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Abstract: Abrasive Waterjet cutting technology is more environmentally friendly than other methods like plasma and laser cutting. As 

a cold cutting method, it does not use flammable gases. Furthermore, it uses water and natural garnet as abrasive materials. The 

amount of waste is significantly lower compared to other methods. This study aims to increase cutting speed and efficiency while 

lowering carbon emissions by controlling the taper angle and enhancing machine sensitivity. The primary objective of this study was to 

optimize errors caused by the kerf and the taper angle in a waterjet cutting machine, both mechanically and during the cutting process. 

The goal of increasing precision was achieved successfully. A 10 mm thick SS314 Steel was processed using a CNC waterjet cutting 

device. Mechanical compensation was performed using a laser-based algorithm that measured and compensated for values at 10 mm 

intervals along the X and Y axes. After determining the waterjet's taper angle, the 5-axis cutting head was aligned perpendicular to the 

edge to ensure accuracy. The most efficient cutting parameters were found to be a pressure of 3.750 bar, an abrasive flow rate of 0.4 

kg/m, a 1.02 mm nozzle, a 0.35 mm orifice, and 80 mesh garnet abrasive. The cutting speed was set at 300 mm/min. The taper angle 

was 1 degree, and the 5-axis machining head was positioned perpendicularly to the material's edge. Cutting was performed by tilting 

the head by 1 degree to effectively eliminate the taper angle effect. Design FMEA, as defined by the FMEA Tables of the IATF 16949 

Automotive Standard, is typically used to identify the most critical characteristics. The patent for this original study is registered with 

the Patent Office (Patent no: TR 2018 20101). The improvements in cutting angle and precision have increased machine efficiency, 

which in turn has led to higher cutting speeds and reduced carbon emissions. By controlling the cutting angle, a thinner kerf is created, 

which leads to a reduction in waste. 
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1. Introduction 
Automation and digital transformation are critical for the 

success of manufacturing firms. Accordingly, the 

formulation of strategies and the translation of strategic 

objectives into concrete, actionable initiatives in this 

domain are of paramount importance (Oner et al., 2024). 

Using the abrasive water-jet cutting method, all types of 

materials can be cut efficiently without thermal effects or 

the need for equipment changes (Ibaraki and Knapp, 

2014). The cutting process is performed by directing 

water, with or without an abrasive onto the material 

(Rajamani et al., 2022). The water is pressurised by 

pumps to create high-pressure jet. During the cutting 

process, a consistent standoff distance between the 

nozzle and the material, as well as a stable feed rate, 

must be maintained. For this purpose, cutting machines 

are integrated with automatic feed rate control. 

Water jet technology was invented in the late 1800s for 

pressure-water washing in the mining industry. in the 

early 1900s, experiments were conducted to cut rocks 

using pressurized water which led to the development of 

a 500 bar waterjet. Equipment capable of generating 

2.750 bar pressure was developed in the 1970s, leading 

to the first industrial waterjet cutting system in 1972. 

Since then, abrasive material has been added to the 

pressurized water stream, allowing for more efficient 

cutting of hard materials. Today, waterjet systems can 

generate pressures up to 6.200 bar. 

There are two major cutting methods in waterjet 

technology: pure waterjet and abrasive waterjet. In pure 

waterjet cutting, no additional material is added to the 
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water sprayed onto the workpiece. This method is used 

for cutting materials with relatively low hardness. In 

abrasive waterjet cutting, an abrasive (such as garnet) is 

added to the water stream. This method is used for very 

hard and thick materials, including titanium-tungsten 

alloys, carbon steels, and stainless steels. It is also used 

for soft metals like aluminum, copper, brass, and lead, as 

well as for hard non-metallic materials like glass, marble, 

granite, and ceramic. 

The physical mechanisms of the abrasive waterjet cutting 

(AWJ) process are largely imperceptible to operators. In 

brief, AWJ flow theory describes the jet as a supersonic, 

three-phase flow consisting of a fluid (water and air).  

During cutting and drilling operations, this complex flow 

is rapidly confined to a limited area. Boundary conditions 

fluctuate, and pressurized water exhibits approximately 

15% compressibility at 400 MPa. 

The hydraulic power (P), required to produce a high-

velocity water jet through an orifice is directly 

proportional to the product of the pressure (p) and the 

flow rate (Q) (equation 1): 
 

𝑃 = 𝑝 
𝑄

𝑐
 (1) 

 

In this equation, c is a constant equal to 60, where P is 

expressed in kilowatts (kW), p in megapascals (MPa), and 

Q in liters per minute (l/min). For instance, the flow rate 

can be determined using Bernoulli’s principle. The flow 

rate through an orifice with cross-sectional area A is 

given by equation 2. 
 

𝑄 = 𝑐𝑑𝐴 √2𝑝/𝜌 (2) 
 

Where A = d2/4, with d denoting the orifice diameter, cd 

representing the discharge coefficient (typically 0.65), p 

indicating the pressure, and ρ denoting the density of 

water. 

According to the KMT waterjet manual and operation 

book, waterjet technology can meet the cutting needs of 

various industries and handle complex shapes. Abrasive 

waterjet cutting systems integrated with CNC (computer 

numerical controlled) systems can easily perform cutting 

procedures involving numerous zigzags, sharp edges, 

very narrow angles, and very small diameters (Hsu and 

Lei, 2003; Lianjun et al., 2014; Polzer et al., 2014; Lu et 

al., 2020) 

The primary benefit of waterjet technology is its nature 

as a cold cutting process. Because the material 

experiences neither mechanical nor thermal stress 

during cutting, no post-cutting stress relief treatments 

are required. Any material can be cut without creating a 

thermal effect (Ibaraki and Ota, 2014). Thus, undesired 

hardening, burns, deformations, any droplets, molten 

metal residues and poisonous gas on the material are 

eliminated. Moreover, the sandwich materials and the 

material pairs with different combustion points or 

melting temperatures, which cannot be cut using laser or 

plasma technology, can be cut with a water jet (Rajamani 

et al., 2022). 

Krajcarz D. discusses the comparison of waterjet cutting 

with laser and plasma cutting. This reference could be 

cited in the introduction when discussing environmental 

benefits and cold cutting nature of waterjet technology 

are mentioned, particularly in sentences like "Metal 

Cutting technology with Abrasive Waterjet is more 

environmentally friendly than other plasma and laser 

cutting methods and is a cold cutting method that does 

not use flammable gases." or "Moreover, the sandwich 

materials and the material pairs with different 

combustion points or melting temperatures, which 

cannot be cut using laser or plasma technology, can be 

cut with a water jet". (Krajcarz D. 2014) 

Wan L at al. examine the sustainable and clean 

applications of steel slag for abrasive waterjet machining. 

It could be cited when discussing the study's objectives 

related to sustainability and carbon emission reduction. 

Relevant sentences include "With this study, it is aimed 

to increase the cutting speed by controlling the taper 

angle and increasing the machine sensitivity, and to 

increase efficiency and lower carbon emission." or "Since 

there is an improvement in cutting angle and cutting 

precision, the machine efficiency is increased, therefore 

the cutting speed is increased and carbon emission is 

reduced. (Wan et al., 2023) 

Yun et al. (2019) focus on optimizing energy 

consumption with hybrid laser-waterjet. It can be cited 

when discussing energy efficiency and carbon emission 

reduction in your paper. A suitable place for this 

reference would be in the conclusion, for example, after 

the sentence "Thanks to patented mechanical 

improvements and software compensation with taper 

angle control to achieve the desired precision edge 

cutting quality, the cutting speed has been increased by 

approximately 30%, which means that the work is done 

30% faster and 30% energy is saved." 

Wang et al. (2019) present a comprehensive kinematic 

error compensation strategy for a double swivel head 

used in five-axis abrasive water jet (AWJ) machining 

systems. The authors develop a mathematical model to 

quantify the kinematic errors resulting from rotary axis 

deviations and mechanical imperfections. Using a multi-

body system approach, the compensation algorithm 

significantly improves the accuracy of the cutting head’s 

motion, leading to enhanced cutting precision and 

surface quality. Experimental validation demonstrates 

that the proposed compensation method reduces angular 

errors and improves geometric consistency in complex 

3D cutting operations.  

Chen et al. (2019) address the persistent issue of shape 

inaccuracies in the cut-in and cut-out regions during 

abrasive water jet cutting processes. The paper proposes 

a correction model that accounts for dynamic changes in 

jet pressure and traverse speed at the beginning and end 

of the cutting path. By modifying toolpath parameters 

and introducing predictive error modeling, the authors 

successfully mitigate edge deformation and 

discontinuities. Experimental results confirm that the 
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approach reduces shape deviations, particularly in high-

precision applications involving intricate geometries.  

Lin et al., focuse on the visualization and evaluation of 

spatial kinematic rotation errors in five-axis abrasive 

water jet cutting heads. Lin et al., propose a novel method 

using coordinate measuring techniques and spatial 

analysis to capture rotational inaccuracies in real time. 

The study highlights how cumulative errors in the A and 

C rotary axes affect the final tool orientation and cutting 

quality. The visualized error distributions provide critical 

insights for calibration and compensation strategies, 

ultimately leading to more accurate five-axis AWJ 

machining (Lin et al. 2021.) 

Since no material combustion or melting occurs during 

the cutting process, no chemical pollution arises. Due to 

this advantage, there is no need for additional investment 

such as gas suction, treatment or filtration. The waterjet 

does not create any direct pressure effect on the material 

being cut. The mechanical reaction involved in the 

cutting process operates at a micro-molecular level, 

preventing material deformation and the formation of 

burrs, even though the "water jet" carries a high amount 

of "kinetic energy." 

In the waterjet cutting process, the cutting edges have an 

astonishing clarity, eliminating the need for a deburring 

process, which would create an additional cost. Due to 

the very small cutting mark (max 1.1 mm), material 

losses are minimized. It is possible to cut narrow or 

sharp edges, depending on the diameter of the waterjet 

beam. Without any modifications, the same cutting tool 

can be used to cut materials of different thicknesses 

simply by changing the cutting speed. 

Waterjet cutting experiments were conducted and the 

results on the response properties of the process 

variables and second order regression models were 

evaluated. In addition, statistical multiple response 

optimization was performed to improve the cutting 

quality properties.  

FMEA is an important technique used by many quality 

systems. FMEA is a powerful analysis technique for 

preventing errors by estimating risks. It is based on the 

principle that the problem arising from the occurrence of 

the error is perceived as the customer. In FMEA studies, 

probability, severity and detectability are estimated for 

all identified faults. Accordingly, actions that should be 

taken, planned or ignored are evaluated.  

Benefits of FMEA: 

 It is an important opportunity to make fundamental 

changes successfully. 

 It enhances the product or service's quality, 

reliability, and safety. 

 It boosts the company's image and strengthens its 

competitiveness. 

 It contributes to enhancing customer satisfaction. 

 It cuts down on product development time and costs. 

 Sets priorities in design development activities. 

 Helps initiate corrective and preventive actions. 

 Lists potential defects and their effects. 

FMEA is performed by a team; it cannot be performed by 

a single person. This team may consist of 3 to 7 people 

(preferably 5), and an interdisciplinary approach is 

useful. The team is led by a team leader, who should be 

selected from individuals who have received FMEA 

training.  

The FMEA team leader is a guarantor of the method's 

application and organizes the team's work, including 

setting the meeting agenda, guiding the meeting, 

preparing the meeting report, and ensuring the work 

continues. 

Since the aim of FMEA is to prevent known or possible 

failures are identified before they reach the customer, 

some predictions need to be made. Prioritization is one of 

the most important points of the method and there are 

three criteria for this. 

 Probability refers to the frequency at which failure 

occurs. 

 Severity is the seriousness and effects of the error 

 Detectability: The ability to detect the error before it 

reaches the customer 

The value of these criteria ranges from 1 to 10. Priority is 

established based on the Risk Priority Number(RPN), 

which is determined by evaluating these three criteria. 

Once an FMEA is initiated, it becomes a living document. 

It should be updated whenever there are significant 

changes in the design and process. A design FMEA can be 

considered complete when it is approved for production 

and a start date is given. (Karacan et al., 2021) 

A process FMEA is considered complete once all 

operations have been identified and evaluated, and 

critical and important features are incorporated into the 

quality control plans. 

One of the most competitive sectors is the automotive 

industry. The FMEA technique is explained much more 

effectively in the IATF 16949 standard, which is the 

automotive quality management system. The basic 

functions of the product are defined as special 

characteristics in this standard and in this framework, 

special characteristics are definitely addressed in quality 

studies. In addition, unlike the classical FMEA, corrective 

action is not only initiated when the risk priority number 

is above 100, but also when the severity value is 8 and 

above. In order to calculate the probability severity and 

detectability values more accurately, the relevant tables 

have been prepared in a much more understandable way 

in this standard. For these reasons, the FMEA developed 

for the automotive quality standard was used in our 

study (Table 1). 
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Table 1. FMEA Scoring Criteria Based on IATF 16949 

PFM PFE Sev Prob. Det. RPN Prevention/Action 
Responsible/

Termin 
Sev. Prob. Det. RPN 

Taper 
angel 

All 
products 

can be 
scrap. 

8 5 4 160 
A axis mut be 

calibrated 
U. Simsir 8 2 4 64 

Cutting 
edge 
quality 

Some 
products 

can be 
scrap. 

8 4 4 128 
Cutting pressure and 
sutting speed must be 

calirated 

U. Simsir, 
Software 

developer, 
R&D 

Manager 

8 2 4 64 

Nozzle 
Size 

Cutting 
velocity 
may be 

low 

7 4 4 112 
Nozzle size must be 

checked and changed 

U. Simsir, 
R&D 

Manager 
7 2 4 56 

Orifice 
size 

Cutting 
pressure 
may be 

low 

7 3 3 63 
Orifice failure must be 
checked and may need 

to change orifice 

No Corrective 
action is 
required 

    

Abrasive 
grade 

Cost may 
be 

increased 
6 3 3 54 

Abrasive mesh size 
must be checked and 
may need to change 

abrasive 

No Corrective 
action is 
required 

    

PFM= potential failure mode, PFE= potential failure effect 

 

The flowchart of the developed system is as follows:  

1. The distance of the material from the nozzle is 

measured. 

2. The material type and thickness are input into the 

CNC software. 

3. The software selects the cutting pressure and cutting 

speed. 

4. The taper angle is calculated based on the distance 

from the nozzle tip to the lowest surface of the 

material. 

5. The taper angle is compensated with the 5th axis (A-

axis) to be perpendicular to the material's cut surface. 

6. Mechanical errors in the X and Y axes are 

compensated by the volumetric error software. 

7. While the X, Y, and C axes work interpolated during 

cutting, the A-axis is automatically positioned to 

remain perpendicular to the cut material surface. 

The patent of this original study is registered by the 

Turkish Patent Office (Simsir and Bicer, 2018 Patent no: 

TR 2018 20101) 

 

2. Operating principles and functionalty of 

water jet cutting systems 

In water jet cutting systems, a high-pressure pump 

produces a water pressure of 4.000-6.000 bar. This 

pressurized water is driven through steel pipes to the 

pneumatic valve on the machine's cutting head. Using the 

valve control, the pressurized water in the cutting head is 

transferred through the orifice and mixed with the 

abrasive. The material is then cut by the water exiting the 

nozzle. This process is referred to as a "water jet" 

because the flow rate of water passing through the orifice 

is increased to approximately three times the speed of 

sound. The inner diameter of the orifice typically ranges 

from 0.20 mm to 0.35 mm. The selection of the orifice 

size, which depends on the pump capacity and the 

amount of water transferred, is a crucial factor for 

ensuring a high-quality cutting process (Figure 1). Garnet 

abrasive with a particle size of 80–120 mesh is 

transported along with the water exiting the orifice 

through the nozzle, which has an inner diameter typically 

ranging from 0.60 mm to 1.02 mm. Approximately 2–3 

mm is maintained between the tip of the nozzle and the 

material, and cutting is performed by the water exiting 

the nozzle. Abrasive carrying systems are used not only 

to transport the abrasive by creating a vacuum with the 

waterjet exiting the orifice but also to achieve a more 

uniform flow. The abrasive-infused waterjet, propelled 

by the nozzle, must move forward at a consistent speed. 
 

 
 

Figure 1. The connection between orifice diameter and 

flow rate min (Liu et al., 1998). 

 

3. Materials and Methods 
3.1. Nozzle Movability and Cutting Speed Selection 

Experiments 

During the cutting process, if the surface geometry is 

uneven — for example, if there are dips or bulges — the 

distance between the nozzle and the surface changes. 

This variation negatively affects the cutting quality, as 

consistent stand-off distance is critical for optimal 

results. Ideally, the nozzle should maintain a constant 

distance of 2–3 mm from the surface. To address this, an 

obstacle detection sensor is used to detect any 
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irregularities in the surface. When a hole or a raised area 

is detected, the sensor adjusts the nozzle's position 

accordingly to maintain a consistent cutting height.  

The nozzle ability to move adaptively offers several 

advantages, including: 

i. improved quality of cutting 

ii. reduces costs (e.g. lower garnet and energy  

consumption) 

iii. reduced time loss 

iv. increased the cutting speed 

Cutting speed varies depending on the purpose. In this 

case, because the cutting surface quality of the material 

was not a primary concern and the goal was simply to 

separate the parts, the fastest cutting speed (rough cut) 

was selected. In addition, the nozzle-orifice combination 

and abrasive flow rate were selected based on 

experiments conducted for this application to achieve the 

optimum cutting speed. Nozzles with inner diameter of 

0.60-1.02mm and sapphire orifices with a beam diameter 

of 0.20mm (0.008”) and 0.35mm (0.014”) were used. 

Tests conducted at different pressures and flow rates 

determined that the optimum cutting process is achieved 

with a pressure of 3.750 bar and abrasive flow rate 

0.4kg/m a 1.02mm nozzle diameter and 0.35mm orifice 

beam diameter. The results are presented in Figure 2. 
 

 
 

Figure 2: Cutting speeds for 10mm thickness of SS314 

steel with different orifice-nozzle combinations and 

abrasive flow rates. 

 

The waterjet’s taper angle was aligned perpendicular to 

the cutting edge using a 5-axis cutting head. The conic 

angle of the waterjet was set to 1 degree and oriented to 

compensate for taper formation. By tilting the cutting 

head precisely by 1 degree, the taper effect was 

effectively eliminated, resulting in a perpendicular cut 

profile. Accordingly, the most efficient cutting level 

parameters are shown in Figure 3. 
 

 
 

Figure 3. Taper angle as a function of speed. 

 

3.2. Volumetric Compensation 

In the aviation industry, automation systems are 

required for the high accuracy of the workpieces and 

machines. Complex 5-axis machines are used for 

machining large workpieces and their accuracy depends 

on the tolerances determined during production and the 

temperature created during the machining. Volumetric 

compensation has become a fundamental necessity in 

especially in the aviation industry to meet these demands 

(Bohez, 2001; Givi and Mayer, 2014). 

3.3. Improvement of Machining Tolerances 

Machining errors can occur for many reasons, including 

design, kinematics, and assembly-related features. 

Volumetric compensation is a feature used for correcting 

machining errors (Ibaraki et al., 2012; Harnicarova et al., 

2013;). The best way to correct some of these errors is to 

design the machine correctly, but this is not always 

possible or economical. The C and A axes of the machine 

designed to adjust the taper angle are shown in Figure 4.  

 
 

Figure 4. Nozzle structure C and A axes. 

 

Figure 5 shows that the taper angle is adjusted to be 

perpendicular to the material's edge using these axes. 
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Figure 5. Tapering angle of Nozzle and correction. 

 

3.4. Easy Volumetric Compensation 

Machining errors may have various reasons related to 

design, kinematics or assembly. "Easy Volumetric 

Compensation” allows the correction of machining 

errors. The best way to fix some of these errors is to 

design the machine correctly. However, sometimes this 

may not alwats be possible or economical. It may also be 

impossible or unacceptably expensive to increase the 

hardness for medium- or large-sized machines. For this 

reason, classical error correction instruments should be 

integrated with more advanced instruments that allow 

adaptation to different machine designs, even with 

certain kinematics. In general, "Easy Volumetric 

Compensation" requires the identification of 25 control 

points per axis. For this reason, the calibration of points 

and their integration into the CNC are much faster. This 

process improves machine accuracy and is more 

economical because it eliminates the need to hire third-

party companies to perform the measurements. Much 

more accurate and reliable improvements are achieved 

in many machines, even without achieving the accuracy 

levels of Standard Volumetric Compensation (Figure 9) 

(Lianjun et al., 2014). The waterjet cutting machine used 

in this study is shown in Figure 6. Since the appropriate 

temperature conditions were selected, no temperature 

compensation was performed.  
 

 

 

 

 

 
 

Figure 6. Waterjet Cutting machine structure and axes. 
 

Volumetric compensation is a method used to improve 

the accuracy of CNC machine tools by correcting 

geometric and kinematic deviations. Depending on the 

machine size and required precision, different levels of 

volumetric compensation can be applied. This section 

classifies them as small, medium, and large, based on the 

complexity and calibration requirements. 

3.5. Small-Scale Volumetric Compensation 

This is the simplest and fastest volumetric compensation 

method, generally applied to compact machines or 

systems requiring basic correction. The compensation 

volume is defined using 25 control points. 

It corrects basic transmission and alignment errors. 

Compensation tables are generated by the calibration 

software and can be manually edited on the CNC 

interface. The machine manufacturer must define 

essential parameters such as the axes involved, position 

ranges, and compensation limits. 

Although this method allows for rapid calibration, it is 

less accurate than more advanced techniques. 

3.6 Medium-ScaleVolumetric Compensation 

(Volumes >10 m³) 

Medium-scale compensation is suitable for larger 

machines where more complex geometric deviations 

must be corrected. 

It targets compensation volumes larger than 10 m³. 

A total of 21 geometric errors are corrected, including 

axis misalignments, squareness deviations, and 

rotational shifts. 

Compensation tables are generated by the calibration 

software but cannot be edited through the CNC interface. 

The manufacturer only needs to specify the relevant axes. 

All other parameters are embedded within the 

calibration application by default. 

This method provides higher accuracy compared to 

small-scale compensation but requires a longer 

calibration process. 

3.7. Large-Scale Volumetric Compensation (Very 

Large Machines) 

Large-scale compensation follows the same methodology 

as medium-scale, but is applied to machines with 

significantly greater working volumes and higher 

demands on geometric accuracy. 
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Applicable for machine volumes well above 10 m³, 

typically in aerospace or heavy-industry equipment. 

All 21 geometric error types are compensated in greater 

detail. 

Calibration and compensation are fully handled through 

dedicated software, with minimal manual input on the 

CNC side. 

Provides the highest level of geometric correction, but 

requires the most time-intensive calibration process. 

Volumetric compensation, when properly implemented, 

allows manufacturers to significantly reduce geometric 

deviations. By classifying compensation methods based 

on machine size and complexity, users can select the 

most appropriate approach to ensure optimal machine 

accuracy. 

The main reasons for the lack of “accuracy”, and 

“precision” in a “machine tool” might arise from the 

geometrical failures that might originate from production 

montage, misuse and the production machine wearing 

that might cause early deformation (Liu et al., 1998; Liu 

et al., 2014; Öner et al., 2024). Volumetric compensation 

chart is shown in Figure 7. 
 

 

 

 
 

Figure 7. Volumetric compensation chart. 

 

"Volumetric compensation" corrects geometric errors by 

enhancing the accuracy and reproducibility of machines. 

The volume to be compensated is defined as a point 

cluster, where the error is measured and corrected at 

each point. 

Standard volumetric compensation can be costly, as it 

requires significant time and expensive equipment to 

collect and apply all the compensation points to the CNC. 

While this cost is generally accepted for large, high-

performance machine tools, it is harder to justify for 

smaller or medium-sized machines. Therefore, 

depending on the end-user’s needs, a simpler volumetric 

compensation algorithm can be employed. This algorithm 

simplifies the process and is adaptable to any machine 

(Lianjun et al., 2014; Patel and Ehman, 1997; Polzer et al., 

2014; Veldhuis and Elbestawi, 1995). 

Easy volumetric compensation limits the number of 

points to 25 per axis, making calibration faster and 

integration into the CC simpler. It significantly improves 

accuracy while being quicker and easier to implement, 

which is a key benefit for small-sized machines. 

Although traditional ball screw and cavity compensation 

can still be used, it is not necessary, as volumetric 

compensation already addresses these errors. However, 

these compensation tables can also be used and 

automatically integrated into the CNC compensation 

matrix (Liu et al., 1998). 

 

4. Modeling the volumetric errors 

In modeling the volumetric errors of machines, a "1 error 

twist" is applied to each "component error" of the driver. 

After aligning the twist bends with the working space, 

they are processed through the "kinematic model" of the 

"five-axis machine" as described in (Bohez, 2001; Bohez 

2002; Feng et al., 2019; Rajamani et al., 2022). 

4.1.Measurement and representation of geometric 

error for 5 axis machine 

An unconstrained rigid object has six degrees of freedom 

(DOF) in space. As a result, any linear axis is associated 
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with six error components corresponding to these six 

DOFs. For example, a linear motion along the X-axis can 

cause three translational errors (δx(x), δy(x) δz(x)) in the 

X, Y, and Z directions and three rotational errors (εx(x), 

εy(x) εz(x)) about the X, Y, and Z axes. In the 5-axis 

machine, the rotation of the Cutting Head about z is 

defined as the C-axis, and the rotation about x and y axes 

is defined as the B-axis as shown in Figure 8. These six 

errors are also called position-dependent geometric 

errors (PDGEs). As a result, for a typical 5-axis machine 

tool, there are a total of twenty-one geometric error 

components, including three squareness errors (Sxy, Sxz, 

Syz) caused by assembly imperfections between the 

three linear axes. These errors are measured and 

compensated by the software. The three squareness 

errors are constant regardless of the command position 

of the linear axes and are also called position-

independent geometric errors (PIGEs) (Hsu and Wang, 

2007; Polzer et al., 2014; Okafor and Ertekin, 2000; 

Ramesh et al., 2000; Schwenke et al, 2008). 
 

 
 

Figure.8. Position-dependent geometric errors (PDGEs). 

 

4.2. Error twists (ξe) 

The "geometric errors" between the "tool-tip" and the 

"workpiece" are represented using error twists. Consider 

that the "machine" is ideally positioned at "Pd" and that 

the "linear axis" or "rotational axis" of the "rotary drive" 

is ideally directed along "ωd." However, the "actual 

machine position" might be at "P," and the "axis" could 

exhibit an "angular error" denoted by "θe." The "ideal 

twist" (ξd) and the "actual twist" (ξ), which include these 

geometric errors, are expressed as follows equation 3: 
 

𝜉𝑑 = [𝑞𝑑 × 𝜔𝑑𝜔𝑑]𝑇, 𝜉 = [𝑞 × 𝜔𝜔]𝑇 (3) 

 

The conversion from the "ideal twist" ξd to the "actual 

twist" ξ results from an "error motion" represented by 

(e^ξ θe). The "error twist" (ξe) includes both an "angular 

geometric error" (θe), which lies along the "common 

perpendicular" between the "ideal" and "actual axis 

lines," and a "linear positional error" (d) of the "axis." The 

"error twist" is expressed as ξe = [Ve ωe]^T (equations 

4 and 5). 
 

𝜔𝑒 =
𝜔𝑑 × 𝜔

sin 𝜃𝑒
, ℎ𝑒 =

𝑑

𝜃𝑒
=

|𝑞 − 𝑞𝑑|

𝜃𝑒
 (4) 

𝑣𝑒 =
𝑞 × (𝜔𝑑 × 𝜔)

sin 𝜃𝑒
+ ℎ𝑒

𝜔𝑑 × 𝜔

sin 𝜃𝑒

=
𝑞𝑑 × 𝑞

𝑑
+  

𝑞 − 𝑞𝑑

𝜃𝑒
 

(5) 

 

If the "angular geometric error" is zero (θe = 0), the 

"actual axis line" becomes parallel to the "ideal axis line." 

As a result, the "twist vector" consists solely of 

"translational errors" (ωe = 0, he = ∞), and the "error 

twist" simplifies to equation 6: 
 

𝜉𝑒 = [
𝑞 − 𝑞𝑑

𝑑
0

]   (6) 

 

When “d = 0,” meaning “he = 0” and “q = qd,” the “actual” 

and “ideal axes” align perfectly with no “linear errors.” 

Consequently, the “error twist” reflects only “angular 

errors.” (equation 7). 
 

𝜉 = [
𝑣𝑒

𝜔𝑒
] = [

𝑞 × (𝜔𝑑 × 𝜔)

sin 𝜃𝑒

𝜔𝑑 × 𝜔

sin 𝜃𝑒
]

𝑇

 (7) 

 

For example, if the “rotary drive” (C) has a “tilt error” 

(ɛyc) about the “Y-axis,” the “coordinate system” of the “C 

drive” is defined in the “MCS” as “q = [Ox Oy Oz]^T”. 

According to equation 8, “ωe” and “ve” are given as 

follows: 
 

𝜔𝑒 = [0 1 0]𝑇    

𝑣𝑒 = 𝑞 × 𝜔𝑒 = [

𝑂𝑥

𝑂𝑦

𝑂𝑧

] × [
0
1
0

]     (8) 

 

As a result, this leads to the formation of the “error twist” 

expressed as "ξ_e = [v_e ω_e]^T". The “geometric 

errors” for all “axes” can be described similarly Table 2 

presents the “geometric errors” of the “AC axis table” that 

provides tilting for the “five-axis machine tool”. (Xiang 

and Altintas, 2016; Yang and Altintas, 2013; Yang et al., 

2015). 
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Table 2. Error twist components for the AC axis of the five-axis rotary table 

X- axis Y- axis Z- axis Squareness Error A- axis C- axis PIGEs Rotary axes 

δxx δyy εzz Sxy δxa Δxc δxoc Sboa 

δyx δxy εxz Syz δya Δyc δyoc Scoa 
δzx δzy εyz Sxz δza Δzc δyoa Saoc 

εxx εxy εxz  εxa Exc Δzoa Sboc 

εyx εyy εyz  εya Eyc (ISO 230-7) 

εzx εzy εzz  εza Ezc  

 

5. Results 
The squareness measurement results made before and 

after the improvements are shown in Figure 9 and Figure 

10 and. The measurement and software precision 

improvement results made before and after the 

improvements are shown in Figures 11, 12, 13 and 14.  
 

 
 

Figure 9. Squareness test, before compensation. 

 
 

Figure 10. Squareness test, after compensation. 
 

 
 

Figure 11. X axis, before software compensation. 
 

 
 

Figure 12. X axis, after software compensation. 
 

 
 

Figure 13. Y axis, before software compensation. 

 
 

Figure 14. Y axis, after software compensation. 
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Scanning Electron Micrograph Experiments showed that 

for higher cut surface quality with abrasive waterjet, 

there is a need to reduce the cutting speed of the material 

with more precise positioning. In this study, the results 

were compared by making the tapering angle 

perpendicular to the cutting edge on a 5-axis CNC 

waterjet machine. This machine was chosen as the 

workpiece material and its mechanical sensitivity was 

increased by compensation.  

Cuts were made on a sample in three different ways: with 

taper and without compensation, with taper and with 

compensation, and with vertical and with compensation. 

The optimum control parameter settings were: water 

pressure = 3.500 bar, abrasive flow rate = 400 g/min, 

nozzle inner size = 1.01 mm, and orifice = 0.35 mm. 

Scanning electron microscopic (SEM) results of the 

cutting surface are shown in Figure 15. The experimental 

results definitively demonstrate the success of this 

application, yielding a significantly improved surface 

quality, with Ra values improving from Ra=400 µm (a) to 

Ra=25 µm (c). A more precise measurement tolerance 

was achieved, leading to superior edge cutting quality at 

higher speeds and a notable increase in machine 

efficiency. 
 

 
 

Figure 15. SEM photographs of the “cutting surface”. 

 

From the scanning electron micrographs, it is understood 

that when the abrasive hits the hard steel workpiece with 

high pressure, brittle fracture occurs and the surface is 

not fully worn during the angled and inaccurate 

positioning cut. It has been observed that fracture and 

abrasion are better in cutting by making perpendicular 

and precise positioning to the cutting surface. 

 

6. Conclusion  
The widespread adoption of waterjet cutting machines 

globally is often hindered by inefficiencies stemming 

from the waterjet’s inherent taper angle. This taper angle 

significantly compromises cutting surface quality as 

cutting speed increases. This study successfully 

addressed these limitations by implementing a novel 

approach: orienting the conical water jet exiting the 

nozzle perpendicularly to the cutting surface and 

incorporating mechanical compensation to enhance 

machining tolerances in waterjet systems. 

The experimental results definitively demonstrate the 

success of this application, yielding a significantly 

improved surface quality. A more precise measurement 

tolerance was achieved, leading to superior edge cutting 

quality at higher speeds and a notable increase in 

machine efficiency. The utilization of a 5-axis nozzle, 

coupled with axis compensation, proved highly effective, 

reducing the cutting tolerance from 400µm to a 

remarkable 25µm. This breakthrough in achieving more 

precise cutting at elevated speeds significantly expands 

the application areas for waterjet cutting machines. 

Furthermore, the patented mechanical improvements 

and software compensation with taper angle control, 

which enable the desired precise edge cutting quality, 

have resulted in approximately a 30% increase in cutting 

speed. This translates directly to a 30% reduction in 

processing time and a corresponding 30% energy saving. 

Additionally, the reduction in kerf due to controlled 

cutting angles has led to a decrease in waste and material 

savings. As a future endeavor, further studies could 

explore optimizing process duration by experimenting 

with various taper angle values under pressures up to 

6.000 bar. 
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