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This paper investigates various Multiple Signal Classification (MUSIC) algorithms for Direction
of Arrival (DoA) estimation, including Traditional MUSIC', 'Root MUSIC', 'Forward/Backward
Spatial Smoothing (FBSS) MUSIC', and 'Improved/Modified MUSIC'. The study elaborates on
the principles underlying each algorithm and explores the factors influencing the accuracy of
DoA estimation, such as the number of array elements, antenna spacing, number of snapshots,
Signal-to-Noise Ratio (SNR), and scanning angle resolution. Through extensive MATLAB
simulations employing the Monte Carlo method, the performance of these algorithms is evaluated
and compared in scenarios involving coherent, non-coherent, and single/dual-source incident
signals. The Root Mean Square Error (RMSE) is calculated as a function of the aforementioned
parameters to quantify estimation accuracy. Additionally, the computational efficiency of each
algorithm is assessed by comparing their execution durations. The results provide valuable
insights into the strengths and limitations of each MUSIC variant, offering guidance for their
application in practical DoA estimation tasks.
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1. INTRODUCTION (GIRiS)

Bu calisma, Geleneksel MUSIC, Kok MUSIC (Root MUSIC), ileri/Geri Uzaysal Yumusatma
(FBSS) MUSIC ve Gelistirilmig/Degistirilmis MUSIC dahil olmak {izere, Gelis Agisi (DoA)
kestirimi i¢in ¢oklu sinyal siniflandirma (MUSIC) algoritmalarini incelemektedir. Caligma, her
bir algoritmanin temel prensiplerini detaylandirmakta ve dizi eleman sayisi, anten araligi, anlik
goriintii sayisi, Sinyal-Giiriiltii Oran1 (SNR) ve tarama agisi ¢oziniirliigii gibi DoA kestirimi
dogrulugunu etkileyen faktdrleri arastirmaktadir. Monte Carlo ydntemi kullanilarak
gerceklestirilen kapsamlt MATLAB simiilasyonlar araciligiyla, bu algoritmalarin performanst,
esfazli (koherent), esfazli olmayan (non-koherent) ve tek/cift kaynakli gelen sinyal
senaryolarinda degerlendirilmis ve karsilagtirilmistir. Kestirim dogrulugunu nicelendirmek igin,
bahsedilen parametrelerin bir fonksiyonu olarak Ortalama Karekok Hata (RMSE) hesaplanmustir.
Ek olarak, her bir algoritmanin hesaplama verimliligi, yiiriitme siireleri karsilastirilarak
degerlendirilmistir. Sonuglar, her bir MUSIC varyantinin gii¢lii ve zayif yonlerine dair degerli
bilgiler sunarak, pratik DoA kestirimi uygulamalarinda kullanimlarina yonelik rehberlik
saglamaktadir.

filtering. From past to present, numerous parametric

Direction of Arrival (DoA) estimation is a
fundamental problem in array signal processing,
with wide-ranging applications in radar, sonar,
wireless communications, and acoustic sensing.
Accurate DoA estimation enables the localization of
signal sources [1], which is critical for tasks such as
target tracking [2], beamforming, and spatial

algorithms [3]-[6] and deep learning-based methods
[7]-[10] have been developed for direction-of-
arrival estimation. Among the various techniques
developed for DoA estimation, the Multiple Signal
Classification (MUSIC) algorithm has emerged as
one of the most prominent and widely used methods
due to its high resolution and robustness in resolving
closely spaced sources.
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The MUSIC algorithm [11], introduced by Schmidt
in 1986, leverages the eigenstructure of the
covariance matrix of received signals to estimate the
DoA of multiple sources. Its ability to achieve
super-resolution capabilities has made it a
cornerstone in array signal processing. However,
the performance of MUSIC is influenced by several
factors, including the array configuration, signal
coherence, and environmental noise. Over the years,
numerous variants of the MUSIC algorithm have
been proposed to address these challenges and
enhance its applicability in diverse scenarios. These
include 'Root MUSIC' [12], which improves
estimation accuracy by transforming the spectral
search into a polynomial rooting problem;
'Forward/Backward Spatial Smoothing (FBSS)
MUSIC' [13]-[14], which mitigates the degradation
caused by coherent signals; and
'Improved/Modified  MUSIC' [15], which
incorporates advanced techniques to further refine
estimation performance.

In the literature, numerous studies are available
related to the traditional MUSIC algorithm [16]-
[19], the Root MUSIC algorithm [20]-[23], the
FBSS MUSIC algorithm [24]-[27], and the
Improved/Modified MUSIC algorithm [28]-[31].
Despite the advancements in MUSIC-based
algorithms, a comprehensive comparison of their
performance under varying conditions remains an
area of active research. Factors such as the number
of array elements, antenna spacing, number of
snapshots, Signal-to-Noise Ratio (SNR), and
scanning angle resolution significantly impact the
accuracy and efficiency of DoA estimation.
Understanding the interplay between these factors is
essential for optimizing the design and deployment
of array systems in practical applications.

This paper aims to provide a detailed analysis of
four MUSIC algorithms—Traditional MUSIC,
Root MUSIC, FBSS MUSIC, and
Improved/Modified MUSIC—in the context of
DoA estimation. Through extensive MATLAB
simulations employing the Monte Carlo method, the
performance of these algorithms is evaluated and
compared under scenarios involving coherent, non-
coherent, and single/dual-source incident signals.
The Root Mean Square Error (RMSE) is used as a
metric to quantify estimation accuracy, while
computational efficiency is assessed by comparing
algorithm durations. By examining the strengths
and limitations of each algorithm, this study seeks
to offer valuable insights for researchers and
practitioners in selecting and implementing the
most suitable MUSIC variant for their specific
application needs.

The main contributions of this paper are
summarized as follows:
1. Comprehensive Evaluation of MUSIC

Variants: It is performed a detailed
comparative analysis of four key MUSIC
algorithm derivatives—Traditional MUSIC,
Root MUSIC, FBSS MUSIC, and
Improved/Modified ~ MUSIC—highlighting
their operational principles and performance
trade-offs.

2. Performance Assessment under Diverse Signal
Conditions: It is systematically evaluated each
algorithm's accuracy in estimating Direction of
Arrival (DoA) for coherent, non-coherent, and
single/dual-source signal scenarios, addressing
practical challenges in real-world signal
environments.

3. Impact Analysis of System Parameters: It is
investigated how  various  system-level
factors—including number of array elements,
inter-element spacing, snapshot count, SNR,
and angle scanning resolution—affect the DoA
estimation performance, using Root Mean
Square Error (RMSE) as a performance metric.

4. Computational Efficiency Comparison: The
study includes an execution time analysis to
assess the computational demands of each
algorithm, providing insights into their
suitability for real-time applications.

5. Simulation-Driven Insights via Monte Carlo
Analysis: Extensive MATLAB-based Monte
Carlo simulations support our findings,
ensuring statistical robustness and offering
practical guidance for algorithm selection
based on performance and complexity.

The remainder of this paper is organized as follows:
Section 2 provides a brief overview of the
theoretical foundation underlying Direction of
Arrival (DoA) estimation using Uniform Linear
Arrays (ULAs), with a particular focus on the
subspace-based MUSIC family of algorithms.
Section 3 details the specific formulations and
processing steps of each MUSIC variant studied in
this work. In Section 0, it is presented and discussed
the comparative performance results based on
RMSE and computational time metrics. Finally,
Section 5 concludes the paper with a summary of
key findings and recommendations for future
research directions in high-resolution DoA
estimation.
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2. MATHEMATICAL MODEL
(MATEMATIKSEL MODEL)

A uniform linear array with M elements is
considered for capturing L narrowband coherent
and/or non-coherent signals. Here, each source
impinges on the array from a distinct direction,
denoted as 6, for k=1, 2, ..., L; where the index k
distinguishes each individual source. Moreover, the
spacing between adjacent elements is bounded by
d <2, where 1 represents the wavelength of the
incoming signals [32]-[33].

Figure 1. Structure of a uniform linear antenna
array (Diizgiin dogrusal anten dizisinin yapis1)

Figure 1. illustrates the configuration of the antenna
array, where both the array and the incoming signals
are assumed to lie within the same plane.

Here, the matrix representation of the L incident
signal sources on the array elements can be
formulated in terms of the signal vector as:

S() = [S1(®),S2(®), ....SL®]" 1)

By selecting the first element of the antenna array
as the reference, the received signals across the M
array elements can be arranged into the following
matrix form:

R(t) = AS(t) + N(t) (2)

R(t) = [Ri(t) -R;(®) - Ry@®]"  (3)

In this formulation, N(t) is defined as the noise
vector representing the total noise across all array
elements, while A denotes the steering vector
matrix, which can be expressed as:

A = [a(6,) - a(6y) - a(6)] )
and
.2mdq . . 2amdygy T
a(6y) = [1e—JTsm<ek),__ oI M-1 L sin ()
(5)

3. THE MUSIC ALGORITHMS (MusIC
ALGORITMALARI)

3.1. Traditional MUSIC Algorithm (Geleneksel
MUSIC Algoritmast)

MUSIC algorithm is an advanced spectral
estimation technique that employs eigenvalue
decomposition to determine the direction of arrival
(DOA) of incoming signals. Using the orthogonality
principle, the method decomposes the received
signals correlation matrix into signal and noise
subspaces, where the DOA is estimated by
identifying steering vectors that are orthogonal to
the noise subspace. This approach ensures the
accuracy of the DOA estimation [11].

The covariance matrix V. is defined as:

Ve = E[RRY] (6)

Since the signal and noise are independent, the data
covariance matrix can be separated into distinct
signal and noise components:

VC = AVSAH + VN (7)

Here, Vg represents the signal correlation matrix,
while AVgAH corresponds to the signal component.
A corresponds to the steering vector matrix, which
characterizes the directional response of the array to
incoming signals from different angles and Vy is
the noise correlation matrix and can be expressed as:

Ve = Pgypn+ PNZP,{}’ ©)

The correlation matrix can be decomposed into
components associated with the signal and noise
subspaces, where Pg and Py serve as the respective
bases, as illustrated below:

Ve = Pgypn+ PNZP,{}’ ©)
The DOA can be estimated through a minimal
optimization search, as:

a(@)Py = 0 (10)

(11)

Omusic = argmin.at (6)PyPHa(0)

By reformulating the above equation in inverse
form, a spectral function is obtained, with peaks
detected using spectral peak search to estimate the
DOA signals, as demonstrated below:

1
P =
M a1 (0)Py P a(6)

(12)
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3.2. Improved/Modified MUSIC Algorithm
(Gelistirilmig/Degistirilmis MUSIC Algoritmasi)

Traditional MUSIC struggles with coherent signals.
To enhance performance, a transformation matrix
F and the complex conjugate of R are applied,
yielding the received signal matrix W and its
covariance Vyy [15]:

Vi = E[WWH] = FV*F (13)

The matrices V¢ and Vyy are integrated to construct
V:

V= AV(AR + FIAVGART'F + 2621 (14)

The noise subspace derived from the eigen-
decomposition of V is used to construct the spatial
spectrum and detect its peaks.

3.3. Root MUSIC Algorithm (ksk MUSIC Algoritmasr)

The Root MUSIC algorithm recasts conventional
spectral peak search into a polynomial root-finding
approach via a defined polynomial [12], [20] -[22].

Here, the signal angles are determined by selecting
steering vectors that, due to their orthogonality with
the noise subspace, yield a null response, thereby
facilitating the formulation of a corresponding
polynomial [12]:

P(y) = AHpyPHA (15)

where K x K correlation matrix is assumed and the
steering vector A is represented as:
2md .
e—]Tsm(e)-O
.2md .
e—]Tsm(G)-l

(16)

.2md .
e_]T Sln(e)'z

.2md .
-e_]T sin(6)-(K-1) |

Due to noise, the L roots of P(y) closest to the unit
circle are selected and the corresponding signal
angles are calculated using:

j% sin(0)

y=e a7

A
0, = arcsin [ﬂ arg(yk)] (18)

3.4. FBSS MUSIC Algorithm (FBSS MUSIC
Algoritmast)

Considering the ULA defined in the mathematical
model section, spatial smoothing is applied to

obtain the average covariance matrices for the
forward and backward subarrays, denoted as Vs and
Vy, respectively, as in [13]-[14]:

U
v, = %z E[R] (t)R,{H(t)] (19)
i=1

U
v, = %Z Fror®] o)

Here, U denotes the total number of subarrays,
with the xt" forward and backward subarrays
represented by R,{ (t) and R2(t), respectively. The
corresponding covariance matrices for spatial
smoothing are formulated in:

Vi +V,

Vey = 21
b > (21)

After constructing the covariance matrix and
obtaining the noise subspace Py via eigenvalue
decomposition, the DOAs are estimated from the
peaks of the following pseudo-spectrum:

Pppss(0) = (22)

ot (8)PyPff a(8)

4. SIMULATION RESULTS AND ANALYSIS
(BENZETIM SONUCLARI VE ANALIZLER)

Simulations were conducted in different scenarios
to compare the performances of MUSIC algorithms.
Direction-finding estimations of the algorithms
were obtained, and errors were calculated by
generating coherent and noncoherent signals for
single source and dual sources cases.

4.1. Single Source Incident Signal (Tek Kaynaktan
Gelen Sinyal)

The results of single source direction of arrival

estimation include 'RMSE-Number of Array
Elements’, 'RMSE-Spacing between  Array
Elements’, 'RMSE-Number of Snapshot' and

'RMSE-SNR' graphs obtained via the Monte Carlo
method. Lastly, the effect of the scanning angle
resolution on the error has been observed and the
duration of the traditional MUSIC algorithm for
different scanning angle resolution has been
calculated. For each iteration of each scenario, the
direction of arrival is randomly generated between
—80° and 80°. The angle of arrival of the generated
signal is not an integer, and calculations are
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performed up to the fourth decimal place. Besides,
the noise is assumed to be Additive White Gaussian
noise for all these experiments. The simulation
parameters are provided in Table 1.

Table 1. Simulation parameters for single source

experiments (Tek kaynakli deneyler igin simiilasyon
parametreleri)

Parameters Values
Number of sources 1
(non-coherent)
Number of sources 0
(coherent)
Direction of arrival | Randomly between —80°
(azimuth) and 80°. (e.g., —73,6139°)
Dlrectl_on of arrival Fixed at 90,0000°
(elevation)
Noise type Gaussian

4.1.1. Number of Array Elements (Dizi

Elemanlarinin Sayisi)

Simulations were performed for thirteen different
numbers of array elements (M) from 8 to 32 using
the parameters given in Table 2 to examine the
effect of SNR on direction-finding performance.

Table 2. Simulation parameters for different

number of array elements (M) (Farkl: sayida dizi eleman:
(M) i¢in simiilasyon parametreleri)

Parameters Fig2a | Fig2b | Fig2c
Number of array | 4.-. .. .
elements (M) 8:2:32 | 8:2:32 | 8:2:32
Spacing between | 1/10,

array elements (d) | 1/2 A/10 A/10
Number of 10,

snapshots (N) 100 1000 100
Signal to noise | ) -15 dB,
ratio (SNR) 15dB | -15dB | o5 g
Number of | 1000 | 1000 | 1000
iterations per M

Based on these simulations, it can be observed that
an increase in number of antennas M reduces the
RMSE for all algorithms. In all graphs of Figure 2;
Traditional MUSIC, FBSS MUSIC, and Improved
MUSIC algorithms provide nearly identical results
as expected since there is no second coherent/non-
coherent source. The ROOT MUSIC algorithm
yields the best results among the algorithms. As can
be seen in Figure 2(a), as expected, lower RMSE
values are obtained with a half-wavelength (1/2)
antenna spacing (d),compared to a one-tenth
wavelength (1/10) antenna spacing. Besides, using

more snapshots (N), and higher SNR levels results
in lower RMSE values as can be seen in Figure 2(b)
and Figure 2(c), as expected.

2A - RMSE Values when d =N2 & N10; SNR =-15dB ; N =100
I
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Figure 2. RMSE vs. number of array elements (M)
graphs for a) 2 different spacing between array
elements (d), b) 2 different number of snapshot (N),

c¢) 2 different SNR levels (a) Dizi elemanlar arasinda 2
farkli uzunluk (d), b) 2 farkli 6rnek sayisi (N), ¢) 2 farkli SNR
seviyesi i¢in RMSE ve dizi elemanlar1 sayis1 (M) grafikleri)
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The number of array elements plays a critical role in
determining the resolution and accuracy of MUSIC-
based DoA estimation algorithms. Increasing the
number of elements in a Uniform Linear Array
enhances the array aperture, thereby improving
angular resolution and enabling the detection of
closely spaced sources. For all MUSIC variants
studied, performance generally improves with more
array elements, as the signal and noise subspaces
become more distinguishable, leading to sharper
spatial spectra and reduced estimation errors.
Notably, algorithms like Root MUSIC and FBSS
MUSIC particularly benefit from a higher number
of elements, with FBSS MUSIC leveraging the
increased spatial diversity to mitigate the effects of
signal coherence. However, this performance gain
comes at the cost of increased computational
complexity, particularly for methods involving
matrix eigendecomposition and root solving.

4.1.2. Spacing Between Array Elements (Dizi
Elemanlar1 Arasindaki Bosluk)

Simulations were performed for ten different
spacing values between array elements (d), from
(A/10) to (A/2) using the parameters given in Table 3
to examine the effect of SNR on DoA performance.

Table 3. Simulation parameters for different space

values between array elements (d) (Farkli sayida
antenler arasi uzaklik (d) igin simiilasyon parametreleri)

Parameters Fig3a | Fig3b | Fig 3c
Number of array 8, 8 8
elements (M) 24

Spacing  between | A/k; Mk MKk
array elements (d) = 2:11(: 10 = 2:11(: 10 = 2:11(: 10
Number of 10,

snapshots (N) 100 1000 100
Signal to noise ratio | i -15dB,
(SNR) 15dB | -15dB | o5 4
Number of | 1000 | 1000 | 1000
iterations per d

Based on these simulations, it can be observed that
an increase in spacing between array elements
(d) reduces the RMSE for all algorithms. In all
graphs of Figure 3; Traditional MUSIC, FBSS
MUSIC, and Improved MUSIC algorithms provide
nearly identical results. The ROOT MUSIC
algorithm yields the best results among the
algorithms. Besides, as can be seen in all graphs of
Figure 3, using more antennas (M) or using more
snapshots (N) or higher SNR levels result in lower
RMSE values as expected.
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The spacing between array elements significantly
influences the performance of MUSIC and its
variants in DoA estimation. Ideally, the inter-
element spacing should be set to half the signal
wavelength (4/2) to prevent spatial aliasing and
ensure unambiguous angle detection. If the spacing
exceeds 4/2, grating lobes may appear in the spatial
spectrum, leading to incorrect DOA estimates,
especially in Traditional and Root MUSIC.
Conversely, spacing less than 4/2 results in reduced
array aperture, which degrades angular resolution
and limits the ability to distinguish closely spaced
sources. Across all MUSIC variants, optimal
spacing helps maintain a well-conditioned array
manifold and improves subspace separation,
thereby enhancing estimation accuracy. Variants
like FBSS MUSIC are particularly sensitive to
element spacing, as their smoothing operations
assume a uniform and alias-free array geometry.

4.1.3.  Number of Snapshots (Anlik Orek Sayisi)

Simulations were performed for ten different
numbers of snapshots from (N) 10 to 10.000 using
the parameters given in Table 4 to examine the
effect of SNR on direction-finding performance.

Table 4. Simulation parameters for different

number of snapshots (N) (Farkl: sayida Ornek Sayist (N)
icin simiilasyon parametreleri)

Parameters Fig4a | Figdb | Fig4c
Number of array 8, 8 8
elements (M) 24

Spacing between 1/10,

array elements (d) A/10 A/2 A/10
Number of | 10:10000 | 10:10000 | 10:10000
snapshots (N)

Signal to noise | i -15dB,
ratio (SNR) 15dB | -15dB | Sz 45
Number of | 1000 | 1000 | 1000
iterations per d

Based on these simulations, it can be observed that
an increase in number of snapshots (N) reduces the
RMSE for all algorithms. In all graphs of Figure 4;
Traditional MUSIC, FBSS MUSIC, and Improved
MUSIC algorithms provide nearly identical results.
The ROOT MUSIC algorithm yields the best results
among the algorithms. As can be seen in Figure
4(b), as expected, lower RMSE values are obtained
with a half-wavelength (1/2) antenna spacing
(d) compared to a one-tenth wavelength (1/10)
antenna spacing. Besides, using more array

elements (M) or higher SNR levels results in lower
RMSE values as can be seen in Figure 4(a) and
Figure 4(c), as expected.

4A - RMSE Valueswhen M =8 & 24; d =N10; SNR =-15dB
T

10?

Tradtiondl MUSIC (M =8)
—B— Improved MUSIC (M =8)
—+—FBSSMUSIC (M =8)
—*—ROOT MUSIC (M =8)
\ Traditional MUSIC (M =24)
; — B = Inproved MUSIC (M =24)
\\g — + —FBSSMUSIC (M =24)
\ — % —ROOT MUSIC (M =24)
10t
3
-
= RS i Lo
g NN T
m IS
o ~ - N B R
0 =
10 i o> : H
el e
N T P
~ e >
.
10" =
=

10t 102 10° 10*
Nurrber of Snapshot (N)

(@)

4B - RMSE ValueswhenM =8; d =N2 & N10; SNR =-15dB
I

102

. Traditionl MUSIC (d=N2) |
—— Improved MUSIC (d =N2)

. |—t—FBSSMUSIC (d=N2)

—%—ROOT MUSIC (d =N2)
Traditional MUSIC (d =N10)

~ & = Improved MUSIC (d =N10)

= + =FBSSMUSIC (d =N10)

— % —ROOT MUSIC (d=N10)

g b
o !

107

Nunrber of Snapshot (N)
(b)

4C - RMSE Valueswhen M =8; d =N10and ; SNR =-15 548
T T T

102

Traditional MUSIC (SNR =-15dB) |
—H— Improved MUSIC (SNR =-15dB)
—+— FBSS MUSIC (SNR =-15dB)
—— ROOT MUSIC (SNR =-15dB)

Traditional MUSIC (SNR =5dB)
— & —Improved MUSIC (SNR =5dB)
= + = FBSSMUSIC (SNR =5dB)

\ |- * —RoOT MUSIC (SNR =50B)

€L e R St Sl PR

102
10t 102 103 10*
Nurmber of Snapshot (N)

(c)
Figure 4. RMSE vs. number of snapshoot (N)
graphs for a) 2 different number of array elements
(M), b) 2 different spacing between array elements
(d), c) 2 different SNR levels ( a) 2 farkli dizi elemant
sayisi (M), b) dizi elemanlar1 arasinda 2 farkli uzunluk (d), ¢) 2

farkli SNR seviyesi icin RMSE ve anlik 6rnek sayisi (N)
grafikleri)

1128



Onat/ GU J Sci, Part C, 13(3): 1122-1136 (2025)

The number of snapshots (N), representing the
temporal samples collected during signal
observation, directly affects the estimation accuracy
of MUSIC-based algorithms. A higher number of
snapshots leads to a more accurate estimation of the
sample covariance matrix, resulting in improved
separation between the signal and noise subspaces.
This, in turn, enhances the resolution and robustness
of all MUSIC variants, particularly in low SNR
environments. Traditional MUSIC and Root
MUSIC show noticeable improvements in peak
sharpness and stability with increased snapshots,
while FBSS MUSIC benefits from more reliable
smoothing operations. However, in practical
scenarios where real-time processing or limited
observation time is required, the number of
snapshots may be constrained, which can degrade
performance and increase sensitivity to noise and
source correlation.

4.1.4.  Signal to Noise Ratio (Sinyal Giiriiltii Oran1)

Simulations were performed for eleven different
levels of SNR from -20 dB to 30 dB using the
parameters given in Table 5 to examine the effect of
SNR on direction-finding performance.

Table 5. Simulation parameters for different SNR
Levels (Farkli Sinyal Giiriilti Orami igin simiilasyon
parametreleri)

Parameters Fig5a | Fig5b | Fig5c
Number of array 8, 8 3
elements (M) 24

Spacing  between 1/10,

array elements (d) A/10 A/2 A/10
Number of 10,
snapshots (N) 100 100 1000
Signal to noise ratio | -20:5:30 | -20:5:30 | -20:5:30
(SNR) dB dB dB
Number of | 1000 | 1000 | 1000
iterations per d

Based on these simulations, it can be observed that
an increase in SNR level reduces the RMSE for all
algorithms. In all graphs of Figure 5; Traditional
MUSIC, FBSS MUSIC, and Improved MUSIC
algorithms provide nearly identical results. The
ROOT MUSIC algorithm vyields the best results
among the algorithms. As can be seen in Figure
5(b), as expected, lower RMSE values are obtained
with a half-wavelength (1/2) antenna spacing
(d) compared to a one-tenth wavelength (1/10)
antenna spacing. Besides, using more array

elements (M) or using more snapshots (N) results
in lower RMSE values as can be seen in Figure 5(a)
and Figure 5(c), as expected.
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Figure 5. RMSE vs. SNR graphs for a) 2 different
number of array elements (M), b) 2 different
spacing between array elements (d), c) 2 different
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Signal-to-Noise Ratio (SNR) is a critical factor
influencing the accuracy and reliability of DoA
estimation in MUSIC-based algorithms. At higher
SNR levels, the distinction between the signal and
noise subspaces becomes clearer, resulting in well-
defined spectral peaks and more accurate angle
estimation across all MUSIC variants. Root MUSIC
exhibits strong performance in high-SNR
conditions. However, all variants’ performance
deteriorates significantly as SNR decreases, leading
to blurred or misplaced peaks. Extremely low SNR
conditions remain challenging for all variants,
underscoring the need for careful algorithm
selection based on the expected noise environment.

4.1.5. Scanning Angle / Angle Resolution
(Tarama Agis1/ A¢1 Coziiniirligii)

Simulations were conducted for three different
resolutions from 1° to 0.01° using the parameters
given in the Table 6 to examine the effect of scan
angle resolution on direction-finding performance.

Table 6. Simulation parameters for different angle

resolutions (Farkli ag1 ¢oziniirlikleri igin simiilasyon
parametreleri)

Parameters Fig 6a

Number of array elements 8

Spacig B

pacing etween  array

elements (d) A/10

Number of snapshots (N) 100

Signal to noise ratio (SNR) -20:5:30 dB

Scanning angle resolution —-90°:1°:90°
-90°:0.1°:90°
—90°:0.01°:90°

Number of iterations per N 1000

As can be understood from the simulation results in
Figure 6(a), the error decreases as the SNR level
increases but never reaches zero. This is because the
required angle resolution to determine the exact
arrival angle of the signal is extremely small. As
seen in the graph, reducing the scan angle resolution
leads to lower RMSE values at high SNR levels, but
it produces similar results at low SNR levels.
Additionally, reducing the angle resolution by a
factor of 10 increases the humber of scanned angles
by the same factor, which proportionally extends the
algorithm’s runtime as seen in Figure 6(b).
Therefore, a trade-off exists in this scenario. In a
real system, this trade-off should be optimized
appropriately.

5 6A - RMSE Values when M =8 ; d=A/10; N =100
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Figure 6. a) RMSE vs. SNR graph and b) Durations
of the algorithms for 3 different scanning angle

resolutions (3 farkli tarama agisi ¢dziiniirligii igin a) RMSE
ve SNR grafigi ve b) algoritmalarin siireleri)

The scanning angle resolution, which defines the
angular step size used when evaluating the MUSIC
spatial  spectrum, significantly impacts the
performance and accuracy of the Traditional
MUSIC algorithm. Finer resolution allows for more
precise localization of the spectral peaks
corresponding to the Direction of Arrival (DoA),
leading to improved estimation accuracy—
especially when sources are closely spaced.
However, this comes at the cost of increased
computational burden, as more angle points must be
evaluated during the search. Conversely, a coarser
resolution reduces computational load but may
result in peak broadening or missed detections,
particularly under challenging conditions such as
low SNR or limited snapshots. Therefore, selecting
an appropriate scanning resolution involves a trade-
off between accuracy and processing efficiency, and
should be guided by the application's performance
requirements and available  computational
resources.
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4.2. Dual Source Non-Coherent Incident Signal
(Cift Kaynaktan Gelen Esfazli Olmayan Sinyaller)

The results of dual non-coherent source direction of
arrival estimation include 'RMSE-Number of
Snapshot' and 'RMSE-SNR' graphs obtained via the
Monte Carlo method. For each iteration of each
scenario, the direction of arrival of first source is
randomly generated between —80° and 80°. The
angle of the second source is plus/minus 20° of first
source. The angles of the generated signals are not
integers, and calculations are performed up to the
fourth decimal place. Besides, the noise is assumed
to be Additive White Gaussian noise for all these
experiments. The simulation parameters are
provided in Table 7.

Table 7. Simulation parameters for dual non-
coherent sources experiments (Cift kaynak esfazl

olmayan sinyallerle yapilan deneyler ig¢in simiilasyon
parametreleri)
Parameters Values
Number of sources 5
(non-coherent)
Number of sources 0
(coherent)
Direction of arrival | Randomly between —80°
(azimuth) and 80°. (e.g.,
—73,6139°,-53,6139°))
D|rect|_on of arrival Fixed at 90,0000°
(elevation)
Noise type Gaussian

Based on these simulations, it can be observed that
an increase in number of snapshots (N) and an
increase in SNR reduce the RMSE for all
algorithms. In all graphs of Figure 7 and Figure 8;
Traditional MUSIC, FBSS MUSIC, and Improved
MUSIC algorithms provide nearly identical results.
The ROOT MUSIC algorithm yields the best results
among the algorithms. As can be seen in Figure
7(b), as expected, lower RMSE values are obtained
with a half-wavelength (1/2) antenna spacing
(d) compared to a one-tenth wavelength (1/10)
antenna spacing. Besides, using more array
elements (M) or higher SNR levels results in lower
RMSE values as can be seen in Figure 7(a) and
Figure 7(c), as expected.

As can be seen in Figure 8(b), as expected, lower
RMSE values are obtained with a half-wavelength
(A/2) antenna spacing (d) compared to a one-tenth
wavelength (1/10) antenna spacing. Besides, using
more array elements (M) or using more snapshots
(N) results in lower RMSE values as can be seen in
Figure 8(a) and Figure 8(c), as expected.
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4.3. Dual Source Coherent Incident Signal
(Cift Kaynaktan Gelen Esfazli Sinyaller)

The results of dual coherent source direction of
arrival estimation include 'RMSE-Number of
Snapshot' and 'RMSE-SNR' graphs obtained via the
Monte Carlo method. For each iteration of each
scenario, the direction of arrival of first source is
randomly generated between —80° and 80°. The
angle of the second (coherent) source is plus/minus
20°0of first source. The angles of the generated
signals are not integers, and calculations are
performed up to the fourth decimal place. Besides,
the noise is assumed to be Additive White Gaussian
noise for all these experiments. The simulation
parameters are provided in Table 8.

Table 8. Simulation parameters for dual coherent
sources experiments (Cift kaynak esfazli sinyallerle
yapilan deneyler i¢in simiilasyon parametreleri)

Parameters Values

Number of sources 1

(non-coherent)

Number of sources 1

(coherent)

Direction of arrival Randomly between —80°

(azimuth) and 80°. (e.g.,
—73,6139°,—53,6139°)

Dlrectl_on of arrival Fixed at 90,0000°

(elevation)

Noise type Gaussian

It can be observed that Traditional MUSIC and
ROOT MUSIC algorithms cannot work for all SNR
and Number of Snapshot values as expected
because of the coherent signal. Besides, it is seen
that an increase in number of snapshots (N) and an
increase in SNR reduce the RMSE for FBSS
MUSIC and  Improved/Modified MUSIC
algorithms. In all graphs of Figure 9 and Figure 10
FBSS MUSIC, and Improved MUSIC algorithms
provide nearly identical results. As can be seen in
Figure 9(b), as expected, lower RMSE values are
obtained with a half-wavelength (4/2) antenna
spacing (d) compared to a one-tenth wavelength
(4/10) antenna spacing. Besides, using more array
elements (M) or higher SNR levels results in lower
RMSE values for FBSS MUSIC and
Improved/Modified MUSIC algorithms as can be
seen in Figure 9(a) and Figure 9(c), as expected. In
Figure 10(b), as expected for FBSS MUSIC and
Improved/Modified MUSIC algorithms, lower
RMSE values are obtained with a half-wavelength
(4/2) antennaspacing (d) compared to a one-tenth
wavelength (4/10) antenna spacing. Besides, using
more array elements (M) or using more snapshots
(N) results in lower RMSE values as can be seen in
Figure 10(a) and Figure 10(c), as expected.
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4.4, Duration of the Algorithms (Algoritma Siireleri)

As can be seen from the Figure 11, the ROOT
MUSIC algorithm is the fastest-performing
algorithm. The second fastest algorithm is FBSS
MUSIC. Improved MUSIC and Traditional MUSIC
algorithms are the slowest-performing algorithms,
and they have nearly identical execution times.

4 103 Duratiorls of the Algorithms

3.5 Conventional MUSIC Improved MUSIC

FBSS MUSIC

Root MUSIC

Duration (second)
N

1 2 3 4

Figure 11. Durations of all MUSIC algorithms

(Ttim MUSIC algoritmalarinin siireleri)

5. CONCLUSIONS AND FUTURE WORK
(SONUCLAR VE GELECEK CALISMALAR)

This paper has provided a comprehensive
investigation of various  Multiple  Signal
Classification (MUSIC) algorithms for Direction of
Arrival (DoA) estimation, including Traditional
MUSIC, Root MUSIC, Forward/Backward Spatial
Smoothing (FBSS) MUSIC, and
Improved/Modified MUSIC. By elucidating the
underlying principles of each algorithm and
examining the factors that influence their
performance—such as the number of array
elements, antenna spacing, number of snapshots,
Signal-to-Noise Ratio (SNR), and scanning angle
resolution—this study has highlighted the critical
parameters that impact the accuracy and efficiency
of DoA estimation. Through extensive MATLAB
simulations utilizing the Monte Carlo method, the
performance of these algorithms was evaluated and
compared under scenarios involving coherent, non-
coherent, and single/dual-source(s) incident signals.
The Root Mean Square Error (RMSE) was
employed as a metric to quantify estimation
accuracy, while computational efficiency was
assessed through comparisons of execution times
and variances.

The results demonstrate that each MUSIC variant
has distinct strengths and limitations, making them
suitable for different practical applications.
Traditional MUSIC serves as a robust baseline,

while Root MUSIC offers improved computational
efficiency and accuracy for uniform linear arrays.
FBSS MUSIC effectively addresses the challenges
posed by coherent signals, and Improved/Modified
MUSIC provides enhanced performance in complex
environments through advanced preprocessing and
noise reduction techniques. These findings offer
valuable guidance for selecting the most appropriate
MUSIC algorithm based on specific application
requirements, such as array configuration, signal
environment, and computational constraints.

Future research could explore the multiple sources,
including multiple coherent and non-coherent
signals with different amplitudes from different
angles. Besides, the integration of these algorithms
with emerging technologies, such as deep learning
or compressed sensing, to further enhance their
performance in challenging scenarios can be a new
area of exploration. Additionally, the development
of hybrid approaches that combine the strengths of
multiple MUSIC variants could provide a pathway
for achieving even greater accuracy and efficiency
in DoA estimation tasks. Overall, this study
contributes to the ongoing advancement of array
signal processing by providing a detailed analysis of
MUSIC algorithms and their practical implications
for real-world applications.

DECLARATION OF ETHICAL STANDARDS
(ETIK STANDARTLARIN BEYANI)

The author of this article declares that the materials
and methods they use in their work do not require
ethical committee approval and/or legal-specific
permission.

Bu makalenin yazari ¢aligmalarinda kullandiklar1 materyal ve

yontemlerin etik kurul izni ve/veya yasal-6zel bir izin
gerektirmedigini beyan ederler.

AUTHORS’ CONTRIBUTIONS (YAZARLARIN
KATKILARI)

Emrah ONAT: He conducted the experiments,
analyzed the results and performed the writing
process.

Deneyleri yapmus, sonuglarini analiz etmis ve maklenin yazim
islemini gergeklestirmistir.

CONFLICT OF INTEREST (CIKAR CATISMASI)

There is no conflict of interest in this study.

Bu ¢alismada herhangi bir ¢ikar ¢atigmasi yoktur.

CODE (KOD)

www.github.com/emrahonat/MUSICs

1134


http://www.github.com/emrahonat/MUSICs

Onat/ GU J Sci, Part C, 13(3): 1122-1136 (2025)

REFERENCES (KAYNAKLAR)

[1] S. Bicakel, and S. A. Sis, "Rf Uygulamalarda
Genel Amagli Tinlama Frekans1 Takip Edici
Sistem Tasarmmi, " Gazi Universitesi Fen
Bilimleri Dergisi Part C: Tasarim Ve
Teknoloji, vol. 5, no. 2, pp. 211-221, 2017.

[2] H. Dilmen, and M. F. Talu, "Yapisal
Ozellikleri Kullanan Parcacik Filtresi ile Uzun
Sureli Nesne Takibi," Gazi Universitesi Fen
Bilimleri Dergisi Part C: Tasarim Ve
Teknoloji, vol. 5, no. 1, pp. 107-118, 2017.

[3] H.Krimand M. Viberg, "Two decades of array
signal processing research: the parametric
approach,” in IEEE Signal Processing
Magazine, vol. 13, no. 4, pp. 67-94, July 1996,
doi: 10.1109/79.526899.

[4] E. Nurbas, E. Onat, and T. E. Tuncer,
"Collaborative Direction of Arrival estimation
by using Alternating Direction Method of
Multipliers in distributed sensor array
networks employing Sparse Bayesian Learning
framework", Digital Signal Processing, vol.
130, p. 103739, 2022.

[5] B. Porat and B. Friedlander, "Direction finding
algorithms based on high-order statistics,"
in IEEE Transactions on Signal Processing,
vol. 39, no. 9, pp. 2016-2024, Sept. 1991, doi:
10.1109/78.134434.

[6] P. Chevalier, A. Ferreol and L. Albera, "High-
Resolution Direction Finding From Higher
Order Statistics: The2rmg-MUSIC
Algorithm," in IEEE Transactions on Signal
Processing, vol. 54, no. 8, pp. 2986-2997, Aug.
2006, doi: 10.1109/TSP.2006.877661.

[71 F.A. Ugkun, H. Ozer, E. Nurbas and E. Onat,
"Direction Finding Using Convolutional
Neural Networks and Convolutional Recurrent
Neural Networks,” 2020 28th Signal
Processing and Communications Applications
Conference (SIU), Gaziantep, Turkey, 2020,
pp. 1-4, doi:
10.1109/S1U49456.2020.9302448.

[8] W. Zhu and M. Zhang, "A Deep Learning
Architecture for Broadband DOA
Estimation,” 2019 IEEE 19th International
Conference on Communication Technology
(ICCT), Xi'an, China, 2019, pp. 244-247, doi:
10.1109/ICCT46805.2019.8947053.

[91 A. M. Elbir, "DeepMUSIC: Multiple Signal
Classification via Deep Learning,” in IEEE
Sensors Letters, vol. 4, no. 4, pp. 1-4, April
2020, Art no. 7001004, doi:
10.1109/LSENS.2020.2980384.

[10] E. Nurbas and E. Onat, "Direction of Arrival
Estimation by Using Deep Autoencoder
Network," 2020 28th Signal Processing and

Communications  Applications Conference
(SIV), Gaziantep, Turkey, 2020, pp. 1-4, doi:
10.1109/S1U49456.2020.9302422.

[11] R. Schmidt, "Multiple emitter location and
signal parameter estimation,” in IEEE
Transactions on Antennas and Propagation,
vol. 34, no. 3, pp. 276-280, March 1986, doi:
10.1109/TAP.1986.1143830.

[12] A. Barabell, "Improving the resolution
performance of eigenstructure-based direction-
finding algorithms,” ICASSP '83. IEEE
International Conference on  Acoustics,
Speech, and Signal Processing, Boston, MA,
USA, 1983, pp. 336-339, doi:
10.1109/ICASSP.1983.1172124.

[13] A. Paulraj, et al., "Performance analysis of the
music algorithm with spatial smoothing in the
presence of coherent sources," in: MILCOM
1986 -IEEE Military = Communications
Conference: Communications-Computers:
Teamed for the 90's, vol.3, 1986, pp.41.5.1-
41.5.5.

[14] Pillai, S. u., Kwon, B., H.,
"Forward/Backward  Spatial ~ Smoothing
Techniques for Coherent Signal
Identification," IEEE Trans. On Acoustics,
Speech and Signal Processing, DOI:
10.1109/29.17496, Vol. 37, No. 1, 1989.

[15] D. Kundu, ‘Modified MUSIC algorithm for
estimating DOA  of signals’, Signal
Processing, vol. 48, no. 1, pp. 85-90, 1996.
doi:10.1016/0165-1684(95)00126-3.

[16] Xinying Li, Guigin Yang and Yaoke Gu,
"Simulation analysis of MUSIC algorithm of
array signal proccessing DOA," International
Conference on Automatic Control and
Artificial Intelligence (ACAI 2012), Xiamen,
2012, pp. 1838-1841, doi:
10.1049/cp.2012.1349.

[17] M. Mahamed, N. Sheikh and D. Dikarov,
"Direction of Arrival (DOA) Estimation for
Radars in Near-Field Regions," 2024 IEEE
International Conference on Microwaves,
Communications,  Antennas,  Biomedical
Engineering and  Electronic  Systems
(COMCAS), Tel Aviv, Israel, 2024, pp. 1-5,
doi:10.1109/COMCAS58210.2024.10666232.

[18] X. Zhou, F. Zhu, Y. Jiang, X. Zhou, W. Tan
and M. Huang, "The Simulation Analysis of

DOA Estimation Based on MUSIC
Algorithm,” 2020  5th  International
Conference on Mechanical, Control and

Computer Engineering (ICMCCE), Harbin,
China, 2020, pp. 1483-1486, doi:
10.1109/ICMCCE51767.2020.00325.

[19] A. Dell’ Aversano, A. Natale, A. Cuccaro and
R. Solimene, "Linear Array Antenna

1135



Onat/ GU J Sci, Part C, 13(3): 1122-1136 (2025)

Diagnostics Through a MUSIC Algorithm," in
IEEE Access, vol. 7, pp. 176952-176959, 2019,
doi: 10.1109/ACCESS.2019.2956680.

[20] Hwang, H. K., Zekeriya Aliyazicioglu,
Marshall Grice and Anatoly Yakovlev.
“Direction of Arrival Estimation using a Root-
MUSIC Algorithm.” Proceedings of the
International MultiConference of Engineers
and Computer Scientists 2008 Vol HIMECS
2008, 19-21 March, 2008, Hong Kong

[21] Xinying Li, Guigin Yang and Yaoke Gu,
"Simulation analysis of MUSIC algorithm of
array signal proccessing DOA," International
Conference on Automatic Control and
Artificial Intelligence (ACAI 2012), Xiamen,
2012, pp. 1838-1841, doi:
10.1049/cp.2012.1349.

[22] P. Wang, G. -j. Zhang, J. -j. Xiong, C. -y. Xue
and W. -d. Zhang, "Root-MUSIC Algorithm
with Real-Valued Eigendecomposition for
Acoustic Vector Sensor Array," 2010 First
International Conference on Pervasive
Computing, Signal Processing and
Applications, Harbin, China, 2010, pp. 652-
656, doi: 10.1109/PCSPA.2010.163.

[23] A. Liu, X. Zhang, J. Zhang and Q. Yang,
"Enhanced root-MUSIC for coherent signals
with multi-resolution composite arrays," 2019
IEEE Radar Conference (RadarConf), Boston,

MA, USA, 2019, pp. 15  doi:
10.1109/RADAR.2019.8835637.
[24]H. Paaso and M. Hirvonen, "Angular

Resolution Improvement by Using Multi-
Radar and FBSS MUSIC DoA Estimation
Algorithm," 2019 IEEE Intelligent Vehicles
Symposium (1V), Paris, France, 2019, pp. 730-
735, doi: 10.1109/1\VS.2019.8813780.

[25] C. Liu, W. Feng, H. Li and H. Zhu, "Single
Snapshot DOA Estimation Based on Spatial
Smoothing MUSIC and CNN," 2021 IEEE
International ~ Conference  on  Signal
Processing, Communications and Computing
(ICSPCC), Xi'an, China, 2021, pp. 1-5, doi:
10.1109/ICSPCC52875.2021.9564893.

[26] R. Zhagypar, K. Zhagyparova and M. T.
Akhtar, "Spatially Smoothed TF-Root-MUSIC
for DOA Estimation of Coherent and Non-
Stationary Sources Under Noisy Conditions,"
in IEEE Access, vol. 9, pp. 95754-95766, 2021,
doi: 10.1109/ACCESS.2021.3095345

[27] Y. Wu, Y. Sun, W. Ge and W. Hong, "An
improved forward-backward spatial smoothing
MUSIC algorithm for coherent signal direction
finding," IET International Radar Conference
(IRC 2023), Chongging, China, 2023, pp.
2009-2012, doi: 10.1049/icp.2024.1394.

[28] Pooja Gupta, Vijay Verma, "Optimization of
MUSIC and Improved MUSIC Algorithm to
Estimate Direction of Arrival”, International
Journal of Image, Graphics and Signal
Processing (1JIGSP), Vol.8, No.12, pp.30-37,
2016. DOI: 10.5815/ijigsp.2016.12.04

[29] Z. Xiaofei, L. Wen, S. Ying, Z. Ruina and X.
Dazhuan, "A Novel DOA estimation
Algorithm Based on Eigen Space,” 2007
International Symposium on Microwave,
Antenna, Propagation and EMC Technologies
for Wireless Communications, Hangzhou,
China, 2007, pp. 551-554, doi:
10.1109/MAPE.2007.4393677.

[30] P. Gupta and S. P. Kar, "MUSIC and improved
MUSIC algorithm to estimate direction of
arrival,” 2015 International Conference on
Communications and Signal Processing
(ICCSP), Melmaruvathur, India, 2015, pp.
0757-0761, doi:
10.1109/ICCSP.2015.7322593.

[31] Z. Wang, Z. Yang, S. Wu, H. Li, S. Tian and
X. Chen, "An Improved Multiple Signal
Classification for Nonuniform Sampling in
Blade Tip Timing," in IEEE Transactions on
Instrumentation and Measurement, vol. 69, no.
10, pp. 7941-7952, Oct. 2020, doi:
10.1109/T1M.2020.2980912.

[32] Tuncer, T. E., Friedlander, B., "Classical and
Modern Direction-of-Arrival Estimation," San
Diego, CA, USA: Academic, 2009.

[33] Stoica, P., Moses, R., "Spectral Analysis of
Signals," Prentice Hall, 2005.

1136



