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SMARANDACHE CURVES ACCORDING TO SABBAN FRAME
BELONGING TO MANNHEIM CURVES PAIR

SULEYMAN SENYURT, YASIN ALTUN, AND CEYDA CEVAHIR

ABSTRACT. In this paper, we investigate special Smarandache curves accord-
ing to Sabban frame, using the idea of Mannheim partner curve of spherical
indicatrix. We created Sabban frame by means of Mannheim partner curve
of spherical indicatrix. We explained that position vectors of a Smarandache
curves are consisted by Sabban frame given above. Then we calculated ge-
odesic curvatures of this Smarandache curve and the results which we found
after calculations are expressed by means of Mannheim partner curve of spher-
ical indicatrix.

1. INTRODUCTION AND PRELIMINARIES

In differential geometry special curves play an important role. One of these
special curves is Mannheim partner curve. Mannheim curve first was defined by A.
Mannheim in 1878. A curve is called a Mannheim curve if and only if A = 57—
where x is the curvature of the curve and 7 is the torsion of the curve. Later
Mannheim curve is redefined by Lui and Wang. According to this new definition,
take two curves and if the principal vector of the first curve is linearly dependent to
the binormal vector of the second curve then these curves are said to be Mannheim
partner curves,[5]. There are lots of papers related to Mannheim curves,[6]. A
regular curve in Minkowski spacetime case, Frenet vectors of a curve are taken as
the position vectors and then the regular curve drawn by the new vector, in this
way we get a new curve called as Smarandache curve, [9]. Smarandache curves
also have been studied by, [, [2]. Taskoprii and Tosun studied special Smarandache
curves by means of Sabban frame on S?, [8]. Senyurt and Caligkan researched
special Smarandache curves according to Sabban frame using spherical indicatrix
of a curve and they gave some characterizations of Smarandache curves, [3]. We
investigated special Smarandache curves according to Sabban frame drawn on the
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surface of a sphere by Darboux vectors of involute and Bertrand partner curves,
[7.

Let a : I — E2 be a unit speed curve, we can define the Frenet frame and Frenet
formulae, as follows

T(s) =a/(s), N(s)= IIZ:E3| B(s) =T(s) AN(s), (1.1)

T'(s) = k(s)N(s), N'(s)=—r(s)T(s)+ 1(s)B(s), B'(s) =—7(s)N(s). (1.2)

Let o, o be Mannheim pair curve and {T'(s), N(s), B(s), k(s), 7(s)} and {T, (s),
N, (s), B,(s), k,(s), 7,(s)} are the Frenet apparatus respectively. The relation
between the Frenet apparatus are given as,

T, =sin¢T + cospB, N, = —cos¢T +sin¢pB, B, = N. (1.3)

and
K¢’ K
K, =——— T, = —.
DU 11772 R U
Let v : I — S? be a unit speed spherical curve. We symbolize s as the arc-length
parameter of . Let’s give

(1.4)

v(s) = (s),
t(s) "(s), (1.5)
d(s) =(s) At(s)

{7(s),t(s),d(s)} frame is denominated the Sabban frame of v on S2. The spherical
Frenet formulae of « is given as,

7'(s) = t(s),
t'(s) = —v(s) + Kg(s)d(s), (1.6)
d'(s) = —kg(s)t(s)

where £, is the geodesic curvature of the curve v on S? , [§]

kg(s) = (¢'(s),d(s)). (1.7)

2. RESULTS

In this section, we investigated special Smarandache curves created by Sabban
frame, {T,,Tr ,T, NTr, }, {N,,Tn,N, NTn } and {B,, T , B, AT, }. We find
some results. These results can be expressed depending on the Mannheim curve.
Let’s write results on these Smarandache curves.

Let
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be a regular spherical curve on S$2. The Sabban frame of spherical indicatrix ac-
cording to Mannheim partner curve can be written as,

T, =T, Tr, =N, T,ATr, =B, (2.1)
N, =N,
Tn, = —cos¢p T, +sing B, (2.2)
N, ATy, =sing T, +cos¢ B,
and
B, =B,, Ts, =—-N,, B, ATs =T,. (2.3)
From the equation (1.6)), the spherical Frenet formulae of (7)), (N,) and (B,) are
T =Tp, Tr,' =T, + lT AT, (TIATTI)’:—;—ITTI, (2.4)
1
¢, ¢,
N,’ =Tn,, TNI’ =N, + ||W ||N AN, (N, ATzvl)’ — ||W ”TN ,  (2.5)
and
B/'=Ts, Ts'=—-B, + 1B ATg,, (B, ATg,) = —2Tg . (2.6)

1 1

respectively. Using the equation (1.7), the geodesic curvatures of (7)), (&V,) and
(B,) are

!
Ty T, Ny (bl By 1
= = d = —, 2.7
AT @7

Definition 1. Let (1)) be a spherical curve of a,, T, and Tr, be Sabban vectors
of (T)). Then [;-Smarandache curve can be identified as

1
V2
Theorem 1. The geodesic curvature according to Bi-Smarandache curve of the
Mannheim curve is

Bi(s) = (T, + TTI)A (2.8)

Wl
¢’

Wl—  _
A — ||¢/ ” Ao + 2/\3), (29)

where

%, = 2 - a(W)? (W) (Il (1)) (2.10)

>~
0
I
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Proof.

Bl(sTl): T +TT1)>

A
V2
or from the equation (2.1]), we can write
1

V2

If we take the derivative of the equation (2.11)), then T}, vector is

ﬂl(sl) (Tl +N1)

1 T
Tﬂl(sl) = 72(le +N1 + jBl)

2+ () :

Considering the equations (2.12) and (2.13)), we have

1 T

(81 A T5,)(5,) = ————(2T, = TEN, +2B,).

Ky

4+2()

1

If we take the derivative of the equation (2.13), then T} vector is

V2
2

(o (2)

T,él (51) = ()\1T1 + XN, + )\331).

where the coefficients are,

503

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Substituting the equations ([1.3)) and ([1.4)) into equations (2.12]), (2.13)), (2.14) and
(2.15)), Sabban apparatus of the §;-Smarandache curve for Mannheim curve are

1, .
Bi(s) = ﬁ((smqﬁ—cos¢)T+(cosq5+51n¢)B),

Tp,(s) = ¢’(—Sin¢—0082¢)T+ [[W]] 2N+¢’(sjn¢—cos¢2)B

W2+ 26/ W2+ 2¢' W2 +2¢/

(By ATs)(s) — ||WH(sin¢—coS¢)T+ 24’ N ||W||(cosq5+sinqz5)B’
2| W2 + 49" 2 W2 + 4" 2 W2 + 40"

T (s) = (¢’4\/§(X1 sin¢ — Ap cos o) T4 (¢/4\/ﬁ3 N+(¢/4‘/§(X2 sin o+ N 008 6)

” (IW])> + 2¢”°) (IW]> + 2¢”°) (IW]> + 2¢°)

and

Eey T A S

2+ (7))

where

= 2 () + () (1)

% = —2 =17 - ()= (5 (5

O

Corollary 1. The Sabban frame according to B,-Smarandache curve of Mannheim
curve s

B.(s) = % ((sing — cos )T + (cos ¢ + sin ¢) B),
Ts (s) = <l5’(—sin<;5—cos<;5)T+ W] N &/ (sin 6 — cos )
W2 + 24" W12 + 24" W2 + 24"
By AT )(s) = ||WH(sin¢>—coS(b)T+ 26/ N ||W||(cosq5+sin¢)B’

2| W2 + 44" 2W 2 + 44" 2w 2 + 40

B



ON THE SMARANDACHE CURVE OF MANNHEIM CURVES 505

The proofs of the subsequent theorems according to 5,5, 853, 84, Bs, Bes Brs Bs
and 34- Smarandache curves will be similar to the Theorem 2.1.

Definition 2. Let (1)) be a spherical curve of o, Tr, and T, ATt be Sabban
vectors of (T,). Then Bo-Smarandache curve can be identified as

1
Ba(s) = E(TTl +T, A Tr,). (2.17)

Theorem 2. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to By-Smarandache curve of Mannheim curve are,

1

Ba(s) = E(—comﬁT—i—N—i—sin(ﬁB),
bl , .
Do, (5) = Wesogomdy,  WI_y Seosot[Wisho,
2[WI2 + ¢ 2| W2+ ¢/ 2W2 + ¢/
(B ATp)(5) = AWNmotgeosdy, 0y AWicosd_geng
AW + 261 AW 2 + 2¢' AW )2 + 2¢'
and
1 1%
552 = (2” /||51_€2+53),

(1+2(151)%)

where the coefficients are

o= 1 a(l? -2y - (i

— _(1Wl\2 [W][\4 Wy
es=—(5) —2005) + (%)
Proof. The proof is the similar case as in proof of Theorem 2.1.
Definition 3. Let (T,) be a spherical curve be o, T, Tr, and T, AT, be Sabban

vectors of (T,). Then B4-Smarandache curve can be identified as

Bs(s) = T+ Tp, +T, N TT1)

1
7!
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Theorem 3. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to B3-Smarandache curve of Mannheim curve are,

Bs(s) = %((Sirué—cosqﬁ)T—I—N—l— (cos ¢ + sin @) B),
To(s) = ¢'sin¢+(||W||—q§')cos¢T+ Wl N

¢2<||W||2 — W] + ¢ ¢2<||W||2 — W + ¢
L S eosd— ([W]| —¢)sing

2 B,
V2IWIE = (W + ¢

2| — ¢') si W +¢' 2 — ||W

BTy = CIWI=8)sing+ /||+¢/>2cos¢T+ & — | ||, _y
VEIW|2 — 6] W |’ + 66 VoW |2 — 61wl + 66
L CIW] = ¢')cos 6 = (W] + ) sing
VW12 = 61 W16’ + 66

and

- 2
4x/§(1 + I (L )
where the coefficients are
2 3
0 = -2 4(1) —a(L0)? 2"+ (1) (211

% = —2-+2(150) - 4(LF)? + () — 214" — (B 1+ 151

&2

2 3 4
s = 2(130) () 1 4(0)° (80 (1LY (o 121
Proof. The proof is the same as in proof of Theorem 2.1.

Definition 4. Let (N,) be a spherical curve of a,, N,, Ty, be Sabban vectors of
(N,). Then B,-Smarandache curve can be identified as

64(5): (Nl +TN1)

€
V2
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Theorem 4. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to B4-Smarandache curve of Mannheim curve are,

—/ &2 2 e
Bu(s) = ¢+ ||W]|? cos ¢ d)sm¢)T+ izl

20/ + 2| W2 26/ + 2| W2
¢ + |W2sin ¢ — ¢' cos ¢
+ B,
26 + 2| W |2

(F”W” _¢l) sin¢ + HW”2+¢/2COS¢T+ F¢I+ ||WH
W2 +¢*V2+T° W2 +¢°V2+T°

_FIW) = ) cosd— W2+ 7 sing

W2 +¢*Ve+ 7

QW =T )sing+F\/|W|? + ¢ 059
Va2 w2 + ¢

26/ — F|W|

Va1 282/ |[W2 + ¢

+(2||WH —F¢)cosp— F\/|[W]J2 + ¢ sing
4420/ [W)2 + ¢

<B4 N TB4) (s)

+ N

and
554 = f (fél - f@g + 2@3)
(2 +F )
where the coefficients are

_ W\
[ =(—————=) —7seco
( <¢'2+||W||2) ¢

o

it follows,

& =-2-F+FF
@y=—2-3F"-F'-FF

@y =2F +F +F

N
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Proof. The proof is similar as in proof of Theorem 2.1.
Definition 5. Let (N,) be a spherical curve of o, Ty, and N, ATy, be Sabban
vectors of (N,). Then B5-Smarandache curve can be identified as

1

V2

Theorem 5. Let a, be a Mannheim partner of . Then Sabban apparatus according
to By5-Smarandache curve of Mannheim curve are,

Wl +¢)sing ¢ +IWI_ o (W] = ¢)eoss .

B5(s) (Tnv, + N, ANTn))

Bs(s) = 5 - -
20" + 2| W||? 26" + 2| W2 2/ + 2|2
’ _ T(WI + ¢)sing+ /[ W2 + ¢ cos o (¢ — W)
ﬁ5(5) T + N
VI |WR + 6 Vit wie + o7
Jf(IIWII +¢')cosp —\/||[W]]2 + ¢’2sin¢B
V1+2E3/|W)2 + ¢
N s _oF 9 2 ,
GunTo e = AFIH&)sing =20y IWIR + o cosg ¢ — W N

V2 AP |2 + ¢ V2 + AP |2 + ¢

+2f\/ W2 + ¢ sin g + (||[W]| + ¢') cos ¢ 5
V2 AP |2 4 0

1 o~ ~ ~
Koy = ————(2F 8, — 6, + 33).
(24—?2)

S, =F+2F° +2FF
5y =—1-3F"—2F" - F
by =-TF -2 +TF

and

(S5

where the coefficients are

Proof. The proof is the similar case as in proof of Theorem 2.1.
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Definition 6. Let (N,) be a spherical curve of a,, N,, Ty, and N, AT, be Sabban
vectors of (N,). Then Bs-Smarandache curve can be identified as

56(8) = %(Nl +TN1 +N1 /\TNl)

Theorem 6. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to Bg-Smarandache curve of Mannheim curve are,

(W] - ¢)sing — /o™ +[W|2eoss ¢/ + W]

Be(s) = > -
3¢ + 3||W2 3¢ + 3| W2
LWl = ¢ eos 6+ ¢+ IW|2sing
3¢ + 3| W2
Ty (s) (f”WH*(l*f)(f)l)SinsbJr ||W||2+¢'2COS¢T
Be =
V20 T+ T2 + 67
L =P N
V20— F+ P2 + 67
L (FIWI = -F)¢) coso— IV + ¢ sin ¢ 5
\/2(1—f+f2)\/uW||2+¢’2
- F VA «in b (O 9 ’2
(B AT, )(5) — (@=DWI+ A+ 7)) sing — @F - Dy [WI? +¢" cosg

V6 —6F + 67\ W2 + ¢
2-F)¢' —(1+F)|W|

+
V6 — 61 + 67\ [W]J2 + ¢

@F = DA/ [W2 + ¢ sing + (2= F)|W| + (1 +F)¢') cos
B
V6 — 6F + 67" \/I|W|2 + ¢

N

+
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and

@2F -1p, —(1+F)p,+(2—-F)p,
W2(1-T+77)

Be —
K,g =

M)

where the coefficients are

b, =—2+4F —AF" +2F° +2F (2F - 1)

b, =-2+2F —AF +2F - 2F' = F' (1 +F)
D, =2F —AF’ +4F" —2F' +F'(2—-F)

Proof. The proof is similar as in proof of Theorem 2.1.

Definition 7. Let (B,) be a spherical curve of o, B, and T, be Sabban vectors
of (B,). Then B,-Smarandache curve can be identified as
1

V2

Theorem 7. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to f,-Smarandache curve of Mannheim curve are,

57(8) (Bl + TB1)'

1
B-(s) = ﬁ(cosqu—i—N—sin(ﬁB),
/. , )
Ts.(s5) = ¢sm¢+||W||Co28¢T7 (W] 2N+¢cos¢ HW||SIZH¢B,
2w+ ¢/ 2W 2 + ¢ 2w +¢f
: / . o
(B ANTp.)(s) = 2|[W||sin ¢ ¢cc;s¢T+ ¢ 2N+¢s1n¢+2||W||0025¢B’
WP+ 20 4wz + 26/ w2 + 26/
and
1 ¢’ ¢’
Br —
Rg" = hy — B + 28, ).
’ 7 (it — il + 2s)

(“ (n(vbv/u)Z)

where the coefficients are

hy =-2- (|\$1;||)2 + (H%II)/(H%H)
hy = =2 =3(gin)” — (i) = (rien) (i)

hy = 2(bn) + (i)’ +2(iey)’

Proof. The proof is similar as in proof of Theorem 2.1.
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Definition 8. Let (B,) be a spherical curve of ,, Tp, and B, ANTp, be Sabban
vectors of (B,). Then Bg-Smarandache curve can be identified as

1

V3

Theorem 8. Let o, be a Mannheim partner of a. Sabban apparatus according to
Bg-Smarandache curve of Mannheim curve are,

68(8) (TB1 +Bl /\TBl)'

Bs(s) = %((Sirw""COS@T—F (cos ¢ — sin @) B),
Ty (s) = ¢’(Sin¢>7coS¢)T_ W] N ¢’(si1’l¢+c0s¢)B’
W2 +2607 W2+ 267 W2 + 26
(BSAT/%S)(S) _ HVVH(Sin(?*COS<Z5)TJr 2¢' N ||W||(sin¢+cog¢)B’
2AW|2+46% 2 W2 + 467 2 W2 + 46
and
1 /
HBS = = (2||$V||V1 722 +23)

! (1+2(\|3;|)2)%

where the coefficients are

Proof. The proof is similar as in proof of Theorem 2.1.

Definition 9. Let (B,) be a spherical curve of o,, B,, T, and B, T be Sabban
vectors of (B,). Then Bq-Smarandache curve can be identified as

Bo(s) = —=(B, +Tp, + B, ATp,). (2.18)

1
V3
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Theorem 9. Let o, be a Mannheim partner of a. Then Sabban apparatus according
to By-Smarandache curve of Mannheim curve are,

Bo(s) = % ((sing + cos )T + N + (cos ¢ — sin¢) B),

Ty (s) = Oome— (- IWl)eoso, W N
” V2IWIE = Wl +67) 202 — (W g +¢)
(Y ooso+ (¢~ [W]Dsing
V2w = Wl +6)
(GanTo o) = CIWIZ)sinG - (W) +¢)coss. 20/ — W] N
VSIWIE = 6[Wig + 66" VIW[2 = 6| W¢’ + 647
LW+ ) sing + @UW] = ) eoso
VIw 2 - 6| wle’ + 69
and
o = 1 ((QI%II 1)b1(1+||¢w;”)b2+(2||¢v[;|)b3).

¢ ¢ 2
W31+ iy + ()’
where the coefficients are

_ ¢’ ¢’ ¢ \2 ¢ \3 Y [9)
by = =2+ 4ppy + 4(er) — (wey)” +2(ge)” + (ivn) Criey

B &' ¢’ 2 ¢’ 3 [

_ o & ¢ \2 ¢ \3 ¢ \4 Y il
P&-%WT_4GWW)+4GWW)_2wWw +Qmw)@_uwm

Proof. The proof is similar as in proof of Theorem 2.1.
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