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1. Introduction

Let Y* denote the set of all functions from a topological space X to a semi-uniform space Y, and let C(X,Y) € Y¥
represent the subcollection of all continuous functions. In the case where Y is endowed with a uniform structure U, the
corresponding topologies of uniform convergence have been the subject of extensive study, most notably in the
foundational work of Kelley [1]. Additional foundational insights are offered by Bourbaki [2], who highlights the critical
role that uniform structures play in defining topologies on spaces of functions.

The concept of a semi-uniform space, first introduced by M. Husek [3, 4] in 1964 , extends the classical notion of uniform
spaces by relaxing some of their axioms. This idea was further developed by M. Katé tov and Z. Frolik in their
contributions to the revised edition by E. Cech [5]. A comprehensive treatment of both uniform and semi-uniform
structures can also be found in the work of W. Page [6], which serves as a fundamental reference on the subject.

The authors previously studied various topologies of semi-uniform approximation defined on Y%, analyzing their
properties, comparing them, and investigating the conditions under which they can be equivalent.

Statistical convergence was originally introduced for sequences of real numbers by H. Fast [7] and H. Steinhaus [8], both
inspired by the notion of asymptotic density of subsets of N. However, the initial traces of statistical convergence can be
found in the first edition of Zygmund’s classic monograph [9], published in 1935. Since then, this type of convergence
has found numerous applications in mathematical analysis and topology, leading to a substantial body of research in
recent years [10-12].

When dealing with sequences of functions, the topological nature of the codomain plays a crucial role in determining the
mode of convergence. With this in mind, we further specialize the target space to be uniform, thus improving and
extending the previous notion. Pointwise and uniform statistical convergence for sequences of functions taking values in
uniform spaces was obtained in [13].

In this study, we undertake a detailed investigation of statistical convergence within function spaces equipped with semi-
uniform convergence topologies, which extend the classical uniform convergence framework by relaxing certain axioms.
Within this setting, we examine and compare both pointwise and uniform types of statistical convergence, emphasizing
how the semi-uniform structure affects their behavior. Our analysis focuses on determining the exact conditions under
which a statistically pointwise convergent sequence also satisfies statistical uniform convergence, thereby illuminating
the relationships and transitions between these convergence types in generalized topological environments. This approach
provides a natural framework for understanding how weaker forms of uniformity can still preserve essential convergence
properties, offering a bridge between classical and generalized convergence theories.
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2. Preliminaries
In this section, we will give basic information about semi-uniform spaces and statistical convergence of sequences of
functions.

The basic definitions and theorems in this chapter, and even more, can be found in [5] and [6].

A semi-uniformity or a semi-uniform structure on the set Y is a family U of subsets of the set Y X Y with the following
properties:

(SUL) Ay SV forallV € U;

(SU2) IfV € U, then V™! € U

(SU3) IfVeUandV € W, then W € U;
(SU4) IfV,W € U, then V N W € U.

The pair (Y,U) is called a semi-uniform space, where A, = {(y,y):y € Y} is the diagonal of Y and V™1 =
{(y,x): (x,y) € V}is the inverse of V.

(US) IfV € U, there is some W € U such that W2 € V, where W2 =W o W = {(x,y) €Y x Y:3z € Y such that
(x,z) € W and (z,y) € W}.

The pair (Y, ) is called a uniform space if U is a semi-uniform structure and (U5) is satisfied.
The elements of semi-uniformity are called entourages of Y X Y or entourages on Y.
The non-emptiness of U, taken together with (SU3) and (SU4), states that U is a filteron Y X Y.

Let U be a semi-uniformity on a set Y. A base for U is a subcollection 8 € U such that every element of U contains some
element of B. Clearly, any base for a semi-uniformity is also a filter base for the corresponding filter .

IfV = V™1, then V is called symmetric. The set of all symmetric elements of a semi-uniformity U forms a base for .
Foranyx € Y,andV C Y X Y, define
Viyl]={z€Y:(y,z) eV}, and V[A] = lEJAV[y],
y

for A € Y. If U is a semi-uniformity, then the collection {V[y]: V € U} forms a filter on Y foreach y € Y.

Now, suppose U is a semi-uniformity on Y. Then there exists a unique topology Ty on Y, such that {V[y,]:V € U} is a
neighborhood base at y, € Y. Equivalently, 7y is given by:

Ty = {0 S Y:foreachy € 0, there exists V € U such that V[y] € 0}.
This topology Ty is referred to as the topology generated by the semi-uniformity .

Finally, let X be a topological space, and let (Y, ) be a semi-uniform space. These settings will be assumed throughout
the article.

The authors have previously studied topologies of semi-uniform convergence, the definitions of which are given below.
Consider a collection U of subsets of X that covers X. For each A € W and V € U, define the set:
Va={(f,9) EY* xYX: (f(x),g(x)) €V forall x € A}.

This collection {V,: A € U,V € U} forms a subbase for a semi-uniformity on Y*, which we refer to as the semi-uniformity
of semi-uniform convergence on the sets in . The topology generated by this uniformity, denoted as 7y , is called the
semi-uniform topology on 2 or the topology of semi-uniform convergence on 2. A base for this topology consists of the
following sets:

Valfl1={g €Y*:(g.f) € Vi}.

IfA=FX)={A4c X:Ais finite}, A = K(X) = {4 S X: A is compact}, or A = {X}, then the corresponding semi-
uniformities 2 4 are called the semi-uniformities of pointwise, compact, and semi-uniform convergence, respectively.
The topologies induced by these structures are referred to as the topologies of pointwise, compact, and semi-uniform
convergence, and denoted by 7y, Tsx, and 74, respectively.

Let f be a function from a topological space X into a semi-uniform space (Y, ). Then f is said to be continuous at a
point x, € X if, for every entourage V € U, there exists an open set O, S X containing x, such that (f(x,), f(x)) €V
for all x € O, .

The function f is said to be continuous on X if it is continuous at each point x € X [14].
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If A © N, then A(n) denotes the set
A(n) ={k € A:k < n}.
The natural (or asymptotic) density of A4 is given by

54) = lim 2!

n—oo n

if it exists. Here the density is in [0,1]. Clearly, finite subsets have natural density zero. A subset A of N is said to be
statistically dense if §(A) = 1 [15]. We recall also that

6(N\4) =1-4(4),

forA c N.
A sequence (x,)ney In a topological space X is said to converge statistically to x € X, if for every neighborhood O of x,

6(fneN:x, ¢ 0}) =0.
For X = R or for a first countable space X, equivalently this definition says that there exists a subset A € N with §(4) =
1 such that the sequence (x,)neq converges to x, i.e., for every neighborhood O of x, there is ny € N such that n > n,
andn € A imply x,, € O [15].
This will be denoted by x,, ot x, where 7 is a topology on X.

The following definitions for a topological space X and a uniform space Y are given in [13]. In the present work, we shall
adopt these definitions specifically in the context of semi-uniform convergence on Y*, generalizing the classical notions
of statistical convergence.

Definition 1. A sequence (f;,)ney in Y¥ is said to be (pointwise) statistically convergent to f if for each x € X and for
eachV el

5({n € N: (£u(x), fF()) € V}) = 0
and is denoted by f,, % f.

Definition 2. A sequence (f,)qen in Y is said to be uniformly statistically convergent to f on X if for each V € U,
S{neN:(f,(x),f(x)) g Viorallx e X}) =0

. st-u
and is denoted by f;, — f.s.

3. Main Results
Definition 3. A sequence (f,) ey in (Y%, Ty) is said to be statistically convergent to f if for each A € U and for each
Veuy,

S({n €N: (fp, /) € Va}) = 0.

that is,

S({neN:(f,(x), f(x)) ¢V, forall x € A}) = 0.
We call f the statistical limit of (f;,).
By Definition 1, Definition 2 and Definition 3, we easily obtain the following propositions.
Proposition 4. Let (f;) ey be asequence in Y*, f € YX and A = F(X). If (f;,) is statistically convergent to f belonging
to the space (Y%, Tsp), then (f,) is pointwise statistically convergent to f. That is, if f;, St—: f, then f, 5 f.
Proposition 5. Let (f,,),en be a sequence in Y¥, f € YX and A = {X}. If (f,) is statistically convergent to f belonging
to the space (Y*,74,), then (f;,) is uniformly statistically convergent to f. That is, if f;, t—> f, then f;, o f.

Theorem 6. Let (Y,) be a Hausdorff semi-uniform space. If a sequence (f;)ney in Y* is statistically convergent, then
its statistical limit is unique.

Proof. Let (Y, ) be a Hausdorff semi-uniform space. Suppose that (f;,),en 18 statistically convergent to both f and g.
That is,

SneN:f, ¢V, [f]H =0 VAeUV el
S(neN:f, g Vg]lH) =0, VAeUAVEeEU
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Since (Y, ) is Hausdorff, the intersection of all entourages is the diagonal
NV={»ylyer}
Veu

If for some x € X, f(x) differs from g(x), then we can find an entourage I € U such that (f(x), g(x)) does not belong
to V . Thus, there is a set A containing x and an entourage V such that

Valf1nV4lg] = @.

However, since f; statistically converges to both f and g, we have

S((neN:f, eV4lfID =1,

((n€N:f, e Vulgl}) = 1.

Since V,[f] and V,[g] are disjoint, this would imply that there exist infinitely many n such that f,, belongs to both sets,
which is a contradiction. However, both have natural density 1, and two disjoint subsets of N cannot each have density
1. Hence, we conclude that f = g, proving the uniqueness of the statistical limit.

st—tgsp

St—Tgy
Theorem 7. Let (f;)ney be a sequence in YX and f € YX. Iff, — f, thenf, — f.

St—T
Proof. Assume that f, S f. That is, for each entourage V € U,

S({neN:f, € Vx[f]}) = 0.

By definition of Vy[f], we obtain
Vk[f1=1{g € Y*:(g(x), f(x)) EV,Vx € X}.

This means that whenever f,, € Vx[f], it satisfies

(), f(x)) €V, VxeX.
Thus, for each fixed x, the event

{neN:(f(x), f(x)) € V}
is a subset of

{n €N: f, & Vx[f]}.

St—=Tsp
Since the latter has density zero, the former must also have density zero. Thatis, f, — f.

The converse of the previous theorem need not be true in general.

Example 8. Let X = [0,1] and let Y be a semi-uniform space that is not necessarily a uniform space. Define the function
sequence (f;,) in Y* as follows

1
1, € [0,—],

fu) =1 * €07
0, otherwise.

Define f(x) = 0 forall x € [0,1]. We show that (f,,) is pointwise statistically convergent to f, but it fails to be statistically
uniformly convergent.

For each fixed x # 0, there exists N, such that for all n = N, we have f,,(x) = 0. Thus, for each x, §({n € N: f,,(x) #
f(x)}) = 0. This implies that (f,,(x)) statistically converges to f (x) pointwise.

However, uniform statistical convergence fails. Consider the set
Sp={x €[0,1] | fo(x) # f(x)} = [0,1/n].

Although S, shrinks as n — oo, the semi-uniform structure on Y does not necessarily induce a fully uniform topology.
Since the entourages in a semi-uniform structure are not necessarily transitive, there exists an entourage V such that

6({n € N: f & Vx[f1}) > 0.

This implies that (f;,) does not statistically converge to f uniformly. Thus, we have an example where statistical pointwise
convergence holds but statistical uniform convergence fails.

Definition 9. A filter U of subsets on Y X Y is called locally-uniformity if it is a semi-uniformity and for all V' € U and
y €Y, there is a W € U such that

Wew)lyl € Vyl
Then the pair (Y, ) is called locally-uniform space [16].
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Lemma 10. Let (Y, ) be a locally-uniform space and IV € U. Then, there exists a symmetric entourage W € U such that
WoWoWCV.

Proof. Let V € U be given. By the definition of a locally-uniform space, for each y € Y there exists an entourage U, € U
such that

Uy > Uy)[y] € VIyl.
For every finite subset {y;, ..., ¥x} € Y, set

U

Yk = Uy, NN Uy,

Since U is a filter, each finite intersection U, _,, belongs to U. Choose one such U and note that for each y; in the chosen
finite family,

U e W)[yi] € Uy, o Uy )il € VIyil-

Hence U o U € V on the corresponding part of Y. Because U is a semi-uniformity, there exists W' € U such that W' o
W' <€ U. Now define

w=wnw)H™
Then W € UWand W is symmetric. Finally,
WoWoWCW oW oW CUW CUUCV.

Thus, there exists a symmetric entourage W € Usuchthat W oW o W C V.

St—Tgy
Theorem 11. Let (Y, ) be a locally-uniform space. If a sequence (f;,)ney in C(X,Y)and f, — f,thenf € C(X,Y).

Proof. If (f;,) is statistically convergent to f belonging to the space (C(X,Y),1s,) and let x, € X. We prove that f is
continuous at x,. Let V € U be given. Since (Y, U) is locally-uniform, there exists a symmetric W € U such that

WoeWoWCV.
Since f;; = f uniformly statistically (appears from Proposition 5), the set
A={neN:(f,(x),f(x)) & Wforall x € X}
has asymptotic density 0. Thus, we can choose ny, € N\A such that
(fno(x), f(x)) W forall x € X.
In particular, we conclude

(Fno (%0), f (%)) EW.

Since f,, is continuous at x,, there exists an open neighborhood O, of x, such that

(g (X0), fny(x)) EW  forall x € Oy,.
Let x € Oy,. Using (1), (2), and (3), we obtain
Fxo) fX)EWeWeW V.

Hence, for all x € Oy, we arrive at (f (xo), f(x)) € V, and so f is continuous at x,. Since x, was arbitrary, we conclude
that f € C(X,Y).

4. Conclusion

In this paper, we have extended the concept of statistical convergence to function spaces equipped with semi-uniform
convergence topologies. We have examined the relationships among pointwise, uniform, and semi-uniform statistical
convergence and identified conditions under which one type implies another. The preservation of continuity under
statistical convergence in locally uniform spaces was also established. These results generalize several known statistical
convergence properties from uniform to semi-uniform settings, broadening the theoretical foundation of convergence
structures in function spaces. Possible directions for further research include the study of statistical convergence in more
generalized frameworks, such as grill-based or filter-based convergence structures, and exploring semi-uniform statistical
Cauchy sequences. Another promising line of investigation is the development of analogous results for ideal or net
convergence in semi-uniform spaces.
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