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ASYMPTOTIC BEHAVIOR OF THE NON-AUTONOMOUS
REACTION-DIFFUSION EQUATION WITH ROBIN BOUNDARY
CONDITION

EYLEM OZTURK

ABSTRACT. In this paper, we investigate the long-time behavior of the time-
dependent reaction-diffusion equation us — Au+a(z)|u|Pu—>b(x)|u|’vw = h(zx,t)
with Robin boundary condition. We begin this paper with the existence and
uniqueness results of the solution to the problem. For the asymptotic behavior,
we firstly prove the existence of an absorbing set in W} (Q) N Ly42(?). The
existence of a uniform attractor is obtained in W3 (Q) N Ly+2(Q).

1. INTRODUCTION

We are concerned with the existence of uniform attractors for the process asso-
ciated with the solutions of the following reaction-diffusion equation:

ur — Au + a(x)|u|’u — b(z)|ul"u = h(z,t), (x,t) € Qr,
subject to the Robin boundary condition,

(g’z + k(z)u)|oq = 0, 2’ € 99,

and the initial condition,
u(z,7) =u-(z), € QVreR

where 2 C R™, n > 3, is a bounded domain with sufficiently smooth boundary 92;
p,v > 0 are given some numbers; T is a positive number; 7 € R; Qr = Q x (7,7,
Yr = 0Q x [r,T]; A is the n dimensional Laplace operator; a : @ — RL, b: Q —
Ri_ and k : 9Q — R! are given functions; h is given generalized function. The
nonlinearity part and the external force h satisfy some conditions specified later.
%Z denotes the normal derivative of the function v in direction of the outer normal
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vector 7. Here u(z,t) is an unknown function which can represent temperature,
population density, or in general the quantity of a substance.

Equation (1.1) generally arises as a mathematical model in various areas such as
population dynamics and biological sciences, hydrodynamics and the heat transfer
theory. Although reaction-diffusion equations with Dirichlet and Neumann bound-
ary conditions have been extensively studied, very little work has been done for
Robin boundary conditions.

The study of uniform attractor for non-autonomous dynamical systems has at-
tracted much attention and has made a lot of progress in recent years(see, [6], [7],
[10] and reference therein). But in the last two decades, the dynamical systems
have been extensively studied for the autonomous case by using of the concept of
global attractors( see, for example [6], [11], [12], [32] and the reference therein).
In general a proper extension of the notion of a global attractor for semigroups
to the case of process is the so called uniform attractor. Uniform attractors for
the non-autonomous systems are the minimal compact sets which uniformly(w.r.t.
time symbol) attract every bounded set of the initial data spaces.

The long time behavior of solutions of reaction-diffusion equation with Neu-
mann or Dirichlet conditions has been studied extensively for both autonomous
and non-autonomous cases. Moreover, the reaction-diffusion equation with Dirich-
let boundary condition, has investigated widely, the existence and uniqueness of
solution have been proven in (see [24], [29]), by the Faedo-Galerkin method, and
the existence of attractors has been obtained in [2], [3],[12], [14], [15], [23]-[27].
Also, for the reaction-diffusion equations with homogeneous nonlinear boundary
condition, the dynamical behavior was considered for both autonomous and non-
autonomous cases(see [I], [30], [31]). On the other hand, for the reaction-diffusion
equation with Robin boundary condition, the blow-up of solution was discussed in
[, [I7], [20]-[22]. In [9], one of the first papers is made to the understanding of
this problem with a homogeneous Robin boundary condition in a bounded domain
Q C R™",n <3, it is shown that there exists a compact attractor.

In [I9], We showed before the existence and uniqueness of the solution for con-
sidered problem as taking initial condition is zero. Moreover in [16], for the au-
tonomous case of this problem, we obtained the existence of global attractor in
W3 () N L,4+2(Q), also proved some asymptotic regularity by using the relative
stationary problem. After that in [I7], we obtained some conditions for blow-up of
solutions of problem (1.1)-(1.3) in finite time.

For the existence of the uniform attractor, we need to show that some kind
of compactness of the family of processes. Since here our boundary condition is
Robin type (linear boundary condition) and also has some negative coefficient, we
come across some additional difficulties in proving the asymptotic compactness in
L,12(2). To overcome this, we used some different inequalities such as Young,
Holder and which was given in Lemma 2 as well as Sobolev embedding theorems.
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This paper is organized as follows. In the next section, we give some basic defi-
nitions and abstract results concerning the uniform attractors for non-autonomous
dynamical systems. In section 3, we show that the existence and uniqueness of
weak solution and the existence of weak continuity of family of processes associ-
ated to the problem. In section 4, we prove the existence of an absorbing set in
W3 () N Ly12(2) and a uniform attractor in Wy () N L,42(£2).

2. PRELIMINARIES

We begin with some useful definitions from the theory of uniform attractors
for non-autonomous systems which we will use throughout the paper. We refer to
[5]-[8] for more details.

Let X, Y be two Banach spaces such that ¥ — X continuously, and X be a
parameter set. {U,(t,7),t > 7 € R}, 0 € 3, is said to be a family of processes in
X if forany o € ¥
Uy(t,s)oUy(s,7) = Uy(t,7), Yt>s>71, TER,

Uy (1,7) = Id is the identity operator, 7 € R.
Denote by B(X), B(Y') the set of all bounded subsets of X and Y respectively.

Definition 1. A4 set By € B(Y) is said to be a uniform (w.r.t. o € ¥) absorbing
set in'Y for {U,(t,7)}, 0 € X if for any 7 € R and any B € B(X), there exists
To = To(B, 1) such that |J Uy, (t,7)B C By for allt > Tp.
cEX

Definition 2. A family of processes {U,(t,7)}, 0 € ¥ is called uniformly (w.r.t.
o € X) asymptotically compact in 'Y if for any 7 € R and any B € B(X), we
have {Uy,, (tn,T)x,} is relatively compact in'Y, where {x,} C B, t, C [r,+00),
t, — 400, 0, C X are arbitrary.

Definition 3. A subset A C Y is said to be the uniform attractor in Y of the
family of processes {Uy(t,7)}, 0 € X if

(i) A is compact inY;
(ii) for any fired T € R and B € B(X) we have

t—o0

limit(sup (disty (Uy(t,7)B,.A)) =0
oED
where disty (A, B) = sup,¢c 4 infyep ||z —ylly for A, BCY;
(iii) if A’ is closed subset of Y satisfying (ii), then A C A’ (minimality property).

Definition 4. The kernel K of a process {U(t,T)}sex acting on X consists of all
bounded complete trajectories of the process {U(t,T)}oex:

K = {u() : Ut, )u(r) = u(t), dist(u(t),u(0)) < Cy, V¢t >, 7 € R}

The set KC(s) = {u(s) : u(.) € K} is said to be kernel section at time t = s, s € R.
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Definition 5. A function ¢ is said to be translation bounded in LY¢(R; X), if
t+1

o2 = sup / lio(s)|%ds < oo.
teR

Denote by LY (R; X) the set of all translation bounded functions in Ly°(R; X).

Definition 6. A function p € LY¢(R; X) is said to be normal if for any ¢ > 0,
there exists n > 0 such that
t+n

sup [ p(s)fyds <=
teR

Denote by Ly (R; X) the set of all normal functions in LY°(R; X).

Lemma 1. ([31]) If ¢, € L5(R; X), then for any 7 € R,
¢

lim sup/efy(tfs)H(p(s)H%(ds =0.
V=00 1>

Lemma 2. ([4]) For 1 <p < oo there exists a positive constant co(Q,p) such that
Jfor every o € W, (),

1
lle — mws(am/ﬂhp(ﬂ) < co(2,)Velr,@-
o0
3. EXISTENCE AND UNIQUENESS RESULTS

We shall assume h € L5(R;Ly(2)). We will understand the solution of the
considered problem in the following sense:

Definition 7. A function u(x,t), is called the weak solution of problem (1.1)-(1.3)
on the interval [7,T] if it satisfies the followings;

u € Lo(m,T; W3 (2)) N Lyso(7,T; Lp12(Q)), ur € La(7,T; L2(2)),

w(z,7) =ur(x) for a.e x€Q,

d
T T T
//utcpd:rdt+//Du.D<pdxdt+//(a(m) |ul” u — b(x) |u|” u) pdxdt
0 Eo) E
T

+]/mmwwwz//WMﬁ (3.1)

T 0N T Q
for all o € Lo(7,T; W4 () N Lyo(1,T; Lyya(82)).

an
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Theorem 1. We assume that the following conditions are satisfied:
(i) p,v >0, v <pand u, € W3(Q) N L,12(9),
LM(Q)7 Zf v<p,
Lo(@),  ifv=p
o If v < p then there exists a number ag > 0 such that a(x) > ag for a.e.
x € Q.
o If v = p then there exists a number by > 0 such that a(x) — b(z) > by
for a.e. x € Q.
(i) k € Ly—1 (0Q) and there exists a number ko > 0 such that k(z') > —kq for
a.e. ¥’ € 09,

(ii) a and b are positive functions, a € Lo (), b €

mnle 2} o<y <,

ko <
min{b’,1} . _
703 ifv=p
Then problem (1.1)-(1.8) is solvable for any T € R (here a’ and b are positive
numbers such that a’ < ag, b’ < by, c3 comes from Sobolev embedding

Proof. Although the existence of a weak solution was proved in [16], we present an-
other proof with some weaker conditions on relations between coefficient functions.
Consider the approximating solution w,, in the form,

n
= uni(t)wy,
j=1

where w; C W3 () N L,42(52) is a Hilbert basis of Ly(£2) such that span{w;};>1 is
dense in W3 (Q) N L,42(22). We get u,, from solving the following problem:

2 Ly wj) + (Vun, Vwg) + (a(@)un]"un = b(@) un]"un, ws) + (k(2")un, wj)o0
= <h(z7t)awj>
(un(z,7),w;) = (ur,w;); j=1,...,n

In (3.2) replacing w; by u,, we get
1d v
B dt(”un”Lz ) + ||vun||%2(g) + /(a(m)\un‘ﬁ+2 _ b($)|un| +2)d.’13 + /k(q;’)uidgj/

Q

= /h(m,t)undm,
Q

1d 1 2 £t ),
=—(llunll7, )+ 5 (min{l, ao—e}~ koc3) (l[unllfyy ) Hlunl7) 0y =€) —c@)IbI = (@) —kocze
2dt () p+2(82) + Q)

<Al Lo lunll Ly

ullzyon) < esliullw; oy
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d
— (lunlZ,0) + (K = e))llunllfi ) + Eillualf 2, o) <
dt () p+2(9)

N =

Selenhl o) + 1+ Eac + c(@”b”@(m + hock,

where K1 = §(min{1,ag — e} — koc3) > 0 and &1 < K;. Integrating (3.3) from 7 to
t, t € [r,T], we have

||Un( )HLQ(Q)‘F(Kl ! /||u,L ||W1(Q ds—|—K1/||un ||Lp+2(9)ds <

|lwn (7 )|\L2(Q)+C2c €1 /||h ||L2(Q ds+c(e /Hb||L 1@ ds—|—(koc§c/—|—51—|—ch’)(t—r).

This inequality 1mphes that
{un} is bounded in Loo(7,T; La()) N Lyto(T,T; Lyi2(Q)) N La(7, T; WSH(Q)).
Then there exists a subsequence of {u,} (still denoted by {u,}) such that
u, — u weakly star in Lo (7,7 L2(Q)),
Au, — Au weakly in Ly(7,T; (W3 (2))%).
On the other hand, replacing w; by Oyu,, in (3.2), we have

1d 2
H&‘tun||L2(Q) + 2dt(||Vun||%2(Q) + /k:( N2 da' + ? a(x)|u, P 2da
o0
2
T 2/b(:c)|un\”+2dz) = /h(z,t)@tun. (3.8)
Q Q

Using the Cauchy inequality, we have

d 2
H@ﬂm”%z(g) + ﬁ(HVunH%Z(Q) + /k( Uy, LY A — a($)|un|p+2dx

p+2
Q
2 14
g el ) < (39)
Q
Integrating (3.9) from 7 to T and using previous arguments, we obtain
{Otun} is bounded in Lo(7,T; L2(2)), (3.10)
then we have,
Opuy, — Opu weakly in Lo(7,T; La(92)). (3.11)

Let
f@,u) = a(@) [ul” u —b(z) [u]" u



428 EYLEM OZTURK

Also f(z,.) : Ry — Ry is a continuous function and we have

pjﬁ ot +1 (p+2)+(11/+1)
1702z @rr < 25 Nl oy 12, 0+ 25 L, o I, -
pP—
(3.12)

So, f is a bounded mapping from L,;2(Qr) to Lpﬁ (QT). So we obtain that
o
{f(:;un)} is bounded in L ox2 2 (Qr), then

f(un)én weakly in L%(QT). (3.13)

Then we can conclude that u,, — w strongly in La(7,T; L2(92)). Hence u, — u a.e.
in Q x [r,T]. Since f is continuous, it follows that f(u,) — f(u) a.e. in  x [, T].
Then according to Lemma 1.3 (see [13], Chapter 1), we have

flun) = f(u) weakly in Lpiz (Qr).

Thus n = f(u).
Let g(z',u) := k(z')u, g : Lo(m, T; W3 (Q)) — Lo(r,T; W, 2 (GQ)), g satisfies
the following,

9,1ty < Aol
T,L3Wo

m\»—A

La(r,T;W7 (09))
Thus )
g(up) — g(u) weakly in Lo(7,T; W,y 2(09)).
Now, combining (3.6), (3.7), (3.11), (3.14) and (3.15) we see that u satisfies (3.1).
O

Now we recall the following result for the uniqueness of the solution:

Theorem 2. ([16]) We assume that the conditions of Theorem 1 are satisfied. If
there exists a positive number by such that b(x) < by, by < ag for almost every
x € Q when 0 < v < p, then the solution is unique. Moreover u and v are solutions
of problem (1.1)-(1.3), with initial data u, and v,, respectively, then

(@, 1) — v, )20y < lir — vrl2, )2 a5 1 < p,

lu(z, ) = v(@, D)L, < lur = vrlli, @ as v=p.

We now define the symbol space 3 for the problem (1.1)-(1.3). Taking a fixed
symbol
a0(s) = ho(s), ho(s) € Ly(R; La(2)).
We denote by LY (R; Ly(€2)) the space Ly (R; Ly(£2)) endowed with local conver-
gence topology. Set X9 = {ho(s + h) : h € R}, and let ¥ be the closure of ¥y in
L3 (R; La()).
Problem (1.1)-(1.3) can be rewritten in the following form:

0wy = Asy(¥)s Yli=r =y~
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where the function o(¢t) = h(t) is the symbol of the equation. Thanks to these
existence and uniqueness theorems, we know that problem (1.1)-(1.3) is well posed,
and generates a family of processes {U,(t,7)}, o0 € X as follows

Uo(t,7) : Wa () N Lp12(Q) — W3 (Q) N Lps2(Q), Us(t, 7)yr = y(1),
where U, (¢, 7)y, is the unique weak solution of problem (1.1)-(1.3)(with ¢ in place
of h) at the time ¢ with the initial data y, at 7.

We obtain the following corollary immediately by using existence and uniqueness
theorems:

Corollary 1. The family of process {Uy(t,7)}, 0 € X is (W5 (2) N L,42(Q)) x X,
W3(Q) N Lyt2(Q)-weakly continuous, that is for any u — u, in W3 (Q) N L,12(Q)
and o, — oo in X, we have

Uy, (t, T)ul = Uy (¢, T)ttr, t 2> 7.

n

4. EXISTENCE OF A UNIFORM ATTRACTOR IN W3 ()N L,42(9)

In this section we will show that the existence of uniform attractor in W3 () N
L,12(2). Now we state our main result obtained in this section.

Theorem 3. We assume that the conditions of Theorem 2 are satisfied. Suppose
that for almost every x € Q and x’ € 09,

(i) if v < p then there exists a number a; > 0 such that a(x) < ay,
(il) if 0 < p <2 then k(z') >0, if p > 2 then k(') satisfies the condition (iii)
of Theorem 1.
Then the processes {U,(t,7)}, 0 € ¥ possesses a uniform attractor A in W3 (Q)N
Ly2(Q) for all h(z,t) in Leo(R; La(9)), B/ (t) € LY(R; La(12)).

For the proof of this theorem , we will use Theorem 3.9 (which is in [5]). To see
that the conditions of this theorem are satisfied, we give the following lemmas and
useful a priori estimate for the uniformly asymptotic compactness and the existence
of an absorbing set in corresponding space:

Lemma 3. Assume that the conditions of Theorem 8 are satisfied. Then the
processes {U,(t,7)}, o € ¥ has a bounded uniform absorbing set B in W1(Q) N
L,+2(Q) for all h(t) € LY(R; Lo(12)) .

Proof. Multiplying (1.1) by u, after the integrating by parts, we get

1d
5%”“”332(9) = —/|Vu|2dx—/k(x'de’—/a(x)\u|p+2dw+/b($)|u|u+2d3:+/ho(t)udx,
Q

o0 Q Q Q

applying Holder and Young inequality for the last three terms we deduce that

d 42
%HUHZ(Q) — Ky llull7, ) < 2¢(e0)ho(t)[17, 0 + 2¢(e2)meas(2) (by) #—
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where K := % (—min{l,ag — &2} + koc}) < 0, ¢z comes from Sobolev embedding
2

inequality. E| By Gronwall’s lemma we obtain the following inequality :

lull 7, < ”uTHQLz(Q)eKl(t_S)+26(51)/”hO(S)HQLz(Q)eKl(t_S)dS

—Kq(t—7)
+2c(e2)meas(2)(b1) = 67,
K,
here we have used the fact that
t
/ 0 (8) e~
t t—1 t—2
< / S ho||7, (o ds + / fH |7 yds + [ ol ds + -
t=1 t=2 t=3
t t—1 t—2
= / IFoll3 (e ds + / X2 |ho13 s + / e holZ, (ayds + -
t—1 t—2 t—3
K 2K 2
< (e + e 4 )hollzy o a)
1
< (177)” holl7 L5 (R;L2())"
Thus we get
+2
2¢(eq) 2¢(e2)meas()(by) 7+ -
||U||%2(Q) < ||UT||%2(Q)€K1t + 1 _ k1 ||h0||2L‘;(R;L2(Q)) + _K, el

for convenience we denote all terms but except the first term in the right side by rg
2 2 K
)17, < lurllz, @)™ + ro.

Consequently we can find a Ty for given § > 0,

1 lur 7 Q)
Ty = 1 2
b= )

such that ||u||L (@ S forallt > Ty, r=ro+0.

On the other hand, multiplying (1.1) by wu, after the integration by parts, we
have

d [ a(@)|ul’*?  b)lul"*>

d 1 12 !
||dt“”L2<Q>+2dt”V“”L2<Q>+dt ( pt2  vt2 Jdo +dt2/k(m de
o0

QHUHLQ(Q) < e Hu||W21(Q)
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= /houtdm,
Q

from here

d a()lul?*? ()l

IVl o+ 2= 2o [k’ < 2ol - (48)
Q o0

We will show that there exists a constant My = Mas(r1,a1) > 0 such that for all
t > Ty + 1 the following inequality is satisfied:

T a(@)|u(z, $)|PT2 blx)|u(z, s)|¥ T2
[ 19t + [ ST 12,
t Q
+ [ k(a"?(2', 5)dx"}ds < Mo.
/
(4.9)

For (4.9), if we multiply (1.1) by w, after the integrating by parts, and use the
conditions of theorem, we have

d
Gl e + 20 [ IVuPde + (o = b [ur 2+ [ (a2
Q Q o0

< 2bymeas(Q)) + /2h0ud$.
Q

Now we can separate the end term of the left side such that 0 < A < 1, and applying
Young-Hoélder inequalities, we have

(a0 — bl)/(a(x)|u|p+2 _ b(m)\u|”+2)dx+

d 2 2

- 2{ [ |Vul?d

a1z + {/| uldz + ay p+2 v+2
Q

A[b@luPde} < 2bimeas(sd) +c(er) ol o + el o + <1l o
o0
+acie(en) (1 = AR, _, o0
We integrate last inequality from ¢ to ¢t + 1 where t > Ty 4 1, we have:

t+1

2o ) [l M |
92_ 2 _ 24 12 g1
/ (« 51)/|w da 220 /( o O — a2 [ hade'yar
t Q Q o0
< |[hol i; (R:Lo(2) T Acie(er)(1 = Akl (o) + r1(1+ 2e1) + 2bymeas().
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Here A := %T_]bl and g1 := 2 — A, then we have

t41

P2 (@) |uf
2 2/ a(@)|ul _ /k 2 3.1
/{/|Vu| dx +2 [ ( T2 — Ydx + [ k(z"=dx"}dr
t o Q 0

1
< Z(Hh“ig(R;LQ(Q)) +4cie(er)(1 = AP |EIIL, o) + (14 2e1) + 2b1meas(R2)).

So we obtain inequality (4.9). Denoting by

_ 2 a(@)[ul™? _ b(@)[ul"+ / 2
y—{/|Vu| dw+2/( ) 13 Ydz + [ k(z"%dz"}
o) Q 80

combining with (4.8), (4.9), we have the following inequalities for all ¢ > Ty + 1:

t+1
d
GO <2000 and [ ylo)ds < M,

t

Let Ty +1 <t < s <t+1. Then “y(s) < 2||h0(s)||2L2(Q). Integrating in s on

t+1
[z;t + 1], where z: ¢t < z < t+ 1, we obtain y(t + 1) < { 2||h0H%2(Q)ds +y(z) <

QHhOHL‘) ®:La@) T y(z). Finally if we integrate in z on [t;t + 1] we get the wanted

estlmate

IVul?, o +2
Q

a(@)ul’*?  b(z)|u"*?
p+2 v+ 2

)dﬁ/;{;( o’ < 2| hollTy gy () + Mo
o0

by using the conditions of Theorem 3 and the last inequality, we have Vt > Ty + 1:
lullwa) < Mz, ullr, @) < Ms.

Thus {U,(t,7)}, 0 € ¥ has a bounded absorbing set in W3 () N L,42(Q).
O

Now we give an a priori estimate for the solution of the problem to verifying the
uniformly asymptotic compactness in L,;2(£2).

Lemma 4. Assume that the conditions of Theorem 8 are satisfied. Then for any
e > 0 and any bounded subset B C W3 (Q) N L,12(Q) there exist Ty = Ts(g, B) and
M = M(ge, B) such that

Uy (t, T)ur|PT2de < Vt>Ts, Yu, € B, (4.11)

Q|Us (t,7)ur |2M)

where Q(|Uy (¢, T)ur| > M) = {(z,t) : |Uy(t, 7)ur| > M} for all normal function h
in LY (R; Ly(€2)).
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Proof. We multiply (1.1) by (u — /\/l)iJrl and integrating on €2, we obtain

L d / (1 — M)+ 2 1 et D) / (V(u— M) 24z

p+2dt (p+2)?
Qu>M) Qu=M)
+ / a(x)|ulP ™ (u — M)PTde — / b(x)|ul' T (u — M)PHdx
Q(u>M) Q(u>M)
+ / k(2 u(u — M)PHda" = / ho(z,t)(u — M)PTde
OQ(u>M) Q(u>M)

where (u — M)y denotes the positive part of (u — M), that is

u—M, if u>M,
(u— M)y '_{ 0, ifu<M.

Set Q1 := Q(u(t) > M), Q1 := IQ(u(t) > M), we have

g | M s +<<p++2;) [ ot [a@lup =Myt
P (921 Q f,
/b(ﬂ?)‘u|v+1(u_ p+1d$—|— /k‘ )p+1dx _/ho .Z‘t U—M)p+1d.7:
00

Let 0 < ¢ < ap — by and M is taken as M > (

b )m, then on 7 we have,
ap—01—cC

a(@)ul”t = b(@)lul"* > clul

if we use this inequality in (4.13), we have:

Ap+1) ot2
p+2 — )2 p+le, p+1
p+2dt/ M) dat 1 +2)2/(V(u M) )d:v+/c\u| (u—M)P da+
o) o,
/k’(x’)u(u - M)p+1dx/ < /ho(m,t)(u _ M)p-Hdm (4-14)
o oN

by applying Holder and Young inequality for the last term and using the condition
on k, we deduce that

p+2dt/ (=M (L0 (M) Pt [elul - My

Ql Ql

— (ko + koM) / (u — M)PT2da’ — kg Mmeas(99;) < /ho(z, t)(u — M)PHdz
8Q1 Q1
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by applying Young inequality for the term of right side, we have

3 / (= d0P 2ot G5 (V= M) F Pdat [l =My
Q1 1951

— (ko + koM) / (u — M)P2da’ — ko Mmeas(99Q;) < %C/h%dm

oM Q
by using u > M and u — M < u for the third term of left side we obtain,
p+2d 4(p+1) / _ 42 d p/ pt2g
p+2dt/‘ M)| +(p+2)2 (V(u— M) )de+ = /\/1 (u—M) x
Ql Ql

1
— (ko + koM) / (u — M)PT2da’ — kg Mmeas(09Q;) < %/hgdx
o0
by using Lemma 2 and the equation

IV ((w = M)P2] = 2(|(u = M)V ((u = M) )

we have,

u—M)|PT2 (p+1) u— M) \2de P (ue M) 2da—
/\ M)| d+<+2)Q/(V( M) )d+MQ/( M)+

p+2dt

e M 2 [0 = M)V () T
Qq

1

(ko + koM)

< %/h%dm + koMmeas(9)
c

and by using Young inequality we have,

/ = A0+ [ (w= M) < 202 1+ (94 200 Muneas(09)
oN ¢ o
where
meas(0€;)
meas ()

meas(0€1) 12 l]

meas(1) * ez

c
#Z(P+2)[§Mp—ko(/\/l+1) = [eo(1 + M)ko
and g9 = ﬁ. Since p > 2, we can choose M sufficiently large enough such
that > 0, we integrate this inequality on (£, ¢) after the multiplying by e#! where
£ >1Ty+ 1, we have

—n P2 [ -
Jlu= ap s < - MIE2, g, (000 + 222 /<e w09 [Kdoyist

£ Q
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1
ﬁ(l — P (p 4 2) kg Mmeas(9Q; )
for any € > 0, we can take M large enough such that

) t
pt2 /ef“(t*“”)/h%d:pds < %7

2c
0 o

%(1 — =) (p + 2) kg Mmeas(99;) <

If we choose T5 as the following,

w| ™

where M3 is in the proof of Lemma 3. Then V¢t > T5, we have
+2 —p(t—2 €
l[u— M||/z,,+2(91)(€)€ #=h < 3

From (4.15), (4.16), (4.17) we have

lu — M|PT2de <&, Vt>T.
(o5
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(4.15)

(4.16)

(4.17)

(4.18)

Repeating the same step above, just taking |(u + M)_|?(u + M)_, we have that

there exists My and T3 such that

|(u+ M)_|PT2de < e, for any t>Ty, M > M,y

Qu-M)
where (u + M)_ denotes the negative part of (u + M), that is

u+ M, ifu<—-M,

(u+ M) ::{ 0, ifu>-M.

We obtain by using (4.18) and (4.19),

(4.19)

|(|u| = MPT2da = / [(u— M 2dz+ / |(u+ M'PT2dx < 2,

Q(jul>M) Qu>M) Qu<—M)

where ¢ > max{Ts, T3}, M = max{M, M,} then

|u|PT2de = / ((Ju| = M) + M'**2dg

Q(Ju[=2M") Q(Ju|=2M")

< 9+ / (Ju] = M+2dz) + / M2 dy)

Q(ju>2Mm") Q(ju[>2M")
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< or+( / (Ju| — MP+2dg + / (Ju| — M+2dz),
Qlu|>M) Q(|lu]>M")
Thus, we have
lulPt2dx < 2°F3¢.
Q(lu[>2M")
Last inequality completes the proof of lemma. ([

For the proof of uniformly asymptotic compactness in W3 (Q), first we will give
some a priori estimate on u; in Lo(€2)-norm.

Lemma 5. Assume that the conditions of Theorem 8 are satisfied. Then for any
7 € R and any bounded subset B C W3 (Q)NL,42(Q) there exists a positive constant
T, =T (B,7) > 0 such that:

/ufdeR for all t>1T, u, €B (4.20)
Q

for any translation bounded ho(t) and h{(t) in LY°(R, L(2)), where uy(s) = % Uy rytis) lt=s,
R depends on 11, a1, ||kl L, 00)-
Proof. We denote by u; = v and by differentiating (1.1),(1.2) in time, we get
v — Ao+ va(@)(p + 1) [ul? — vb(@)(v + 1) [ul” = hj(b),
%:; + k(a')v =0,
multiplying the first equality by v integrating over 2 and using the conditions of
Theorem 1 we obtain that

G [Pde <200+ 0+ ko +3) [Pdo IOl (420)
Q Q
We will show that there exist 77 > 0 and M/ > 0 such that V¢ > T7,
t+1
/ /vzdxds < M. (4.22)
t Q
Integrating inequality (4.7) from ¢ to t + 1, we have:
T - a@lt @R 1
[ il oy s G IVl o+ [ (G~ H o [k 1) =
t Q

a(@)ul*™? _ b(x)[ul"*
p+2 v+2

o0
1 1
(317l + [ o+ % [aa )
Q o0
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t4+1

—|—//h0(t)utdxds,
t 0

here we use inequality (4.3), then V¢ > T + 1 (which is the proof of Lemma 3), we
obtain that:

¢l p+2 v+2
5 [ Tl s+ Gl (I B0 [ hamaty ey <
t Q o0
1 2
Mz + S l1hollzy ;a0
then
L a(a)|ul* bl 3
3 [ Tl opds + (f (CR— — 2R+ <
t Q

2
RO sy (4 1)+ Mo+ 5 ol
applying Holder inequality and using Lemma 3, we have the following inequality
Vt Z To + 1:
t+1

1 koc3 1 bymeas(Q) M b,
3 / w7, () ds < 5 2y 4+ M + §||h0|‘ig(R;L2(Q)) + ;
t

v+2 v+2

Thus we obtain (4.22). Consequently combining (4.21) with (4.22) and uniform
Gronwall lemma we obtain (4.20).
]

Corollary 2. We assume that the conditions of Theorem 3 are satisfied. Then the
processes {U,(t,7)}, 0 € X possesses a uniform global attractor A in L2(Q) for any
translation bounded h € LY°(R; Lo(€2)).

Proof. If we consider Lemma 3 and embedding W3 () N L,42(Q) C Lo(Q), we
have an absorbing set in Lo(Q2). Asymptotic compactness property of the processes
{U,(t,7)}, 0 € ¥ is clear because of compact embedding W3 (Q2) N L,12() —
L2(9). Hence, we have the existence of the uniform attractor A in Ly(£2) immedi-
ately. O

Lemma 6. We assume the conditions of Theorem 8, then the family of process
{Uy(t,7)}, 0 € & is uniform asymptotically compact in W (Q) .

Proof. We need to show that for any {u, } C By, 0, C Zandt, — oo, {Us, (tn, Tn) 52,
is precompact in W4 (). Denote by uS" (t,,) := {U,, (tn, Tn)}ur, . We need to prove
that {uZ"(t,)} is a Cauchy sequence in W3 () :

s () =ug () [z ) = Nl (b)) =ug (b)) 17,0 (@) HIIVUR" () = Vg (bl 2, ()
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here

902 00) =V ) e = [ (V2 00) =5 0 (V5 (80) =57 (1)
Q

_ / (AU (b)— U7 (b)) (U (b)) 0% (£~ / k() (U0 (b))~ (b)) 2da
o0

= = [z (t) — T () (G 6) = ey (b))
Q

- / (up (tn) = wg (tm)) (@(@)[uy [Pugr = b(@)[up™ [“un — a(@)|ug (Em) Pz (tm)
Q

Fb(@)|ug (tm)["ug (tm))dz — /(UZ" (tn) = uy (tm))(om — on)dz
Q
= [ () = g )P
o0
by using conditions we have:
(1 = koc3) [ Vg™ (tn) — Vg (tm) 12, )
ag ag d ag d o
< llunr () = un™ ()o@l pun () — um ()l 2a@) + (b1(p +1)
JFkOC%)”“Zn (tn) — ugy (tm)”%Q(Q) + llow — Jm”Lz(Q)Huzn (tn) — ugy (tm)”Lz(Q)'

Consequently
2 (£) = 2 (o) g ey

1 [eg [eg d g g
< W(”unn (tn) = um ()l Lo (@l oy (un” () = un (tm))l 22 ()
bi(p+1) + kocj
1-— kocg

1 g g
+177k003”0" — omllo@llun” (tn) — up™ (tm) | Lo () -

+(

+ Dllug (tn) — uf (tm) 17, (0

Here if we use asymptotic compactness in Ly(€2) and inequality (4.20) then we
obtain asymptotic compactness in W (£2). O

Now we are ready to prove Theorem 3.

Proof of Theorem 3. From Corollary 2 and Lemma 5, it is easy to verify that
{Us(t,7)}, 0 € ¥ has uniformly asymptotic compactness in L,12(£2). If we consider
also Lemma 3 and Lemma 6, we can obtain the existence of uniform global attractor
in W3 (2) N L,12(2) immediately by using Theorem 3.9(which is in [5]). O
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