given in Eqn. (1), we can prove the following inequalities:  
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𝛾𝑛−2 ≤ 𝑃𝑛 ≤ 𝛾𝑛−1, |𝛿|−𝑛+2 ≤ 𝑃𝑛 ≤ |𝛿|−𝑛+1, 𝛾𝑛−1 ≤ 𝑅𝑛 ≤ 𝛾𝑛, and |𝛿|−𝑛+1 ≤ 𝑅𝑛 ≤ |𝛿|−𝑛 .  (4) 

From Eqns. (2) and (4), we can write 

𝛾𝑘−2 ≤ 𝑃𝑘 = 𝑅𝑛𝑅𝑚 ≤ |𝛿|−𝑛−𝑚  (5) 

and 

(𝑘 − 2) log 𝛾 ≤ −(𝑛 + 𝑚) log|𝛿| ⇒ 𝑘 ≤ 2 − (𝑛 + 𝑚)
log|𝛿|

log 𝛾
≤ 2𝑛 + 2 ⇒ 𝑘 ≤ 4𝑛.  

By Binet's formula for Pell and Modified Pell numbers, we can write  

𝛾𝑘 − 𝛿𝑘

2√2
= (

𝛾𝑚 + 𝛿𝑚

2
) (

𝛾𝑛 + 𝛿𝑛

2
) =

𝛾𝑛𝛾𝑚 + 𝛿𝑛𝛾𝑚 + 𝛾𝑛𝛿𝑚 + 𝛿𝑛𝛿𝑚

4
 ,  

which implies that  

𝛾𝑘 − 2|𝛿|𝑛+𝑚 =
1

√2
𝛾𝑛+𝑚 +

1

√2
𝛿𝑛𝛾𝑚 +

1

√2
𝛾𝑛𝛿𝑚 +

1

√2
𝛿𝑛+𝑚 − 2|𝛿|𝑛+𝑚 + 𝛿𝑘  .  

Dividing the last equation by 𝛾𝑘 with mathematical simplifications, we get  

|𝛾−𝑘|𝛿|𝑛+𝑚2 − 1| ≤ |
4 + √2

2𝛾𝑘
+

3√2

2𝛾𝑘−2𝑛
| .  

Since 𝑘 > 2𝑛 and 𝑘 > 𝑚, we have 

|𝛾−𝑘|𝛿|𝑛+𝑚2 − 1| ≤ |
4 + √2

2𝛾𝑘
+

3√2

2𝛾𝑛
| ≤ |

4 + √2

2𝛾2𝑛
+

3√2

2𝛾𝑛
|  ≤ |

2 + 2√2

𝛾𝑛
| <

5

𝛾𝑚
.  

As a result, we obtain  

|Λ1| <
5

𝛾𝑚
, Λ1 ≔ 𝛾−𝑘|𝛿|𝑛+𝑚2 − 1.  (6) 

In this case, we can write 

log(|Λ1|) < log 5 − 𝑚 log 𝛾. (7) 

According to the Matveev theorem, we can consider  
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𝑙 = 3, 𝜂1 = 𝛾, 𝜂2 = |𝛿|, 𝜂3 = 2, 𝑏1 = −𝑘, 𝑏2 = 𝑛 + 𝑚, and 𝑏3 = 1.  

Due to  𝜂1, 𝜂2, 𝜂3 ∈ ℚ(√2), 𝐹 = ℚ(√2) of degree 𝐷 = 2. Assume that Λ1 = 0. So, we have 

2 = 𝛾𝑘|−𝛾−1|−(𝑛+𝑚) = 𝛾𝑘+𝑛+𝑚, which is absurd. As a result, Λ1 ≠ 0. 

ℎ(𝜂1) =
1

2
(log 1 + log(𝑚𝑎𝑥{|𝛾|, 1}) + log(𝑚𝑎𝑥{|𝛿|, 1})) =

1

2
(2 log 1 + log 𝛾) =

1

2
log 𝛾,  

ℎ(𝜂2) =
1

2
(log 1 + log(𝑚𝑎𝑥{|𝛿|, 1}) + log(𝑚𝑎𝑥{|𝛾|, 1})) =

1

2
(2 log 1 + log 𝛾) =

1

2
log 𝛾,  

ℎ(𝜂3) =
1

2
(log 1 + log(𝑚𝑎𝑥{|2|, 1}) + log(𝑚𝑎𝑥{|−2|, 1})) =

1

2
(2 log 2) = log 2,  

which gives that 

𝐴1 = 𝐴2 ≥ 𝑚𝑎𝑥 {2 ∙
1

2
log 𝛾 , |log 𝛾|, 0.16} ⇒ 𝐴1 = 𝐴2 = log 𝛾,  

𝐴3 ≥ 𝑚𝑎𝑥{2 log 2 , |log √2|, 0.16} ⇒ 𝐴3 = 2 log 2,  

𝑚 < 𝑛 ⇒ 𝑚 + 𝑛 < 2𝑛 < 4𝑛, 𝑘 < 4𝑛 ⇒ 𝐵 = 4𝑛 ≥ 𝑚𝑎𝑥{𝑛 + 𝑚, |−𝑘|, 1}.  

Further, 𝑚𝑎𝑥{|−𝑘|, 𝑛 + 𝑚} ≤ 𝐵 = 4𝑛. As a result, from the Matveev theorem, we have  

log(|Λ1|) > −1.4 × 306 × 34.5 × 22(1 + log 2)(1 + log 4𝑛) × (log 𝛾)2 × 2 log 2,  

or, more slightly  

log(|Λ1|) > −1.05 × 1012 × (1 + log 4𝑛).  (8) 

By comparing Eqn. (7) with Eqn. (8), we derive 

𝑚 < 1.21 × 1012 × (1 + log 4𝑛).  (9) 

Considering Eqn. (2) once again, we can write  

|Λ2| <
6

𝛾𝑛
, Λ2 ≔ 𝛾−𝑘|𝛿|𝑛(√2𝑅𝑚) − 1.  (10) 
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Similarly, repeating the above approach to Eqn. (10), we have  

𝑙 = 3, 𝜂1 = 𝛾, 𝜂2 = |𝛿|, 𝜂3 = √2𝑅𝑚, 𝑏1 = −𝑘, 𝑏2 = 𝑛, 𝑏3 = 1, 𝐹 = ℚ(√2), 𝐷 = 2,   

ℎ(𝜂1) =
1

2
log 𝛾 , ℎ(𝜂2) =

1

2
log 𝛾 , ℎ(𝜂3) = log(√2𝑅𝑚), 𝐴1 = log 𝛾 , 𝐴2 = log 𝛾,   

 𝐴3 = 4𝑚 log 𝛾 , and 𝐵 = 4𝑛.  

Thus, by Theorem 1, we obtain 

log(|Λ2|) > −2.66 × 1012 × (1 + log 4𝑛) × 𝑚.   

From the right-hand side of Eqn. (10), we have  

log(|Λ2|) < log 6 − 𝑛 log 𝛾.   

Considering these two inequalities together, we obtain 

𝑛 < 3.03 × 1012 × (1 + log 4𝑛) × 𝑚.  (11) 

In this case, we conclude from Eqns. (9) and (11) that 

𝑛 < 1.67 × 1028.  (12) 

This time, we shall consider Eqn. (3) without details. So, we can obtain the following statements 

similarly:  

|Λ3| <
6

𝛾𝑚
, Λ3 ≔ 𝛾−𝑘|𝛿|𝑛+𝑚√2 − 1; |Λ4| <

3

𝛾𝑛
, Λ4 ≔ 𝛾−𝑘|𝛿|𝑛𝑅𝑚 − 1; 𝑛 < 3.96 × 1027.  (13) 

According to the above, we have the following inference. 

Corollary 1. All the possible solutions of both Eqns. (2) and (3) are in the range 𝑘 < 4𝑛 

and 0 ≤ 𝑚 ≤ 𝑛 < 1.67 × 1028. 

As a result, we have proved that there are a finite number of solutions to our problems. 

However, since the boundaries are quite large, examining the solution will take a long time. So 

now, we will focus on reducing the upper bounds using the Dujella-Pethő lemma, which is Lemma 

1. For this purpose, introduce  
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Γ1 ≔ −𝑘 log 𝛾 + (𝑛 + 𝑚) log|𝛿| + log 2.   

According to Eqn. (2), we can write  

Λ1 = |𝑒𝑥𝑝(Γ1) − 1| <
5

𝛾𝑚
.  

 

It is known from Ddamulira et al. [9, p.16] that |𝑥| < 2|𝑒𝑥 − 1|  whenever 𝑥 ∈ (−
1

2
,

1

2
). 

From this, we get  

Γ1 ≔ |𝑘
log 𝛾

log|𝛿|
− (𝑛 + 𝑚) +

log
1
2

log|𝛿|
| <

10

𝛾𝑚|− log|𝛿||
<

12

𝛾𝑚
.   

To be able to apply the Dujella-Pethő lemma, let us consider 

𝜏 ≔
log 𝛾

log|𝛿|
, 𝜇 ≔

log
1

2

log|𝛿|
, 𝑋 = 12, 𝑌 = 𝛾, 𝑤 = 𝑚, and  𝑀 = 6.69 × 1028(𝑀 > 4𝑛 > 𝑘).  

To be clear, all the criteria of the Dujella-Pethő lemma are provided in the 63rd convergent of the 

continued fraction expansion of 𝜏, namely,  

𝑝63

𝑞63
=

383285912971145398351980293433

1418942188134947941479390319349
, 6𝑀 < 𝑞63, and 

𝜖 ≔ ‖𝜇𝑞63‖ − 𝑀‖𝜏𝑞63‖ = 0.0075 > 0.  

As a result, we obtain that 𝑚 ≤ 87.  

For the case 𝑚 ≤ 87, let us consider 

Γ2 ≔ −𝑘 log 𝛾 + 𝑛 log|𝛿| + log(√2𝑅𝑚).  

Then, Eqn. (10) can be reorganized as follows: 

Λ2 = |𝑒𝑥𝑝(Γ2) − 1| <
4

𝛾𝑛
.   

From this, we can write 

Γ2 = |𝑘
log 𝛾

log|𝛿|
− 𝑛 +

log(√2𝑅𝑚)

log|𝛿|
| < |

4

𝛾𝑛(− log|𝛿|)
| <

2

𝛾𝑛
.   
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So, we can consider the following in the Dujella-Pethő lemma:  

𝜏 ≔
log 𝛾

log|𝛿|
, 𝜇 ≔

log(√2𝑅𝑚)

log|𝛿|
, 𝑋 = 2, 𝑌 = 𝛾, 𝑤 = 𝑛, and  

𝑀 ≔ 6.69 × 1028 (𝑀 > 4𝑛 > 𝑘). 

 

Similarly, we get  

𝑝66

𝑞66
=

2796105726332502086822290216885

10351312801515826765955990569711
, 6𝑀 < 𝑞66, and 

𝜖 ≔ ‖𝜇𝑞66‖ − 𝑀‖𝜏𝑞66‖ = 0.0019 > 0. 

 

From this, we conclude that 𝑚 ≤ 87 and 𝑛 ≤ 88. 

Repeating the same procedure above with those in Eqn. (13), we conclude that 𝑚 ≤ 83 and 

𝑛 ≤ 86. Summing up, all the solutions in question are in the range 𝑚 ≤ 87, 𝑛 ≤ 88, and 𝑘 <

352. Implementing a looping in Wolfram Mathematica© proves our results. 

Further, the results from Theorem 2 show that the Pell and the Modified Pell numbers have 

only one overlapping term, i.e., 𝑃1 = 𝑅1 = 1. At the same time, it is also the only term that can 

be written as the square of the Pell numbers or Modified Pell numbers, i.e., 𝑃1 = 1 = 𝑅1
2 and 

𝑅1 = 1 = 𝑃1
2. 

4. Conclusion 

In this study, we investigated the Diophantine equations 𝑃𝐾 = 𝑅𝑚𝑅𝑛 and 𝑅𝐾 = 𝑃𝑚𝑃𝑛 

where 𝑃𝑛 denotes the Pell numbers and 𝑅𝑛 represents the modified Pell numbers, aiming to 

determine all possible integer solutions (𝑘, 𝑚, 𝑛). Utilizing Matveev’s theorem and the Dujella-

Pethő lemma, we established a complete characterization of the solutions. Our results provide a 

deeper understanding of the structural properties of Pell and modified Pell numbers in the context 

of multiplicative relations. 

A natural direction for future research is to explore whether similar techniques can be 

applied to other classes of recurrence sequences, such as balancing or associated Pell numbers. 

Additionally, studying variants of these equations under different arithmetic constraints may lead 

to further insights into the interplay between linear forms in logarithms and integer sequences. 
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