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Abstract 

 

We first introduce a new type of quarter-symmetric non-metric connection on almost contact metric 

manifolds. Using this connection, we study certain curvature conditions on 3-dimensional quasi-

Sasakian manifolds e.g. (𝑅̃(𝑋, ξ). 𝑅̃)(𝑌, 𝑉)𝑊 = 0, (𝑃̃(𝑋, ξ). 𝐻̃)(𝑌, 𝑉)𝑊 = 0, (𝑅̃(𝑋, ξ). 𝑆̃)(𝑌, 𝑍) = 0,

(𝐻̃(𝑋, ξ). 𝑆̃)(𝑌, 𝑍) = 0, 𝑎𝑛𝑑 (𝑃̃(𝑋, ξ). 𝑆̃)(𝑌, 𝑍)=0. Finally we give an example of 3-dimensional quasi-

Sasakian manifold satisfies this new type of connection. 
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1. Introduction 
 

In Riemannian geometry, the most commonly used connection is the Levi-Civita connection, 

which is uniquely characterized by being torsion-free and metric-compatible. Connections can 

be generalized to broader contexts, such as affine, semi-symmetric, or quarter-symmetric 

connections, each of which introduces distinct geometric features through their torsion or non-

metric properties.  

 

The concept of a semi-symmetric connection was first introduced by K. Yano in 1970 [33] to 

generalize the Levi-Civita connection by allowing torsion in a specific form. A linear 

connection ∇̃ on n = 2m + 1 -dimensional Riemannian manifold 𝑀  is said to be a semi-

symmetric connection if its torsion tensor 𝑇̃ 

 

𝑇̃(𝑋, 𝑌) = ∇̃𝑋𝑌 − ∇̃𝑌𝑋 − [𝑋, 𝑌], (1.1) 

 

satisfies 

𝑇̃(𝑋, 𝑌) = η(𝑌)𝑋 − η(𝑋)𝑌, 
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where η is a non-zero 1-form. Moreover if  ∇̃g = 0, then the connection is called a metric 

connection, otherwise it is non-metric connection defined by H.A. Hayden [15]. This type of 

connection has been extensively studied in various geometric settings, due to its applications in 

Riemannian geometry and theoretical physics [1], [8], {12],  [16], [18], [27]. To further 

generalize the concept of a semi-symmetric connection, S. Golab introduced the notion of 

quarter-symmetric connection [13]. A linear connection ∇̃  on M is called a quarter-symmetric 

connection if its torsion tensor 𝑇̃ satisfies the following condition 

 

𝑇̅(𝑋, 𝑌) = 𝜂(𝑌)𝜑𝑋 − 𝜂(𝑋)𝜑𝑌, 
 

where η is a non-zero 1-form and 𝜑  is a tensor of type (1,1).  Just like the semi-symmetric 

connection, the quarter-symmetric connection has also been studied by many researchers [17, 

30, 32, 36]. 

 

In the context of contact geometry, one important class of manifolds is the almost contact metric 

manifold.  There are n = 2m+1-dimensional differentiable manifolds endowed with an almost 

contact metric structure (𝜑, 𝜉, 𝜂, 𝑔), where  𝜑, 𝜉, 𝜂 are tensor fields on M  of types (1,1), (1,0), 

(0,1), respectively, such that [4, 5, 35]: 

 

φ2 = −𝐼 + η ⊗ ξ,   η(ξ) = 1,   𝑔(φ𝑋, φ𝑌) = 𝑔(𝑋, 𝑌) − η(𝑋)η(𝑌),   𝑋, 𝑌 ∈ 𝑇(𝑀) (1.2) 

 

where T(M) is the Lie algebra of vector fields of the manifold M. Also 

𝜑𝜉 = 0, 𝜂 ∘ 𝜑 = 0, 𝜂(𝑋) = 𝑔(𝑋, 𝜉). (1.3) 

 

This structure serves as a generalization of almost complex structures to odd-dimensional 

manifolds and provides a natural setting to study various contact metric geometries. 

  

A significant subclass of almost contact metric manifolds is formed by quasi-Sasakian 

manifolds. Quasi-Sasakian manifolds were first studied by Blair [6] using almost contact metric 

manifolds. They have been extensively investigated by many researchers, including [9, 10, 14, 

19, 20, 21, 22, 23, 24, 26]. Following basic concepts to be used in this paper have been obtained 

in previous works. 

 

The manifold M is said to be quasi-Sasakian if the almost contact structure (𝜑, 𝜉, 𝜂) is normal 

and the fundamental 2-form Φ is closed, that is, 

 

[φ, φ](𝑋, 𝑌) + 𝑑η(𝑋, 𝑌)ξ = 0,   𝑎𝑛𝑑   𝑑Φ = 0,   Φ(𝑋, 𝑌) = 𝑔(𝑋, φ𝑌). (1.4) 

 

An almost contact metric manifold M is a 3-dimensional quasi-Sasakian manifold if and only 

if [25] 

  ∇𝑋𝜉 = −𝛽𝜑𝑋, (1.5) 

 

for a certain function β on M. Since in a 3-dimensional quasi-Sasakian manifold (1.5) holds, it 

can written [25] 

 

(∇𝑋φ)𝑌 = β[𝑔(𝑋, 𝑌)ξ − η(𝑌)𝑋], (1.6) 
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for a certain function β on M, such that 𝜉𝛽 = 0 and ∇ being the operator of the covariant 

differentiation with respect to the Riemannian connection of M. Such a quasi-Sasakian manifold 

is cosymplectic if and only if β = 0. 

 

Also in 3-dimensional quasi-Sasakian manifolds [25], 

 

𝑅(𝑋, 𝑌)𝜉 = −(𝑋𝛽)𝜑𝑌 + (𝑌𝛽)𝜑𝑋 + 𝛽2[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌], (1.7)  

𝑅(𝑌, 𝜉)𝑍 = −𝑅(𝜉, 𝑌)𝑍 = (𝑍𝛽)𝜑𝑌 + 𝑔(𝑌, 𝜑𝑍)𝑔rad𝛽 + 𝛽2[𝑔(𝑌, 𝑍)𝜉 − 𝜂(𝑍)𝑌], (1.8) 

𝑅(𝑌, 𝜉)𝜉 = 𝛽2[𝑌 − 𝜂(𝑌)𝜉], (1.9) 

𝑅(𝜉, 𝜉)𝜉 = 0, (1.10) 

𝑆(𝑌, 𝑍) = (
𝜏

2
− 𝛽2) 𝑔(𝑌, 𝑍) + (3𝛽2 −

𝜏

2
) 𝜂(𝑌)𝜂(𝑍) − (𝜑𝑍𝛽)𝜂(𝑌) − (𝜑𝑌𝛽)𝜂(𝑍), (1.11) 

𝑆(𝑋, 𝜉) = 2𝛽2𝜂(𝑋) − (𝜑𝑋𝛽), (1.12) 

𝑄𝑋 = (
𝜏

2
− 𝛽2) 𝑋 + (3𝛽2 −

𝜏

2
) 𝜂(𝑋)𝜉 + 𝜂(𝑋)(𝜑grad𝛽) − (𝜑𝑋𝛽)𝜉, (1.13) 

𝑅(𝑋, 𝑌)𝑍 = (
𝑟

2
− 𝛽 2) [𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌] + (𝜑𝑋𝛽)𝜂(𝑍)𝑌 − (𝜑𝑌𝛽)𝜂(𝑍)𝑋

                          + (3𝛽2 −
𝜏

2
) [𝑔(𝑌, 𝑍)𝜂(𝑋)𝜉 − 𝑔(𝑋, 𝑍)𝜂(𝑌)𝜉 + 𝜂(𝑌)𝜂(𝑍)𝑋 − 𝜂(𝑋)𝜂(𝑍)𝑌]

                        +𝑔(𝑌, 𝑍)[𝜂(𝑋)𝜑grad𝛽 − (𝜑𝑋𝛽)𝜉] + 𝑔(𝑋, 𝑍)[(𝑎𝜑𝑌𝛽)𝜉 − 𝜂(𝑌)𝜑gradβ]

+(𝜑𝑍𝛽)[𝜂(𝑋)𝑌 − 𝜂(𝑌)𝑋],                                                            (1.14)

 

 

where 𝑅 is Riemannian curvature tensor, 𝑆 is Ricci tensor, 𝑄 is the Ricci operator, that is, 

𝑆(𝑋, 𝑌) = 𝑔(𝑄𝑋, 𝑌), 𝜏 is the scalar curvature of the manifold and the gradient of a function 𝛽 

is related to by the formula (𝑋𝛽) = 𝑔(gradβ, 𝑋). 
 

In this paper, we consider the projective curvature tensor P and the concircular curvature tensor 

H are defined by [34], [37]  

𝑃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 −
1

𝑛 − 1
[𝑆(𝑌, 𝑍)𝑋 − 𝑆(𝑋, 𝑍)𝑌], (1.15) 

and 

𝐻(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 −
𝜏

𝑛(𝑛 − 1)
[𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌], (1.16) 

 

for all vector fields 𝑋, 𝑌, 𝑍, both of which have been extensively studied by various researchers 

[11], [2], [3].  

 

Moreover the projective tensor and concircular tensor on 3-dimensional quasi-Sasakian 

manifold are given by [25] 

𝑃(𝑋, 𝑌)𝜉 = −(𝑋𝛽)𝜑𝑌 + (𝑌𝛽)𝜑𝑋 +
1

2
[(𝜑𝑌𝛽)𝑋 − (𝜑𝑋𝛽)𝑋], (1.17) 

−𝑃(ξ, 𝑋)𝑍 = 𝑃(𝑋, ξ)𝑍 = −(𝑍β)𝜑𝑋 − 𝑔(𝑋, φ𝑍)grad 𝛽 −
1

2
[
−(φZβ)𝑋 + (φXβ)𝑍

+(φZβ)η(𝑋)ξ
]

+ [
𝜏

4
−

3𝛽2

2
] (𝑔(𝑋, 𝑍)ξ − η(𝑋)η(𝑍)ξ) (1.18)

 

𝐻(𝑋, 𝑌)𝜉 = −(𝑋𝛽)𝜑𝑌 + (𝑌𝛽)𝜑𝑋 + [𝛽2 −
𝜏

6
] (𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌), (1.19) 

𝐻(𝑋, 𝜉)𝜉 = [𝛽2 −
𝜏

6
] (𝑋 − 𝜂(𝑋)𝜉), (1.20) 

𝐻(𝑋, 𝜉)𝑍 = −(𝑍𝛽)𝜑𝑋 − 𝑔(𝑋, 𝜑𝑍)grad𝛽 + [𝛽2 −
𝜏

6
] (𝜂(𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝜉), (1.21) 
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The present paper is organized as follows: In Section 2 we establish a new type of a quarter-

symmetric non-metric connection in an almost contact manifolds and prove its existence. Also 

we find Riemannian curvature tensor with respect to this connection. In Section 3, we classify 

the connection defined in Section 2. In Section 4, we investigate some curvature conditions on 

3-dimensional quasi-Sasakian manifolds e.g. (𝑅̃(𝑋, 𝜉). 𝑅̃)(𝑌, 𝑉)𝑊 = 0, 

(𝑃̃(𝑋, 𝜉). 𝐻̃)(𝑌, 𝑉)𝑊 = 0, (𝑅̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0, (𝐻̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0, and 

(𝑃̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0. Finally, we find an example of a 3-dimensional Quasi-Sasakian 

manifold admitting the quarter symmetric non- metric connection. 

 

2.  A new type of quarter-symmetric connection 
 

In this section, we define a new type of connection in an almost contact metric manifold as 

follows: 

 
Theorem 2.1. Let M be an n = 2m + 1- dimensional almost contact metric manifold with the 

Levi-Civita connection ∇ of its Riemannian metric g. Let Φ1, Φ2 and Φ3 are skew-symmetric 

parts of the (0,2) tensor Φ such that 

 

g(φX, Y) ≡ Φ(X, Y) = Φ1(X, Y) + Φ2(X, Y) + Φ3(X, Y). (2.1) 

 

Also let φ1, φ2 and φ3 are (1,1)-type tensor fields, η is a 1-form and ξ is a vector field which 

satisfy 

g(φ1X, Y) + g(φ2X, Y) + g(φ3X, Y) = Φ1(X, Y) + Φ2(X, Y) + Φ3(X, Y), (2.2) 

η(X) = g(X, ξ),   φ1ξ = φ2ξ = φ3ξ = φξ = 0, (2.3) 

and 

η(φ1X) = η(φ2X) = η(φ3X) = 0. (2.4) 

 

Then there exists a quarter-symmetric non-metric connection ∇̃ such that 

 

∇̃XY = ∇XY − η(X)φ1Y + η(Y)φ2X +
1

2
[η(Y)φ3X − η(X)φ3Y] − f1g(X, Y)ξ, (2.5) 

 

satisfying the conditions 

T̃(X, Y) = η(Y)φX − η(X)φY, (2.6) 

and 

(∇X̃g)(Y, Z) = f1[g(X, Y)η(Z) + g(X, Z)η(Y)] −
1

2
[η(Y)g(φ3X, Z) + η(Z)g(φ3X, Y)]

−η(Y)g(φ2X, Z) − η(Z)g(φ2X, Y) ≠ 0,                                (2.7)
 

where f1 is a differentiable function on M. 
 

Proof. Let ∇̃ be a linear connection in 𝑀 given by 

∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝐵(𝑋, 𝑌), (2.8)   
where 𝐵(𝑋, 𝑌) is a (1,1) tensor field in 𝑀. 
We can find the tensor field 𝐵(𝑋, 𝑌) such that ∇̃ ensures (2.6) and (2.7). Using (2.8) in (1.1), 

we obtain 

𝑇̃(𝑋, 𝑌) = 𝐵(𝑋, 𝑌) − 𝐵(𝑌, 𝑋). (2.9) 

Denote 

𝐺(𝑋, 𝑌, 𝑍) = (∇̃𝑋𝑔)(𝑌, 𝑍). (2.10) 

From (2.8) it follows that 
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𝐺(𝑋, 𝑌, 𝑍) = −𝑔(𝐵(𝑋, 𝑌), 𝑍) − 𝑔(𝑌, 𝐵(𝑋, 𝑍)). (2.11) 

Now using (2.9), we have 

𝑔(𝑇̃(𝑋, 𝑌), 𝑍) + 𝑔(𝑇̃(𝑍, 𝑌), 𝑋) + 𝑔(𝑇̃(𝑍, 𝑋), 𝑌)

= 𝑔(𝐵(𝑋, 𝑌), 𝑍) − 𝑔(𝐵(𝑌, 𝑋), 𝑍) + 𝑔(𝐵(𝑍, 𝑌), 𝑋) − 𝑔(𝐵(𝑌, 𝑍), 𝑋)
+ 𝑔(𝐵(𝑍, 𝑋), 𝑌) − 𝑔(𝐵(𝑋, 𝑍), 𝑌).                                               

In the above equation taking (2.11), we write 

𝑔(𝑇̃(𝑋, 𝑌), 𝑍) + 𝑔(𝑇̃(𝑍, 𝑌), 𝑋) + 𝑔(𝑇̃(𝑍, 𝑋), 𝑌)

= 𝑔(𝐵(𝑋, 𝑌), 𝑍) + 𝐺(𝑌, 𝑋, 𝑍) − 𝐺(𝑍, 𝑋, 𝑌) − 𝑔(𝐵(𝑋, 𝑍), 𝑌)
= 2𝑔(𝐵(𝑋, 𝑌), 𝑍) + 𝐺(𝑋, 𝑌, 𝑍) + 𝐺(𝑌, 𝑋, 𝑍) − 𝐺(𝑍, 𝑋, 𝑌).                      (2.12)    

If we put (2.7) in (2.12), we get 

𝑔(𝑇̅(𝑋, 𝑌), 𝑍) + 𝑔(𝑇̅(𝑍, 𝑋), 𝑌) + 𝑔(𝑇̅(𝑍, 𝑌), 𝑋)

= 2𝑔(𝐵(𝑋, 𝑌), 𝑍) −
1

2
𝜂(𝑌)𝑔(𝜑3𝑋, 𝑍) −

1

2
𝜂(𝑍)𝑔(𝜑3𝑋, 𝑌) + 𝑓1𝑔(𝑋, 𝑌)𝜂(𝑍)

+ 𝑓1𝑔(𝑋, 𝑍)𝜂(𝑌) − 𝜂(𝑌)𝑔(𝜑2𝑋, 𝑍) + 𝜂(𝑌)𝑔(𝜑2𝑍, 𝑋) −
1

2
𝜂(𝑋)𝑔(𝜑3𝑌, 𝑍)

−
1

2
𝜂(𝑍)𝑔(𝜑3𝑌, 𝑋) + 𝑓1𝑔(𝑌, 𝑍)𝜂(𝑋) + 𝑓1𝑔(𝑋, 𝑌)𝜂(𝑍) − 𝜂(𝑋)𝑔(𝜑2𝑌, 𝑍)

− 𝜂(𝑍)𝑔(𝑋, 𝜑2𝑌) +
1

2
𝜂(𝑋)𝑔(𝜑3𝑍, 𝑌) +

1

2
𝜂(𝑌)𝑔(𝜑3𝑋, 𝑍) − 𝑓1𝑔(𝑍, 𝑋)𝜂(𝑌)

− 𝑓1𝑔(𝑍, 𝑌)𝜂(𝑋) + 𝜂(𝑋)𝑔(𝜑2𝑍, 𝑌) + 𝜂(𝑌)𝑔(𝑋, 𝜑2𝑍).                         (2.13) 
 

Since 𝜑1, 𝜑2 and 𝜑3 are skew-symmetric therefore (2.13) reduces to 

𝑔(𝑇̃(𝑋, 𝑌), 𝑍) + 𝑔(𝑇̃(𝑍, 𝑌), 𝑋) + 𝑔(𝑇̃(𝑍, 𝑋), 𝑌)

= 2𝑔(𝐵(𝑋, 𝑌), 𝑍) + η(𝑌)𝑔(φ3𝑍, 𝑋) − η(𝑋)𝑔(φ3𝑌, 𝑍) + 2𝑓1𝑔(𝑋, 𝑌)η(𝑍)
− 2η(𝑌)𝑔(φ2𝑋, 𝑍) − 2η(𝑋)𝑔(φ2𝑌, 𝑍).                                                    (2.14) 

By (2.14), we obtain 

𝑔(𝐵(𝑋, 𝑌), 𝑍) =
1

2
{𝑔(𝑇̃(𝑋, 𝑌), 𝑍) + 𝑔(𝑇̃(𝑍, 𝑋), 𝑌) + 𝑔(𝑇̃(𝑍, 𝑌), 𝑋)} − 𝑓1𝑔(𝑋, 𝑌)η(𝑍)

−
1

2
{η(𝑌)𝑔(φ3𝑍, 𝑋) − η(𝑋)𝑔(φ3𝑌, 𝑍)} + η(𝑌)𝑔(φ2𝑋, 𝑍)

+ η(𝑋)𝑔(φ2𝑌, 𝑍)                                                                                               (2.15) 
 

On the other hand (2.6) implies the following relations 

𝑔(𝑇̃(𝑋, 𝑌), 𝑍) = η(𝑌) ∑ 𝑔(φ𝑖𝑋, 𝑍)

3

𝑖=1

− η(𝑋) ∑ 𝑔(φ𝑖𝑌, 𝑍)

3

𝑖=1

, 

𝑔(𝑇̃(𝑍, 𝑋), 𝑌) = η(𝑋) ∑ 𝑔(φ𝑖𝑍, 𝑌)

3

𝑖=1

− η(𝑍) ∑ 𝑔(φ𝑖𝑌, 𝑋)

3

𝑖=1

, 

𝑔(𝑇̃(𝑍, 𝑌), 𝑋) = η(𝑌) ∑ 𝑔(φ𝑖𝑍, 𝑋)

3

𝑖=1

− η(𝑍) ∑ 𝑔(φ𝑖𝑌, 𝑋)

3

𝑖=1

. 

Combining the above equations with (2.15), we have 
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𝑔(𝐵(𝑋, 𝑌), 𝑍) =
1

2
[η(𝑌) ∑ 𝑔(φ𝑖𝑋, 𝑍)

3

𝑖=1

− η(𝑋) ∑ 𝑔(φ𝑖𝑌, 𝑍)

3

𝑖=1

+ η(𝑋) ∑ 𝑔(φ𝑖𝑍, 𝑌)

3

𝑖=1

− η(𝑍) ∑ 𝑔(φ𝑖𝑌, 𝑋)

3

𝑖=1

+ η(𝑌) ∑ 𝑔(φ𝑖𝑍, 𝑋)

3

𝑖=1

− η(𝑍) ∑ 𝑔(φ𝑖𝑌, 𝑋)

3

𝑖=1

]

− 𝑓1𝑔(𝑋, 𝑌)η(𝑍) −
1

2
[η(𝑌)𝑔(φ3𝑍, 𝑋) − η(𝑋)𝑔(φ3𝑌, 𝑍)] + η(𝑌)𝑔(φ2𝑋, 𝑍)

+ η(𝑋)𝑔(φ2𝑌, 𝑍), 
from which 

𝐵(𝑋, 𝑌) = −𝜂(𝑋)𝜑1𝑌 + 𝜂(𝑌)𝜑2𝑋 +
1

2
[𝜂(𝑌)𝜑3𝑋 − 𝜂(𝑋)𝜑3𝑌] − 𝑓1𝑔(𝑋, 𝑌)𝜉, (2.16) 

for ∀Z ∈χ(M). This completes the proof.   
 

Lemma 2.2. Let M be an n = 2m+1-dimensional almost contact metric manifold. Then we can 

give a relation between Riemannian curvature tensors R and R ̃respectively Levi-Civita 

connection ∇ and quarter-symmetric non-metric connection ∇̃  which defined by (2.5) on M 

such that 

 

R̃(X, Y)Z = R(X, Y)Z − g(∇Xξ, Y)φ1Z − η(Y)(∇Xφ1)Z + η(Y)f1g(X, φ1Z)ξ + g(∇Xξ, Z)φ2Y

+ η(Z)(∇Xφ2)Y −
1

2
η(X)η(Z)φ3φ2Y − η(X)η(Z)φ1φ2Y − η(Z)f1g(X, φ2Y)ξ

+
1

2
g(∇Xξ, Z)φ3Y +

1

2
η(Z)(∇Xφ3)Y −

1

4
η(X)η(Z)φ3φ3Y

−
1

2
η(X)η(Z)φ1φ3Y −

1

2
f1η(Z)g(X, φ3Y)ξ −

1

2
g(∇Xξ, Y)φ3Z

−
1

2
η(Y)(∇Xφ3)Z+

1

2
f1η(Y)g(X, φ3Z)ξ − (Xf1)g(Y, Z)ξ − f1g(Y, Z)∇Xξ

−
1

2
f1g(Y, Z)φ3X − f1g(Y, Z)φ2X + f1

2g(Y, Z)η(X)ξ + g(∇Yξ, X)φ1Z

+ η(X)(∇Yφ1)Z − η(X)f1g(Y, φ1Z)ξ − g(∇Yξ, Z)φ2X − η(Z)(∇Yφ2)X

+
1

2
η(Y)η(Z)φ3φ2X + η(Y)η(Z)φ1φ2X + η(Z)f1g(Y, φ2X)ξ

−
1

2
g(∇Yξ, Z)φ3X −

1

2
η(Z)(∇Yφ3)X +

1

4
η(Y)η(Z)φ3φ3X

+
1

2
η(Y)η(Z)φ1φ3X +

1

2
η(Z)f1g(Y, φ3X)ξ +

1

2
g(∇Yξ, X)φ3Z

+
1

2
η(X)(∇Yφ3)Z−η(X)

1

2
f1g(Y, φ3Z)ξ + (Yf1)g(X, Z) + f1g(X, Z)∇Yξ

+
1

2
f1g(X, Z)φ3Y + f1g(X, Z)φ2Y − f1

2g(Y, Z)η(X)ξ(2.17) 

for X, Y, Z ∈ χ(M). 
 

Proof. The Riemannian curvature tensor 𝑅̃ is defined by 

 

𝑅̃(𝑋, 𝑌)𝑍 = ∇̃𝑋∇̃𝑌𝑍 − ∇̃𝑌∇̃𝑋𝑍 − ∇̃[𝑋,𝑌]𝑍, (2.18) 

 

where ∇̃  is quarter-symmetric non-metric connection for 𝑋, 𝑌, 𝑍 ∈ 𝜒(𝑀). With the helping of 

(2.5), the relation (1.18) converts to 



77 

𝑅̃(𝑋, 𝑌)𝑍 = 𝛻̃𝑋 (∇𝑌𝑍 − η(𝑌)φ1𝑍 + η(𝑍)φ2𝑌 +
1

2
(η(𝑍)φ3𝑌 − η(𝑌)φ3𝑍) − 𝑓1𝑔(𝑌, 𝑍)ξ)

− 𝛻̃𝑌 (∇𝑋𝑍 − η(𝑋)φ1𝑍 + η(𝑍)φ2𝑋 +
1

2
(η(𝑍)φ3𝑋 − η(𝑋)φ3𝑍)

− 𝑓1𝑔(𝑋, 𝑍)ξ) − (∇[𝑋,𝑌]𝑍 − η([𝑋, 𝑌])φ1𝑍 + η(𝑍)φ2[𝑋, 𝑌]                           

+
1

2
(η(𝑍)φ3[𝑋, 𝑌] − η([𝑋, 𝑌])φ3𝑍) − 𝑓1𝑔([𝑋, 𝑌], 𝑍)ξ). 

 

From linearity of ∇ ̃and (2.5), it follows that 

 

𝑅̃(𝑋, 𝑌)𝑍=∇𝑋∇𝑌𝑍 +
1

2
𝜂(∇𝑌𝑍)𝜑3𝑋 −

1

2
𝜂(𝑋)𝜑3∇𝑌𝑍 + 𝜂(∇𝑌𝑍)𝜑2𝑋−η(X)𝜑1∇𝑌𝑍 −

𝑓1𝑔(𝑋, ∇𝑌𝑍)𝜉 − ∇𝑋𝜂(𝑌)𝜑1𝑍 −
1

2
𝜂(𝜂(𝑌)𝜑1𝑍)𝜑3𝑋 +

1

2
𝜂(𝑋)𝜂(𝑌)𝜑1𝜑3𝑍 −

𝜂(𝜂(𝑌)𝜑1𝑍)𝜑2𝑋 + η(X)𝜂(𝑌)𝜑1𝜑1Z + 𝑓1𝑔(𝑋, 𝜂(𝑌)𝜑1𝑍)𝜉 + ∇𝑋𝜂(𝑍)𝜑2𝑌 +
1

2
𝜂(𝜂(𝑍)𝜑2𝑌)𝜑3𝑋 −

1

2
𝜂(𝑋)𝜂(𝑍)𝜑3𝜑2𝑌 − 𝜂(𝑋)𝜂(𝑍)𝜑1𝜑2𝑌 + 𝜂(𝜂(𝑍)𝜑2𝑌)𝜑2𝑋 −

𝑓1𝑔(𝑋, 𝜂(𝑍)𝜑2𝑌)𝜉 +
1

2
∇𝑋𝜂(𝑍)𝜑3𝑌 +

1

4
𝜂(𝜂(𝑍)𝜑3𝑌)𝜑3𝑋 −

1

4
𝜂(𝑋)𝜂(𝑍)𝜑3𝜑3𝑌 +

1

2
𝜂(𝜂(𝑍)𝜑3𝑌)𝜑2𝑋 −

1

2
𝜂(𝑋)𝜂(𝑍)𝜑1𝜑3𝑌 −

1

2
𝑓1𝑔(𝑋, 𝜂(𝑍)𝜑3𝑌)𝜉 −

1

2
∇𝑋𝜂(𝑌)𝜑3𝑍 −

1

4
𝜂(𝜂(𝑌)𝜑3𝑍)𝜑3𝑋 +

1

4
𝜂(𝑋)𝜂(𝑌)𝜑3𝜑3𝑍 −

1

2
𝜂(𝜂(𝑌)𝜑3𝑍)𝜑2𝑋 +

1

2
𝜂(𝑋)𝜂(𝑌)𝜑1𝜑3𝑍 +

1

2
𝑓1𝑔(𝑋, 𝜂(𝑌)𝜑3𝑍)𝜉 − ∇𝑋𝑓1𝑔(𝑌, 𝑍)𝜉 −

1

2
𝜂(𝑓1𝑔(𝑌, 𝑍)𝜉)𝜑3𝑋 +

1

2
𝜂(𝑋)𝑓1𝑔(𝑌, 𝑍)𝜑3𝜉 −

𝜂(𝑓1𝑔(𝑌, 𝑍)𝜉)𝜑2𝑋 + 𝜂(𝑋)𝑓1𝑔(𝑌, 𝑍)𝜑1𝜉 + 𝑓1
2𝑔(𝑌, 𝑍)𝜂(𝑋)𝜉 − ∇𝑌∇𝑋𝑍 −

1

2
𝜂(∇𝑋𝑍)𝜑3𝑌 +

1

2
𝜂(𝑌)𝜑3∇𝑋𝑍 − 𝜂(∇𝑋𝑍)𝜑2𝑌+η(Y)𝜑1∇𝑋𝑍 + 𝑓1𝑔(𝑌, ∇𝑋𝑍)𝜉 + ∇𝑌𝜂(𝑋)𝜑1𝑍 +

1

2
𝜂(𝜂(𝑋)𝜑1𝑍)𝜑3𝑌 −

1

2
𝜂(𝑌)𝜂(𝑋)𝜑1𝜑3𝑍 + 𝜂(𝜂(𝑋)𝜑1𝑍)𝜑2𝑌 − η(Y)𝜂(𝑋)𝜑1𝜑1Z −

𝑓1𝑔(𝑌, 𝜂(𝑋)𝜑1𝑍)𝜉 − ∇𝑌𝜂(𝑍)𝜑2𝑋 −
1

2
𝜂(𝜂(𝑍)𝜑2𝑋)𝜑3𝑌 +

1

2
𝜂(𝑌)𝜂(𝑍)𝜑3𝜑2𝑋 +

𝜂(𝑌)𝜂(𝑍)𝜑1𝜑2𝑋 − 𝜂(𝜂(𝑍)𝜑2𝑋)𝜑2𝑌 + 𝑓1𝑔(𝑌, 𝜂(𝑍)𝜑2𝑋)𝜉 −
1

2
∇𝑌𝜂(𝑍)𝜑3𝑋 −

1

4
𝜂(𝜂(𝑍)𝜑3𝑋)𝜑3𝑌 +

1

4
𝜂(𝑌)𝜂(𝑍)𝜑3𝜑3𝑋 −

1

2
𝜂(𝜂(𝑍)𝜑3𝑋)𝜑2𝑌 +

1

2
𝜂(𝑌)𝜂(𝑍)𝜑1𝜑3𝑋 +

1

2
𝑓1𝑔(𝑌, 𝜂(𝑍)𝜑3𝑋)𝜉 +

1

2
∇𝑌𝜂(𝑋)𝜑3𝑍 +

1

4
𝜂(𝜂(𝑋)𝜑3𝑍)𝜑3𝑌 −

1

4
𝜂(𝑌)𝜂(𝑋)𝜑3𝜑3𝑍 +

1

2
𝜂(𝜂(𝑋)𝜑3𝑍)𝜑2𝑌 −

1

2
𝜂(𝑌)𝜂(𝑋)𝜑1𝜑3𝑍 −

1

2
𝑓1𝑔(𝑌, 𝜂(𝑋)𝜑3𝑍)𝜉 + ∇𝑌𝑓1𝑔(𝑋, 𝑍)𝜉 +

1

2
𝜂(𝑓1𝑔(𝑋, 𝑍)𝜉)𝜑3𝑌 −

1

2
𝜂(𝑌)𝑓1𝑔(𝑋, 𝑍)𝜑3𝜉 + 𝜂(𝑓1𝑔(𝑋, 𝑍)𝜉)𝜑2𝑌 − 𝜂(𝑌)𝑓1𝑔(𝑋, 𝑍)𝜑1𝜉 −

𝑓1
2𝑔(𝑌, 𝑍)𝜂(𝑋)𝜉 − ∇[𝑋,𝑌}𝑍 + 𝜂(∇𝑋𝑌 − ∇𝑌𝑋)𝜑1𝑍 − 𝜂(𝑍)𝜑2∇𝑋𝑌 + 𝜂(𝑍)𝜑2∇𝑌𝑋 −

1

2
{𝜂(𝑍)𝜑3∇𝑋𝑌 − 𝜂(𝑍)𝜑3∇𝑌𝑋 − 𝜂(∇𝑋𝑌 − ∇𝑌𝑋)𝜑3𝑍} + 𝑓1𝑔(∇𝑋𝑌 − ∇𝑌𝑋, 𝑍 

 

Applying properties of Levi-Civita connection ∇ and using (2.3) and (2.4), we arrive at  (2.17) 

which proves assertion. 

 

3. Classification of the connection given with (2.5) 
 

In this section, we will give some special connection types depending on the connection defined 

with (2.5). 

i) If φ1 = φ2 = 0 , then (2.5) becomes 

∇̃𝑋𝑌 = ∇𝑋𝑌 +
1

2
[η(𝑌)φ𝑋 − η(𝑋)φ𝑌] − 𝑓1𝑔(𝑋, 𝑌)ξ. (3.1) 
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This connection is called a quarter symmetric non-metric connection on almost contact metric 

manifold. We call this connection as (𝑀, φ3, 𝑓1). 
 

Let's find Riemannian curvature tensor 𝑅̃ due to (3.1) applying  𝜑1 = 𝜑2 = 0   in (2.17). 

 

𝑅̃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 +
1

2
𝑔(∇𝑋𝜉, 𝑍)𝜑𝑌 +

1

2
𝜂(𝑍)(∇𝑋𝜑)𝑌

−
1

4
𝜂(𝑋)𝜂(𝑍)𝜑2𝑌−

1

2
𝑓1𝜂(𝑍)𝑔(𝑋, 𝜑𝑌)𝜉 −

1

2
𝑔(∇𝑋𝜉, 𝑌)𝜑𝑍

−
1

2
𝜂(𝑌)(∇𝑋𝜑)𝑍+

1

2
𝑓1𝜂(𝑌)𝑔(𝑋, 𝜑𝑍)𝜉 − (𝑋𝑓1)𝑔(𝑌, 𝑍)𝜉 − 𝑓1𝑔(𝑌, 𝑍)∇𝑋𝜉

−
1

2
𝑓1𝑔(𝑌, 𝑍)𝜑𝑋 + 𝑓1

2𝑔(𝑌, 𝑍)𝜂(𝑋)𝜉 −
1

2
𝑔(∇𝑌𝜉, 𝑍)𝜑𝑋 −

1

2
𝜂(𝑍)(∇𝑌𝜑)𝑋

+
1

4
𝜂(𝑌)𝜂(𝑍)𝜑2𝑋+

1

2
𝜂(𝑍)𝑓1𝑔(𝑌, 𝜑𝑋)𝜉 +

1

2
𝑔(∇𝑌𝜉, 𝑋)𝜑𝑍

+
1

2
𝜂(𝑋)(∇𝑌𝜑)𝑍−𝜂(𝑋)

1

2
𝑓1𝑔(𝑌, 𝜑𝑍)𝜉 + (𝑌𝑓1)𝑔(𝑋, 𝑍)𝜉 + 𝑓1𝑔(𝑋, 𝑍)∇𝑌𝜉

+
1

2
𝑓1𝑔(𝑋, 𝑍)𝜑𝑌 − 𝑓1

2𝑔(𝑌, 𝑍)𝜂(𝑋)𝜉.                                                            (3.2) 

ii) Using  φ2 = φ3 = 0  and 𝑓1 = 0 in (3.1), we obtain 

 

∇̃𝑋𝑌 = ∇𝑋𝑌 − 𝜂(𝑋)𝜑𝑌. (3.3)                                                  
 

This connection is called quarter symmetric metric connection [36]. It is easily seen that, the 

Riemannian curvature tensor is 

 

𝑅̃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 − 𝑔(∇𝑋𝜉, 𝑌)𝜑𝑍 − 𝜂(𝑌)(∇𝑋𝜑)𝑍 + 𝑔(∇𝑌𝜉, 𝑋)𝜑𝑍 + 𝜂(𝑋)(∇𝑌𝜑)𝑍 (3.4) 

 

with respect to (3.3). 

 

iii) Setting  φ1 = φ3 = 0  and 𝑓1 = 0 in (2.5), the connection (2.5) reduces to 

 

∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝜂(𝑌)𝜑𝑋. (3.4) 

 

This connection is called quarter symmetric non-metric connection [30]. If we take φ1 = φ3 =
0 and 𝑓1 = 0 in (2.17), then  we obtain 

 

𝑅̃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 + 𝑔(∇𝑋𝜉, 𝑍)𝜑𝑌 + 𝜂(𝑍)(∇𝑋𝜑)𝑌 − 𝑔(∇𝑌𝜉, 𝑍)𝜑𝑋 − 𝜂(𝑍)(∇𝑌𝜑)𝑋. (3.5) 

 

iv)   Taking  𝜑1 = 𝜑3 = 0, 𝜑2𝑋 = 𝑋  𝑎𝑛𝑑 𝑓1 = 0 in (2.5), then it becomes 

∇̃𝑋𝑌 = ∇𝑋𝑌 + η(𝑌)𝑋. (3.6) 

 

This connection is called semi-symmetric non-metric connection [1]. Riemannian curvature 

tensor 𝑅 ̃is  

𝑅̃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 + 𝑔(𝑍, ∇𝑋𝜉)𝑌 − 𝑔(𝑍, ∇𝑌𝜉)𝑋,   
due to (3.6). 
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Table 1. Classification of the Connection  

∇̃𝑋𝑌 = ∇𝑋𝑌 − 𝜂(𝑋)𝜑1𝑌 + 𝜂(𝑌)𝜑2𝑋 +
1

2
[𝜂(𝑌)𝜑3𝑋 − 𝜂(𝑋)𝜑3𝑌] − 𝑓1𝑔(𝑋, 𝑌)𝜉 

Connection Name   Special Case Connection 

(𝑀, φ3, 𝑓1) 
 

Quarter Symmetric Non-

Metric Connection 

𝜑1 = 𝜑2 = 0 
∇̃𝑋𝑌 = ∇𝑋𝑌 +

1

2
𝜂(𝑌)𝜑𝑋 −

1

2
𝜂(𝑋)𝜑𝑌 − 𝑓1𝑔(𝑋, 𝑌)𝜉 

 

Quarter Symmetric 

Metric Connection 
𝜑2 = 0 𝜑3 = 0 and 𝑓1 = 0 ∇̃𝑋𝑌 = ∇𝑋𝑌 − 𝜂(𝑋)𝜑𝑌 

Quarter Symmetric 

Non-Metric Connection 
𝜑1 = 0,  𝜑3 = 0  and   𝑓1 = 0 ∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝜂(𝑌)𝜑𝑋 

Semi Symmetric Non-Metric 

Connection 
𝜑1 = 0,   𝜑2𝑋 = 𝑋, 
𝜑3 = 0  𝑎𝑛𝑑 𝑓1 = 0 

∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝜂(𝑌)𝑋 

 

 

4. 3-Dimensional quasi-Sasakian manifolds given with quarter symmetric 

non-metric connection (𝑴, 𝝋𝟑, 𝒇𝟏) 
 

In this section, some curvature types will be studied in the 3-dimensional quasi-Sasakian 

manifolds given with (𝑀, 𝜑3, 𝑓1). 
 

Lemma 4.1. Let  M be a 3-dimensional quasi-Sasakian manifold. The relation between 

Riemannian curvature tensors R and R̃ with respect to the connections ∇ and quarter-symmetric 

non-metric connection (M, φ3, f1) defined by ∇ ̃, is given by 

 

R̃(X, Y)Z = R(X, Y)Z − (Xf1)g(Y, Z)ξ + (Yf1)g(X, Z)ξ +
1

4
[η(X)η(Z)Y − η(Y)η(Z)X]

+ (f1
2 +

β

2
) [g(Y, Z)η(X)ξ − g(X, Z)η(Y)ξ] −

1

2
f1η(X)g(φZ, Y)ξ

+ (f1β −
f1

2
) [g(Y, Z)φX − g(X, Z)φY] +

1

2
f1η(Y)g(φZ, X)ξ +

β

2
(2g(φX, Y)φZ

+ g(φY, Z)φX − g(φX, Z)φY)
+ f1η(Z)g(φX, Y)ξ,                                                                                              (4.1)  

 

for ∀ X, Y, Z ∈ χ(M). 

 

Proof. Since M is a 3-dimensional quasi-Sasakian manifold, using the expressions (1.6), 

(1.5) and  φ1 = φ2 = 0 , (3.2) reduces to 
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R̃(X, Y)Z = R(X, Y)Z − (Xf1)g(Y, Z)ξ + (Yf1)g(X, Z)ξ + f1
2[g(Y, Z)η(X)ξ − g(X, Z)η(Y)ξ]

+ f1βg(Y, Z)φX − f1βg(X, Z)φX

+
1

2
[βη(Z)g(X, Y)ξ − βη(Z)η(Y)X − βη(Y)g(X, Z)ξ + βη(Z)η(Y)X

+ βη(X)g(Y, Z)ξ − βη(X)η(Z)Y + βη(X)g(Y, Z)ξ − βη(X)η(Z)Y
− βη(Z)g(Y, X)ξ + βη(Z)η(X)Y + βg(φX, Y)φZ − βg(φY, X)φZ
+ βg(φY, Z)φX − βg(φX, Z)φY + 2f1η(Z)g(φX, Y)ξ − f1η(X)g(φZ, Y)ξ

+ f1η(Y)g(φZ, X)ξ − f1g(Y, Z)φX + f1g(X, Z)φY +
1

2
η(X)η(Z)Y

−
1

2
η(Y)η(Z)X], 

which proves (4.1). 

        

Lemma 4.2. In 3-dimensional quasi-Sasakian manifold given with (𝑀, 𝜑3, 𝑓1),  
 

𝑅̃(𝑋, 𝑌)𝜉 = −(𝑋𝛽)𝜑𝑌 + (𝑌𝛽)𝜑𝑋 − (𝑋𝑓1)𝜂(𝑌)𝜉 + (𝑌𝑓1)𝜂(𝑋)𝜉

+ (𝑓1𝛽 −
𝑓1

2
) [𝜂(𝑌)𝜑𝑋 − 𝜂(𝑋)𝜑𝑌] + (

1

4
− 𝛽2) [𝜂(𝑋)𝑌 − 𝜂(𝑌)𝑋]

+ 𝑓1𝑔(𝜑𝑋, 𝑌)𝜉,                                                                                                       (4.2) 

 

𝑅̃(𝑋, 𝜉)𝑍 = −(𝑍𝛽)𝜑𝑋 − 𝑔(𝑋, 𝜑𝑍)gradβ −
𝑓1

2
𝑔(𝜑𝑋, 𝑍)𝜉 + (𝑓1𝛽 −

𝑓1

2
) 𝜂(𝑍)𝜑𝑋 − (𝑋𝑓1)𝜂(𝑍)𝜉

+ ((𝜉𝑓1) − 𝛽2 − 𝑓1
2 −

𝛽

2
) 𝑔(𝑋, 𝑍)𝜉 + ((

𝛽

2
+ 𝑓1

2 +
1

4
)]𝜂(𝑋)𝜂(𝑍)𝜉

+ (𝛽2 −
1

4
) 𝜂(𝑍)𝑋,                                                                                                                (4.3) 

𝑅̃(𝑋, 𝜉)𝜉 = (𝑓1𝛽 −
𝑓1

2
) 𝜑𝑋 − (𝑋𝑓1)𝜉 + [

1

4
− 𝛽2] (𝜂(𝑋)𝜉 − 𝑋) + (𝜉𝑓1)𝜂(𝑋)𝜉, (4.4) 

𝑅̃(𝜉, 𝜉)𝜉 = 0, (4.5) 

𝑅̃(𝑋, 𝑌)𝑍 = −𝑅̃(𝑌, 𝑋)𝑍, (4.6) 

𝑅̃(𝑋, 𝑌)𝑍+𝑅̃(𝑌, 𝑍)𝑋 + 𝑅̃(𝑍, 𝑋)𝑌 =
𝛽

2
{4𝑔(𝜑𝑋, 𝑌)𝜑𝑍 + 4𝑔(𝜑𝑌, 𝑍)𝜑𝑋 + 4𝑔(𝜑𝑍, 𝑋)𝜑𝑌} 

+2𝑓1𝜂(𝑍)𝑔(𝜑𝑋, 𝑌)𝜉. (4.7) 
with the help of (4.7), we can prove the following lemma and remark: 

 

Lemma 4.3.  Let M be a 3-dimensional quasi-Sasakian manifold. Manifold M satisfies first 

Bianchi identity with respect to (M, φ3, f1) if and only if β = 0, f1 = 0,  for ∀X, Y, Z ∈ χ(M). 
Notice that first Bianchi Identity with respect to ∇ is given by [35]  

 

R(X, Y)Z + R(Y, Z)X + R(Z, X)Y = 0. (4.8) 

 

Remark 4.4.  Let M be a 3-dimensional quasi-Sasakian manifold. Manifold satisfies first 

Bianchi identity with respect to (M, φ3, f1) if and only if f1 = 0 and M is cosymplectic. 

 

Lemma 4.5.  Let M be a 3-dimensional quasi-Sasakian manifold. Ricci tensor S̃, Ricci operator 

Q̃ and scalar curvature τ̃ with respect to (M, φ3, f1) are given by 
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S̃(Y, Z) = S(Y, Z) + (Yf1)η(Z) + f1(β − 1)g(Y, φZ) − (
1

2
+ f1

2) η(Y)                   

+ (f1
2 − (ξf1))g(Y, Z)

= (Yf1)η(Z) + f1(β − 1)g(Y, φZ) − (φZβ)η(Y) − (φYβ)η(Z)

+ [
τ

2
− β2 + f1

2 − (ξf1)] g(Y, Z) + [3β2 −
τ

2
−

1

2
− f1

2] η(Y)η(Z),            (4.9) 

Q̃Y = QY + (Yf1)ξ − f1(β − 1)φY − (
1

2
+ f1

2) η(Y)ξ + (f1
2 − (ξf1))Y, (4.10) 

τ̃ = τ + 2(f1
2 − (ξf1)) −

1

2
. (4.11) 

 

Proof. Taking the inner product of both sides of the equation (4.1) with 𝑊, we obtain 

 

𝑔(𝑅̃(𝑋, 𝑌)𝑍, 𝑊)

= 𝑔(𝑅(𝑋, 𝑌)𝑍, 𝑊) − (𝑋𝑓1)𝑔(𝑌, 𝑍)η(𝑊) + (𝑌𝑓1)𝑔(𝑋, 𝑍)η(𝑊)

+ (𝑓1
2 +

β

2
) [𝑔(𝑌, 𝑍)η(𝑋)η(𝑊) − 𝑔(𝑋, 𝑍)η(𝑌)η(𝑊)]

+ (𝑓1β −
𝑓1

2
) [𝑔(𝑌, 𝑍)𝑔(φ𝑋, 𝑊) − 𝑔(𝑋, 𝑍)𝑔(φ𝑌, 𝑊)]

+
β

2
[2𝑔(φ𝑋, 𝑌)𝑔(φ𝑍, 𝑊) + 𝑔(φ𝑌, 𝑍)𝑔(φ𝑋, 𝑊) − 𝑔(φ𝑋, 𝑍)𝑔(φ𝑌, 𝑊)]

+
1

4
[η(𝑋)η(𝑍)𝑔(𝑌, 𝑊) − η(𝑌)η(𝑍)𝑔(𝑋, 𝑊)] + 𝑓1η(𝑍)𝑔(φ𝑋, 𝑌)η(𝑊)

−
1

2
𝑓1η(𝑋)𝑔(φ𝑍, 𝑌)η(𝑊) +

1

2
𝑓1η(𝑌)𝑔(φ𝑍, 𝑋)η(𝑊). 

Putting 𝑋 = 𝑊 = 𝑒𝑖, 𝑖 = 1,2,3 in the above equation, we have 

𝑆̃(𝑌, 𝑍) = 𝑆(𝑌, 𝑍) − (ξ𝑓1)𝑔(𝑌, 𝑍) + (𝑌𝑓1)η(𝑍) + (𝑓1
2 +

β

2
) [𝑔(𝑌, 𝑍) − η(𝑌)η(𝑍)]

− (𝑓1β −
𝑓1

2
) 𝑔(φ𝑌, 𝑍) +

β

2
[−2𝑔(φ𝑍, φ𝑌) + 𝑔(φ𝑌, φ𝑍)]

+
1

4
[η(𝑌)η(𝑍) − 3η(𝑌)η(𝑍)] −

1

2
𝑓1𝑔(φ𝑍, 𝑌), 

from which we get (4.9). Also (4.9) yields 

𝑄̃𝑌 = 𝑄𝑌 + (𝑌𝑓1)𝜉 − 𝑓1(𝛽 − 1)𝜑𝑌 − (
1

2
+ 𝑓1

2) 𝜂(𝑌)𝜉 + (𝑓1
2 − (𝜉𝑓1)),  

for every 𝑍 ∈ 𝜒(𝑀). Contracting 𝑌 and 𝑍 in (4.9), we get 

τ̃ = τ + (ξ𝑓1) − (
1

2
+ 𝑓1

2) + 3(𝑓1
2 − (ξ𝑓1)).      

Using (4.9), we can prove following lemma: 

 

Lemma 4.6 For 3-dimensional quasi-Sasakian manifold with respect to (M, φ3, f1) 

S̃(Y, ξ) = (Yf1) − (φYβ) + [2β2 −
1

2
− (ξf1)] η(Y), (4.12) 

S̃(ξ, Z) = −(φZβ) + [2β2 −
1

2
] η(Z), (4.13) 

S̃(ξ, ξ) = 2β2 −
1

2
. (4.14) 

Proof. By (4.9), putting ξ for Y, Z respectively it is obvious that (4.12), (4.13) and (4.14) are 

true.  
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Theorem 4.7 Let M be a 3-dimensional quasi-Sasakian manifold. The Ricci tensor of M is 

symmetric with respect to (M, φ3, f1) if and only if f1 is constant and β = 1. 
 

Proof. Assume that the Ricci tensor of 𝑀 is symmetric with respect to (𝑀, 𝜑3, 𝑓1), that is   

𝑆̃(𝑌, 𝑍) = 𝑆̃(𝑍, 𝑌), (4.15)       
for ∀𝑌, 𝑍 ∈ 𝜒(𝑀). First of all, in order to find the expression 𝑆̃(𝑍, 𝑌), in (4.9) substitute 𝑍 

instead of 𝑌 and 𝑌 instead of 𝑍. 

 

𝑆̃(𝑍, 𝑌). = 𝑆(𝑍, 𝑌) + (𝑍𝑓1)𝜂(𝑌) + 𝑓1(𝛽 − 1)𝑔(𝑍, 𝜑𝑌) − [
1

2
+ 𝑓1

2] 𝜂(𝑍)𝜂(𝑌) 

                            +[𝑓1
2 − (𝜉𝑓1)]𝑔(𝑌, 𝑍).                                                                                           (4.16) 

With the help of (4.9), (4.15) and (4.16), we can write 

 

𝑆(𝑌, 𝑍) + (𝑌𝑓1)η(𝑍) + 𝑓1(β − 1)𝑔(𝑌, φ𝑍) − [
1

2
+ 𝑓1

2] η(𝑌)η(𝑍) + [𝑓1
2 − (ξ𝑓1)]𝑔(𝑌, 𝑍)

= 𝑆(𝑍, 𝑌) + (𝑍𝑓1)η(𝑌) + 𝑓1(β − 1)𝑔(𝑍, φ𝑌) − [
1

2
+ 𝑓1

2] η(𝑍)η(𝑌)

+ [𝑓1
2 − (ξ𝑓1)]𝑔(𝑌, 𝑍). 

 

After required calculations in the above equation, we get 
(𝑌𝑓1)𝜂(𝑍) + 𝑓1(𝛽 − 1)𝑔(𝑌, 𝜑𝑍) = (𝑍𝑓1)𝜂(𝑌) + 𝑓1(𝛽 − 1)𝑔(𝑍, 𝜑𝑌),  

or 
(𝑌𝑓1)𝜂(𝑍) + 2𝑓1(𝛽 − 1)𝑔(𝑌, 𝜑𝑍) − (𝑍𝑓1)𝜂(𝑌) = 0.  

 

From here we can easily see that 𝑓1 is constant and 𝛽 = 1. Conversely, suppose that 𝑓1 is 

constant and 𝛽 = 1. Using these values in (4.9), we have 

 

𝑆̃(𝑌, 𝑍) = 𝑆(𝑌, 𝑍) − [
1

2
+ 𝑓1

2] 𝜂(𝑌)𝜂(𝑍) + 𝑓1
2𝑔(𝑌, 𝑍). (4.17) 

In (4.17), using symmetry property of Ricci tensor 𝑆 and metric 𝑔 respect to ∇, we obtain (4.15). 

This completes the proof.  

With the help of (4.9), (4.1), (1.15), (1.16) and (4.11), we can give the following propositions. 

 

Proposition 4.8. Let M be a 3 −dimensional quasi-Sasakian manifold. Projective curvature 

tensor P̃ and concircular curvature tensor H̃ with respect to (M, φ3, f1) are 
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 𝑃̃(𝑋, 𝑌)𝑍 = 𝑃(𝑋, 𝑌)𝑍 − (𝑋𝑓1)𝑔(𝑌, 𝑍)ξ + (𝑌𝑓1)𝑔(𝑋, 𝑍)ξ + (𝑓1
2 +

𝛽

2
)[𝑔(𝑌, 𝑍)η(𝑋)ξ

− 𝑔(𝑋, 𝑍)η(𝑌)ξ] + (𝑓1β −
𝑓1

2
)[𝑔(𝑌, 𝑍)φ𝑋 − 𝑔(𝑋, 𝑍)φ𝑌]     

+
𝛽

2
[2𝑔(φ𝑋, 𝑌)φ𝑍 + 𝑔(φ𝑌, 𝑍)φ𝑋 − 𝑔(φ𝑋, 𝑍)φ𝑌] +

𝑓1
2

2
η(𝑌)η(𝑍)𝑋

− η(𝑋)η(𝑍)𝑌] + 𝑓1 η(𝑍)𝑔(φ𝑋, 𝑌)ξ −
1

2
 𝑓1 η(𝑋)𝑔(φ𝑍, 𝑌)ξ

+
1

2
 𝑓1 η(𝑌)𝑔(φ𝑍, 𝑋)ξ −

1

2
[(𝑌𝑓1)η(𝑍)𝑋 − (𝑋𝑓1)η(𝑍)𝑌]  −

1

2
𝑓1(β

− 1)[𝑔(𝑌, φ𝑍)𝑋 − 𝑔(𝑋, φ𝑍)𝑌] −
1

2
(𝑓1

2 − (ξ𝑓1))[𝑔(𝑌, 𝑍)𝑋

− 𝑔(𝑋, 𝑍)𝑌)],                                                                                                (4.18) 

and 

 𝐻̃(𝑋, 𝑌)𝑍 = 𝐻(𝑋, 𝑌)𝑍 − (𝑋𝑓1)𝑔(𝑌, 𝑍)ξ + (𝑌𝑓1)𝑔(𝑋, 𝑍)ξ + (𝑓1
2 +

𝛽

2
)[𝑔(𝑌, 𝑍)η(𝑋)ξ

− 𝑔(𝑋, 𝑍)η(𝑌)ξ] + (𝑓1β −
𝑓1

2
)[𝑔(𝑌, 𝑍)φ𝑋 − 𝑔(𝑋, 𝑍)φ𝑌]      

+
𝛽

2
[2𝑔(φ𝑋, 𝑌)φ𝑍 + 𝑔(φ𝑌, 𝑍)φ𝑋 − 𝑔(φ𝑋, 𝑍)φ𝑌] +

1

4
[η(𝑋)η(𝑍)𝑌

− η(𝑌)η(𝑍)𝑋] + 𝑓1 η(𝑍)𝑔(φ𝑋, 𝑌)ξ −
1

2
𝑓1 η(𝑋)𝑔(φ𝑍, 𝑌)ξ

+
1

2
𝑓1 η(𝑌)𝑔(φ𝑍, 𝑋)ξ − (

𝑓1
2 − (𝜉𝑓1)

3
−

1

12
)[𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌)]. (4.19) 

 

Proposition 4.9 In  3 −dimensional quasi-Sasakian manifold given with (M, φ3, f1), the 

following relations hold: 

−𝐻̃(ξ, 𝑋)𝑍 = 𝐻̃(𝑋, ξ)𝑍

= −(𝑍β)φ𝑋 − 𝑔(𝑋, φ𝑍)𝑔𝑟𝑎𝑑β − (𝑋𝑓1)η(𝑍)ξ + (𝑓1β −
𝑓1

2
) η(𝑍)φ𝑋

+ [𝑓1
2 +

β

2
+

1

4
] η(𝑋)η(𝑍)ξ + [β2 −

τ

6
+

(ξ𝑓1)

3
−

1

6
−

𝑓1
2

3
] η(𝑍)𝑋

+ [−β2 −
β

2
+

τ

6
−

1

12
+

2(ξ𝑓1)

3
−

2𝑓1
2

3
] 𝑔(𝑌, 𝑍)ξ +

𝑓1

2
𝑔(𝑋, φ𝑍)ξ, (4.20)  

  𝐻̃(𝑋, 𝑌)ξ = −(𝑋β)φ𝑌 + (𝑌β)φ𝑋 − (𝑋𝑓1)η(𝑌)ξ + (𝑌𝑓1)η(𝑋)ξ + (𝑓1β −
𝑓1

2
) [η(𝑌)φ𝑋

− η(𝑋)φ𝑌] + 𝑓1𝑔(𝜑𝑋, 𝑌)𝜉 + [β2 −
τ + 1

6
+

(ξ𝑓1) − 𝑓1
2

3
] [𝜂(𝑌)𝑋

− 𝜂(𝑋)𝑌],                                                                                                                 (4.21) 
𝐻̃(𝜉, 𝜉)𝜉 = 0, (4.22) 

𝑃̃(𝑋, 𝑌)𝜉 = −(𝑋𝛽)𝜑𝑌 + (𝑌𝛽)𝜑𝑋 +
1

2
[(𝜑𝑌𝛽)𝑋 − (𝜑𝑋𝛽)𝑌 − (𝑌𝑓1)𝑋 + (𝑋𝑓1)𝑌]

− (𝑋𝑓1)𝜂(𝑌)𝜉 + (𝑌𝑓1)𝜂(𝑋)𝜉 + (𝑓1β −
𝑓1

2
) [𝜂(𝑌)𝜑𝑋 − 𝜂(𝑋)𝜑𝑌]  

+ 𝑓1𝑔(𝜑𝑋, 𝑌)𝜉 + {1}{2}(𝜉𝑓_{1})[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌)],                                 (4.23) 
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−𝑃̃(ξ, 𝑋)𝑍 =  𝑃̃(𝑋, ξ)𝑍

= −(𝑍β)φ𝑋 − 𝑔(𝑋, φ𝑍)gradβ + (𝑓1β −
𝑓1

2
) η(𝑍)φ𝑋 +

1

2
[(φ𝑍β)𝑋

− (𝑋𝑓1})η(𝑍)ξ − η(𝑋)(φ𝑍β)ξ − η(𝑍)(φ𝑋β)ξ + 𝑓1β𝑔(𝑋, φ𝑍)ξ]

+ [
τ

4
+

(ξ𝑓1) − 3β2 − 𝛽 − 𝑓1
2

2
] 𝑔(𝑋, 𝑍)ξ

+ [−
τ

4
+

3β2 + 𝛽 + 𝑓1
2

2
] η(𝑋)η(𝑍)ξ.                                                                (4.24) 

We assume that 𝑓1 = 𝛽 for the following theorems. 

 

Remark 4.10. A contact manifold M of dimension n = 2m + 1 with contact form η and 

associated metric g is called an η-Einstein manifold if the Ricci tensor S is given by [29] 

 
S = ag + bη ⊗ η. (4.25) 

Remark 4.11. For a (0, k)-tensor field, k ≥ 1 and a (0,4)-tensor R, the (0, k + 2) tensor fields 

R. T and Q(B, T) are defined by [7], 

 
(R. T)(X1, X2, … , Xk; X, Y) = (R(X, Y). T)(X1, X2, … , Xk) = −T(R(X, Y)X1, X2, … , Xk) 
                                                   −, … . −T(X1, X2, … , Xk−1, R(X, Y)Xk),                                (4.26) 

and 

Q(B, T)(X1, X2, … , Xk; X, Y) = ((X ∧B Y). T)(X1, X2, … , Xk) 
= −T((X ∧B Y)X1, X2, . . . , Xk)−. . . . −T((X ∧B Y)X1, X2, . . . (X ∧B Y)Xk−1, Xk),            (4.27)  

where R(X, Y) = [∇X, ∇Y] − ∇[X,Y] is the corresponding (1,3)-tensor of R and 

(X ∧B Y)Z = B(Y, Z)X − B(X, Z)Y, 
is and endomorphism for a symmetric (0,2)-tensor field B on M for X, Y, Z ∈ χ(M). 
 

Theorem 4.12. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition 

(R̃(X, ξ). S̃)(Y, Z) = 0, where R̃ is Riemannian curvature tensor and S̃ is Ricci tensor with 

respect to quarter symmetric non-metric connection (M, φ3, f1). Then the manifold M is 

η −Einstein manifold with respect to ∇. 
 

Proof. We suppose that a 3-dimensional quasi-Sasakian manifold 𝑀 satisfies 

(𝑅̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0, (4.28) 

where 𝑅̃ is Riemannian curvature tensor respect to quarter symmetric non-metric connection ∇̃. 
From the relation (4.26), this implies that 

−𝑆̃(𝑅̃(𝑋, ξ)𝑌, 𝑍) − 𝑆̃(𝑌, 𝑅̃(𝑋, ξ)𝑍) = 0, 
or 

𝑆̃(𝑅̃(𝑋, 𝜉)𝑌, 𝑍) + 𝑆̃(𝑌, 𝑅̃(𝑋, 𝜉)𝑍) = 0, (4.29) 

for all 𝑋, 𝑌, 𝑍 ∈ 𝜒(𝑀). In view of (4.3), it follows from (4.29) that 
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−(𝑌β)𝑆̃(φ𝑋, 𝑍) − 𝑔(𝑋, φ𝑌)𝑆̃(𝑔𝑟𝑎𝑑β, 𝑍) −
β

2
𝑔(φ𝑋, 𝑌)𝑆̃(ξ, 𝑍) + (β2 −

β

2
) η(𝑌)𝑆̃(φ𝑋, 𝑍)     

− (𝑋β)η(𝑌)𝑆̃(ξ, 𝑍) − (2β2 +
β

2
) 𝑔(𝑋, 𝑌)𝑆̃(ξ, 𝑍) − (𝑍β)𝑆̃(𝑌, φ𝑋)                  

+ (β2 +
β

2
+

1

4
) η(𝑋)η(𝑌)𝑆̃(ξ, 𝑍) + (β2 −

1

4
) η(𝑌)𝑆̃(𝑋, 𝑍)

− 𝑔(𝑋, φ𝑍)𝑆̃(𝑌, gradβ) −
β

2
𝑔(φ𝑋, 𝑍)𝑆̃(𝑌, ξ) + (β2 −

β

2
) η(𝑍)𝑆̃(𝑌, φ𝑋)

− (𝑋β)η(𝑍)𝑆̃(𝑌, ξ) − (2β2 +
β

2
) 𝑔(𝑋, 𝑍)𝑆̃(𝑌, ξ) + (β2 −

1

4
) η(𝑍)𝑆̃(𝑌, 𝑋)

+ (β2 +
β

2
+

1

4
) η(𝑋)η(𝑍)𝑆̃(𝑌, ξ) = 0.                                                         (4.30) 

 

Helping of (4.9), (4.12) and (4.13), (4.30) yields that 

 

−(𝑌β)((φ𝑋β)η(𝑍) + η(𝑍)(𝑋β) + β(β − 1)𝑔(φ𝑋, φ𝑍) +
τ

2
𝑔(φ𝑋, 𝑍)) − (𝑌β)((φ𝑋β)η(𝑍)

+ η(𝑍)(𝑋β) + β(β − 1)𝑔(φ𝑋, φ𝑍) +
τ

2
𝑔(φ𝑋, 𝑍)) − 𝑔(𝑋, φ𝑌)(‖𝑔𝑟𝑎𝑑β‖2η(𝑍) +

τ

2
(𝑍β)

+ β(β − 1)(φ𝑍β)) −
β

2
𝑔(φ𝑋, 𝑌)(−(φ𝑍β) + (2β2 −

1

2
) η(𝑍))

+ (β2 −
β

2
) η(𝑌) [(φ𝑋β)η(𝑍) + η(𝑍)(𝑋β) + β(β − 1)𝑔(φ𝑋, φ𝑍) +

τ

2
𝑔(φ𝑋, 𝑍)]

− (𝑋β)η(𝑌) [−(φ𝑍β) + (2β2 −
1

2
) η(𝑍)] − (2β2 +

β

2
) 𝑔(𝑋, 𝑌) [−(φ𝑍β) + (2β2 −

1

2
) η(𝑍)]

+ (β2 −
1

4
) η(𝑌) [(𝑋β)η(𝑍) − (φ𝑍β)η(𝑋) − (φ𝑋β)η(𝑍) + β(1 − β)𝑔(φ𝑋, 𝑍) +

τ

2
𝑔(𝑋, 𝑍)

+ (2β2 −
1

2
−

τ

2
) η(𝑋)η(𝑍)] + (β2 +

β

2
+

1

4
) η(𝑋)η(𝑌) [−(φ𝑍β) + (2β2 −

1

2
) η(𝑍)]

− (𝑍β) [(𝑋β)η(𝑌) − β(β − 1)𝑔(φ𝑋, φ𝑌) +
τ

2
𝑔(φ𝑋, 𝑌)]

− 𝑔(𝑋, φ𝑍) [
τ

2
(𝑌β) − β(β − 1)(φ𝑌β)] −

β

2
𝑔(φ𝑋, 𝑍) [(𝑌β) − (φ𝑌β) + (2β2 −

1

2
) η(𝑌)]

+ (β2 −
β

2
) η(𝑍) [η(𝑌)(𝑋β) − β(β − 1)𝑔(φ𝑋, φ𝑌) +

τ

2
𝑔(φ𝑋, 𝑌)]

− (𝑋β)η(𝑍) [(𝑌β) − (φ𝑌β) + (2β2 −
1

2
) η(𝑌)]

− (2β2 +
β

2
) 𝑔(𝑋, 𝑍) [(𝑌β) − (φ𝑌β) + (2β2 −

1

2
) η(𝑌)]

+ (β2 −
1

4
) η(𝑍) [(𝑌β)η(𝑋) − (φ𝑋β)η(𝑌) − (φ𝑌β)η(𝑋) + β(β − 1)𝑔(φ𝑋, 𝑌) +

τ

2
𝑔(𝑋, 𝑌)

+ (2β2 −
1

2
−

τ

2
) η(𝑌)η(𝑋)] + (β2 +

β

2
+

1

4
) η(𝑋)η(𝑍) [(𝑌β) − (φ𝑌β) + (2β2 −

1

2
) η(𝑌)]

= 0.                                                                                                                                                    (4.31) 

Putting 𝑋 = 𝑍 = 𝑒𝑖 in (4.31), taking summation over 𝑖, we have 

[(𝛽2 −
1

4
) (𝜏 − 2𝛽 − 8𝛽2) + 2𝛽2(𝛽 − 1) (𝛽 −

1

2
) −∥ grad𝛽 ∥2] 𝜂(𝑌) + [−4𝛽2 −

𝛽

2
] (𝑌𝛽)

+ [6𝛽2 +
3𝛽

2
](𝜑𝑌𝛽) = 0.                                                                                    (4.32) 

The relation (4.32) satisfies 
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[(𝛽2 −
1

4
)(𝜏 − 2𝛽 − 8𝛽2) + 2𝛽2(𝛽 − 1)(𝛽 −

1

2
)−

∥ grad𝛽 ∥2]𝜉+[−4𝛽2 −
𝛽

2
]grad𝛽 − [6𝛽2 +

3𝛽

2
]𝜑grad𝛽 = 0,                   (4.33) 

for ∀𝑌 ∈ 𝜒(𝑀).  Applying  𝜑 on both side of (4.33), we get 

[−4𝛽2 −
𝛽

2
] 𝜑grad𝛽 + [6𝛽2 +

3𝛽

2
] gradβ = 0. (4.34) 

Using (4.33) and (4.34), we can write 

(𝑋𝛽) =
[(𝛽2 −

1
4

)(𝜏 − 2𝛽 − 8𝛽2) + 2𝛽2(𝛽 − 1)(𝛽 −
1
2

)−∥ grad𝛽 ∥2][4𝛽2 +
𝛽
2

]

[4𝛽2 +
𝛽
2

]2 + [6𝛽2 +
3𝛽
2

]2
𝜂(𝑋). 

Thus the manifold is 𝜂 −Einstein with respect to ∇ because of (1.11). This completes the proof.  

 

Theorem 4.13. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition 

(P̃(X, ξ). S̃)(Y, Z) = 0, where P̃ is projective curvature tensor and S̃ is Ricci tensor respect to 

quarter symmetric non-metric connection (M, φ3, f1). Then the manifold M is η −Einstein 

manifold with respect to ∇. 
 

Proof. Let us consider a 3-dimensional quasi-Sasakian manifold 𝑀 satisfying condition 

(𝑃̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0. (4.35) 

Using (4.26), we can write 

−𝑆̃(𝑃̃(𝑋, ξ)𝑌, 𝑍) − 𝑆̃(𝑌, 𝑃̃(𝑋, ξ)𝑍) = 0, 
or 

𝑆̃(𝑃̃(𝑋, 𝜉)𝑌, 𝑍) + 𝑆̃(𝑌, 𝑃̃(𝑋, 𝜉)𝑍) = 0, (4.36) 

for all 𝑋, 𝑌, 𝑍 ∈ 𝜒(𝑀). It follows from (4.24) that 

−(𝑌β)𝑆̃(φ𝑋, 𝑍) − 𝑔(𝑋, φ𝑌)𝑆̃(gradβ, 𝑍) + (β2 −
β

2
) [η(𝑌)𝑆̃(φ𝑋, 𝑍) + η(𝑍)𝑆̃(𝑌, φ𝑋)]

+ [2β2 +
β

2
−

τ

4
) [η(𝑋)η(𝑌)𝑆̃(ξ, 𝑍) − 𝑔(𝑋, 𝑌)𝑆̃(ξ, 𝑍) + η(𝑋)η(𝑍)𝑆̃(𝑌, ξ)

− 𝑔(𝑋, 𝑍)𝑆̃(𝑌, ξ)] − (𝑍β)𝑆̃(𝑌, φ𝑋) − 𝑔(𝑋, φ𝑍)𝑆̃(𝑌, gradβ)

+
1

2
[(φ𝑌β)𝑆̃(𝑋, 𝑍) − (φ𝑋β)η(𝑌)𝑆̃(ξ, 𝑍) − η(𝑋)(φ𝑌β)𝑆̃(ξ, 𝑍)

+ β2𝑔(𝑋, φ𝑌)𝑆̃(ξ, 𝑍) − η(𝑌)(𝑋β)𝑆̃(ξ, 𝑍) + (φ𝑍β)𝑆̃(𝑌, 𝑋)

− (φ𝑋β)η(𝑍)𝑆̃(𝑌, ξ) − η(𝑋)(φ𝑍β)𝑆̃(𝑌, ξ) + β2𝑔(𝑋, φ𝑍)𝑆̃(𝑌, ξ)

− η(𝑍)(𝑋β)𝑆̃(𝑌, ξ)] = 0.                                                                                (4.37) 
In view of (4.9), (4.12) and (4.13), the above equation converts to 
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−(𝑌β) [(φ𝑋β)η(𝑍) + η(𝑍)(𝑋β) + β(β − 1)𝑔(φ𝑋, φ𝑍) +
τ

2
𝑔(φ𝑋, 𝑍)]

− 𝑔(𝑋, 𝜑𝑌) [|𝑔𝑟𝑎𝑑𝛽|2𝜂(𝑍) +
𝜏

2
(𝑍𝛽) + 𝛽(𝛽 − 1)(𝜑𝑍𝛽)]

+ (𝛽2 −
𝛽

2
) 𝜂(𝑌) [(𝜑𝑋𝛽)𝜂(𝑍) + 𝜂(𝑍)(𝑋𝛽) + 𝛽(𝛽 − 1)𝑔(𝜑𝑋, 𝜑𝑍)

+
𝜏

2
𝑔(𝜑𝑋, 𝑍)] − 𝑔(𝑋, 𝜑𝑍) [−𝛽(𝛽 − 1)(𝜑𝑌𝛽) +

𝜏

2
(𝑌𝛽)]

+ (𝛽2 −
𝛽

2
) 𝜂(𝑍) [𝜂(𝑌)(𝑋𝛽) − 𝛽(𝛽 − 1)𝑔(𝜑𝑋, 𝜑𝑌) +

𝜏

2
𝑔(𝜑𝑋, 𝑌)]

+ [2𝛽2 +
𝛽

2
−

𝜏

4
) [(𝜂(𝑋)𝜂(𝑌) − 𝑔(𝑋, 𝑌)) (−(𝜑𝑍𝛽) + (2𝛽2 −

1

2
) 𝜂(𝑍))

+ (𝜂(𝑋)𝜂(𝑍) − 𝑔(𝑋, 𝑍)) ((𝑌𝛽) − (𝜑𝑌𝛽) + (2𝛽2 −
1

2
) 𝜂(𝑌))]

+
1

2
[(𝜑𝑌𝛽) (𝛽(𝛽 − 1)𝑔(𝑋, 𝜑𝑍) + (𝑋𝛽)𝜂(𝑍) − (𝜑𝑍𝛽)𝜂(𝑋) − (𝜑𝑋𝛽)𝜂(𝑍)

+
𝜏

2
𝑔(𝑋, 𝑍) + (2𝛽2 −

1

2
−

𝜏

2
) 𝜂(𝑋)𝜂(𝑍))

+ (𝜑𝑍𝛽) (𝛽(𝛽 − 1)𝑔(𝑌, 𝜑𝑋) + (𝑌𝛽)𝜂(𝑋) − (𝜑𝑋𝛽)𝜂(𝑌) − (𝜑𝑌𝛽)𝜂(𝑋)

+
𝜏

2
𝑔(𝑌, 𝑋) + (2𝛽2 −

1

2
−

𝜏

2
) 𝜂(𝑋)𝜂(𝑌))

+ (−(𝜑𝑋𝛽)𝜂(𝑌) − 𝜂(𝑋)(𝜑𝑌𝛽) + 𝛽2𝑔(𝑋, 𝜑𝑌) − 𝜂(𝑌)(𝑋𝛽)) (−(𝜑𝑍𝛽)

+ (2𝛽2 −
1

2
) 𝜂(𝑍))

+ (−(𝜑𝑋𝛽)𝜂(𝑍) − 𝜂(𝑋)(𝜑𝑍𝛽) + 𝛽2𝑔(𝑋, 𝜑𝑍) − 𝜂(𝑍)(𝑋𝛽)) ((𝑌𝛽) − (𝜑𝑌𝛽)

+ (2𝛽2 −
1

2
) 𝜂(𝑌))] − (𝑍𝛽) [𝛽(𝛽 − 1)𝑔(𝑌, 𝜑2𝑋) + (𝑋𝛽)𝜂(𝑌) +

𝜏

2
𝑔(𝑌, 𝜑𝑋)]

= 0.                                                                                                                            (4.38) 

Putting 𝑋 = 𝑍 = 𝑒𝑖 in (4.38), taking summation over 𝑖, we get 

[−(4𝛽2 −
𝜏

2
+ 𝛽)(2𝛽2 −

1

2
) + 2𝛽2(𝛽 − 1)(6𝛽 −

1

2
)−

∥ 𝑔𝑟𝑎𝑑𝛽 ∥2]𝜂(𝑌) + [
𝜏

2
−

6𝛽2

2
−

3𝛽

2
](𝑌𝛽) + [6𝛽2 +

3𝛽

2
](𝜑𝑌𝛽) = 0, 

which gives us 

[−(4𝛽2 −
𝜏

2
+ 𝛽)(2𝛽2 −

1

2
) + 2𝛽2(𝛽 − 1)(6𝛽 −

1

2
)−

∥ 𝑔𝑟𝑎𝑑𝛽 ∥2]𝜉 + [
𝜏

2
−

6𝛽2

2
−

3𝛽

2
]𝑔𝑟𝑎𝑑𝛽 − [6𝛽2 +

3𝛽

2
]𝜑𝑔𝑟𝑎𝑑𝛽 = 0, (4.39) 

 
for ∀𝑌 ∈ 𝜒(𝑀). Applying 𝜑 to both side of the equation (4.39), we get 

[
𝜏

2
−

6𝛽2

2
−

3𝛽

2
] 𝜑grad𝛽 + [6𝛽2 +

3𝛽

2
] grad𝛽 = 0. (4.40) 

From (4.39) and (4.40), it follows that 
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(Xβ) = −
[−(4β2 −

τ
2

+ β)(2β2 −
1
2

) + 2β2(β − 1)(6β −
1
2

)−∥ gradβ ∥2][[
τ
2

−
6β2

2
−

3β
2

]]

[
τ
2

−
6β2

2
−

3β
2

]2 + [6β2 +
3β
2

]2

η(X), 

which implies that the manifold is η −Einstein with respect to ∇. This completes the proof.  

 

Theorem 4.14. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition 

(H̃(X, ξ). S̃)(Y, Z) = 0, where H̃ is concircular curvature tensor and S̃ is Ricci tensor respect to 

quarter symmetric non-metric connection (M, φ3, f1). Then the manifold M is η −Einstein 

manifold with respect to ∇. 
 

Proof. Assume that a 3-dimensional quasi-Sasakian manifold M yields that 

(H̃(X, ξ). S̃)(Y, Z) = 0, (4.41) 

where H̃ is concircular curvature tensor respect to quarter symmetric non-metric connection ∇̃. 
In the view of (4.26), we obtain 

S̃(H̃(X, ξ)Y, Z) + S̃(Y, H̃(X, ξ)Z) = 0, 
for all X, Y, Z ∈ χ(M). Using (4.20), we get 

−(Yβ)S̃(φX, Z) − g(X, φY)S̃(gradβ, Z) −
β

2
g(φX, Y)S̃(ξ, Z)

+ (β2 −
β

2
) [η(Y)S̃(φX, Z) + η(Z)S̃(Y, φX)] − (Xβ)η(Y)S̃(ξ, Z)

+ (β2 +
β

2
+

1

4
) [η(X)η(Y)S̃(ξ, Z) + η(X)η(Z)S̃(Y, ξ)]

− (
5β2

3
+

β

2
−

τ

6
+

1

12
) [g(X, Y)S̃(ξ, Z) + g(X, Z)S̃(Y, ξ)]

+ (
2β2

3
−

1

6
−

τ

6
) [η(Y)S̃(X, Z) + η(Z)S̃(Y, X)] − (Zβ)S̃(Y, φX)

− g(X, φZ)S̃(Y, gradβ) −
β

2
g(φX, Z)S̃(Y, ξ) − (Xβ)η(Z)S̃(Y, ξ) = 0(4.42) 

Applying (4.9), (4.12) and (4.13), (4.42) transforms that 
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−(Yβ) [(φXβ)η(Z) + η(Z)(Xβ) + β(β − 1)g(φX, φZ) +
τ

2
g(φX, Z)]

− g(X, φY) [|gradβ|2η(Z) +
τ

2
(Zβ) + β(β − 1)(φZβ)]

−
β

2
g(φX, Y) [−(φZβ) + (2β2 −

1

2
) η(Z)]

+ (β2 −
β

2
) η(Y) [(φXβ)η(Z) + η(Z)(Xβ) + β(β − 1)g(φX, φZ)

+
τ

2
g(φX, Z)]

+ (β2 −
β

2
) η(Z) [(Xβ)η(Y) − β(β − 1)g(φX, φY) +

τ

2
g(φX, Y)]

− (Xβ)η(Y) [−(φZβ) + (2β2 −
1

2
) η(Z)]

− (Xβ)η(Z) [(Yβ) − (φYβ) + (2β2 −
1

2
) η(Y)]

− (Zβ) [η(Y)(Xβ) − β(β − 1)g(φX, φY) +
τ

2
g(φX, Y)] − g(X, ϕZ)[−β(β

− 1)(ϕYβ) +
τ

2
(Yβ)] + (β2 +

β

2
+

1

4
) [−(ϕZβ)η(X)η(Y)

+ (4β2 − 1)η(X)η(Y)η(Z) + (Yβ)η(X)η(Z) − (ϕYβ)η(X)η(Z)) + (
2β2

3

−
τ + 1

6
)(η(Y)η(Z)(Xβ) + β(β − 1)g(X, ϕZ)η(Y) − (ϕZβ)η(X)η(Y)

− (ϕXβ)η(Y)η(Z) +
τ

2
g(X, Z)η(Y) + 2 (2β2 −

τ

2
−

1

2
) η(Y)η(X)η(Z)

+ η(X)η(Z)(Yβ) + β(β − 1)η(Z)g(ϕX, Y)η(Z) − (ϕXβ)η(Z)η(Y)

− (ϕYβ)η(Z)η(X) +
τ

2
η(Z)g(Y, X)]

+ (−
5β2

3
+

τ

6
−

1

12
−

β

2
) [−g(X, Y)(ϕZβ) + (2β2 −

1

2
) g(X, Y)η(Z)

+ g(X, Z)(Yβ) − g(X, Z)(ϕYβ) + (2β2 −
1

2
)g(X, Z)η(Y)] = 0.         (4.43) 

 

Putting X = Z = ei in (4.43), taking summation over i, we have 

[2β (β2 −
β

2
) (β − 1) + 2 (2β2 −

1

2
) (

−β

2
+

1

12
+

τ

3
−

7β2

3
) −∥ gradβ ∥2] η(Y) 

+ [
τ

3
−

β

2
−

1

6
−

10β2

3
] (Yβ) + [

1

4
−

τ

2
+ 7β2 +

3β

2
] (φYβ) = 0. (4.44) 

The relation (4.48) satisfies 

[2β (β2 −
β

2
) (β − 1) + 2 (2β2 −

1

2
) (

−β

2
+

1

12
+

τ

3
−

7β2

3
) −∥ gradβ ∥2] ξ 

+ [
τ

3
−

β

2
−

1

6
−

10β2

3
] gradβ − [

1

4
−

τ

2
+ 7β2 +

3β

2
] φgradβ = 0, (4.45) 

for ∀Y ∈ χ(M). Operating φ on both side of (4.45), we get 

[
𝜏

3
−

𝛽

2
−

1

6
−

10𝛽2

3
] 𝜑grad𝛽 + [

1

4
−

𝜏

2
+ 7𝛽2 +

3𝛽

2
] grad𝛽 = 0. (4.46) 

Using (4.45) and (4.46), we have 
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(𝑋𝛽) =

(
2𝛽(𝛽2 −

𝛽
2

)(𝛽 − 1) + 2(2𝛽2 −
1
2

)(
−𝛽
2

+
1

12
+

𝜏
3

−
7𝛽2

3
)

−∥ grad𝛽 ∥2][
𝜏
3

−
𝛽
2

−
1
6

−
10𝛽2

3
]

)

[
1
4

−
𝜏
2

+ 7𝛽2 +
3𝛽
2

]2 + [
𝜏
3

−
𝛽
2

−
1
6

−
10𝛽2

3
]2

𝜂(𝑋).
 

It is obvious that the manifold is 𝜂 −Einstein respect to ∇ because of (1.11). This completes 

the proof.  

 

Theorem 4.15 Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition 

(R̃(X, ξ). R̃)(Y, V)W = 0, where R̃ is Riemannian curvature tensor with respect to quarter 

symmetric non-metric connection (M, φ3, f1). Then the manifold M is η −Einstein manifold 

with respect to ∇. 
 

Proof. Consider a 3-dimensional quasi-Sasakian manifold 𝑀 satisfying condition 

(𝑅̃(𝑋, 𝜉). 𝑅̃)(𝑌, 𝑉)𝑊 = 0, 
where 𝑅̃ is Riemannian curvature tensor respect to quarter symmetric non-metric connection 

∇̃. Then from the relation (4.27), it follows that 

𝑅̃(𝑋, 𝜉)𝑅̃(𝑌, 𝑉)𝑊 − 𝑅̃(𝑅̃(𝑋, 𝜉)𝑌, 𝑉)𝑊 − 𝑅̃(𝑌, 𝑅̃(𝑋, 𝜉)𝑉)𝑊 − 𝑅̃(𝑌, 𝑉)𝑅̃(𝑋, 𝜉)𝑊 = 0, (4.47) 

for all 𝑋, 𝑌, 𝑉, 𝑊 ∈ 𝜒(𝑀). Putting 𝑉 = 𝑊 = 𝜉 in (4.51), we obtain 

𝑅̃(𝑋, 𝜉)𝑅̃(𝑌, 𝜉)𝜉 − 𝑅̃(𝑅̃(𝑋, 𝜉)𝑌, 𝜉)𝜉 − 𝑅̃(𝑌, 𝑅̃(𝑋, 𝜉)𝜉)𝜉 − 𝑅̃(𝑌, 𝜉)𝑅̃(𝑋, 𝜉)𝜉 = 0. 
In view of (4.2) and (4.3), the above equation converts to 

−(𝑅̃(𝑌, ξ)ξβ)φ𝑋 − 𝑔(𝑋, φ𝑅̃(𝑌, ξ)ξ)gradβ −
β

2
𝑔(φ𝑋, 𝑅̃(𝑌, ξ)ξ)ξ + (𝑋β)η(𝑌)𝑅̃(ξ, ξ)ξ

+ (β2 −
β

2
) [η(𝑅̃(𝑌, ξ)ξ)φ𝑋 − η(𝑌)𝑅̃(φ𝑋, ξ)ξ − 𝑅̃(𝑌, φ𝑋)ξ − 𝑅̃(𝑌, ξ)φ𝑋]

− (𝑋β)η(𝑅̃(𝑌, ξ)ξ)ξ − (2β2 +
β

2
) [𝑔(𝑋, 𝑅̃(𝑌, ξ)ξ)ξ − 𝑔(𝑋, 𝑌)𝑅̃(ξ, ξ)ξ]

+ (β2 −
1

4
) [η(𝑅̃(𝑌, ξ)ξ)𝑋 − η(𝑌)𝑅̃(𝑋, ξ)ξ + η(𝑋)𝑅̃(𝑌, ξ)ξ − 𝑅̃(𝑌, 𝑋)ξ

− 𝑅̃(𝑌, ξ)𝑋 + η(𝑋)𝑅̃(𝑌, ξ)ξ] + (𝑌β)𝑅̃(φ𝑋, ξ)ξ + 𝑔(𝑋, φ𝑌)𝑅̃(gradβ, ξ)ξ

+ (β2 +
β

2
+

1

4
) [η(𝑅̃(𝑌, ξ)ξ)η(𝑋)ξ − η(𝑌)η(𝑋)𝑅̃(ξ, ξ)ξ] +

β

2
𝑔(φ𝑋, 𝑌)𝑅̃(ξ, ξ)ξ

+ 2(𝑋β)𝑅̃(𝑌, ξ)ξ = 0, 
which implies that 
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−(𝑅̃(𝑌, ξ)ξβ)𝑔(φ𝑋, 𝑈) − 𝑔(𝑋, φ𝑅̃(𝑌, ξ)ξ)𝑔(𝑔𝑟𝑎𝑑β, 𝑈) −
β

2
𝑔(φ𝑋, 𝑅̃(𝑌, ξ)ξ)η(𝑈)

+ (β2 −
β

2
) [η(𝑅̃(𝑌, ξ)ξ)𝑔(φ𝑋, 𝑈) − η(𝑌)𝑔(𝑅̃(φ𝑋, ξ)ξ, 𝑈)

− 𝑔(𝑅̃(𝑌, φ𝑋)ξ, 𝑈) − 𝑔(𝑅̃(𝑌, ξ)φ𝑋, 𝑈)] − (𝑋β)η(𝑅̃(𝑌, ξ)ξ)η(𝑈)

− (2β2 +
β

2
) [𝑔(𝑋, 𝑅̃(𝑌, ξ)ξ)η(𝑈) − 𝑔(𝑋, 𝑌)𝑔(𝑅̃(ξ, ξ)ξ, 𝑈)]

+ (β2 −
1

4
) [η(𝑅̃(𝑌, ξ)ξ)𝑔(𝑋, 𝑈) − η(𝑌)𝑔(𝑅̃(𝑋, ξ)ξ, 𝑈) + η(𝑋)𝑔(𝑅̃(𝑌, ξ)ξ, 𝑈)

− 𝑔(𝑅̃(𝑌, 𝑋)ξ, 𝑈) − 𝑔(𝑅̃(𝑌, ξ)𝑋, 𝑈) + η(𝑋)𝑔(𝑅̃(𝑌, ξ)ξ, 𝑈)]

+ (β2 +
β

2
+

1

4
) [η(𝑅̃(𝑌, ξ)ξ)η(𝑋)η(𝑈) − η(𝑌)η(𝑋)𝑔(𝑅̃(ξ, ξ)ξ, 𝑈)]

+ (𝑌β)𝑔(𝑅̃(φ𝑋, ξ)ξ, 𝑈) + 𝑔(𝑋, φ𝑌)𝑔(𝑅̃(𝑔𝑟𝑎𝑑β, ξ)ξ, 𝑈)

+
β

2
𝑔(φ𝑋, 𝑌)𝑔(𝑅̃(ξ, ξ)ξ, 𝑈) + (𝑋β)η(𝑌)𝑔(𝑅̃(ξ, ξ)ξ, 𝑈)

+ 2(𝑋β)𝑔(𝑅̃(𝑌, ξ)ξ, 𝑈) = 0.                                                                            (4.48) 

Putting 𝑋 = 𝑈 = 𝑒𝑖 in (4.48), taking summation over 𝑖 and then using (4.3), (4.2) we obtain 

(−3𝛽2 +
𝛽

2
+

1

2
) (𝜑𝑌𝛽) + (−6𝛽2 +

5𝛽

2
+

1

2
) (𝑌𝛽) = 0. (4.49) 

The relation (4.49) gives us 

− (−3𝛽2 +
𝛽

2
+

1

2
) 𝜑grad𝛽 + (−6𝛽2 +

5𝛽

2
+

1

2
) grad𝛽 = 0, (4.50) 

for ∀𝑌 ∈ 𝜒(𝑀). Applying 𝜑 both side of the equation (4.50), we get 

(−3𝛽2 +
𝛽

2
+

1

2
) grad𝛽 + (−6𝛽2 +

5𝛽

2
+

1

2
) 𝜑grad𝛽 = 0. (4.51) 

From (4.50) and (4.51), it follows that 

[(−3𝛽2 +
𝛽

2
+

1

2
)2 + (−6𝛽2 +

5𝛽

2
+

1

2
)2] grad𝛽 = 0, 

which implies that gradβ = 0 and hence 𝛽 is constant. If 𝛽 is constant, then because of (1.11) 

the manifold is 𝜂 −Einstein with respect to ∇. This completes the proof.  

 

Theorem 4.16 Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition 

(P̃(X, ξ). H̃)(Y, V)W = 0, where P̃ is Projective curvature tensor and H̃ is concircular curvature 

tensor with respect to quarter symmetric non-metric connection (M, φ3, f1). Then the manifold 

M is η −Einstein manifold with respect to ∇. 
 

Proof. It is known that from the relation (4.27) 

(𝑃̃(𝑋, ξ)𝐻̃)(𝑌, 𝑉)𝑊

= 𝑃̃(𝑋, ξ)𝐻̃(𝑌, 𝑉)𝑊 − 𝐻̃(𝑃̃(𝑋, ξ)𝑌, 𝑉)𝑊 − 𝐻̃(𝑌, 𝑃̃(𝑋, ξ)𝑉)𝑊

− 𝐻̃(𝑌, 𝑉)𝑃̃(𝑋, ξ)𝑊, 
holds for all 𝑋, 𝑌, 𝑉, 𝑊 ∈ 𝜒(𝑀). Since (𝑃̃(𝑋, 𝜉)𝐻̃)(𝑌, 𝑉)𝑊 = 0, we have 

𝑃̃(𝑋, 𝜉)𝐻̃(𝑌, 𝑉)𝑊 − 𝐻̃(𝑃̃(𝑋, 𝜉)𝑌, 𝑉)𝑊 − 𝐻̃(𝑌, 𝑃̃(𝑋, 𝜉)𝑉)𝑊 − 𝐻̃(𝑌, 𝑉)𝑃̃(𝑋, 𝜉)𝑊 = 0, (4.52) 

which yields 

𝑃̃(𝑋, 𝜉)𝐻̃(𝑌, 𝜉)𝜉 − 𝐻̃(𝑃̃(𝑋, 𝜉)𝑌, 𝜉)𝜉 − 𝐻̃(𝑌, 𝑃̃(𝑋, 𝜉)𝜉)𝜉 − 𝐻̃(𝑌, 𝜉)𝑃̃(𝑋, 𝜉)𝜉 = 0, (4.53) 

using 𝑉 = 𝑊 = 𝜉 in (4.56). The relation (4.53) yields by virtue of (4.24) that 
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−(𝐻̃(𝑌, ξ)ξβ)𝑔(φ𝑋, 𝑈) − 𝑔(𝑋, φ𝐻̃(𝑌, ξ)ξ)𝑔(𝑔𝑟𝑎𝑑β, 𝑈) + (𝑌β)𝑔(𝐻̃(φ𝑋, ξ)ξ, 𝑈)

+ (β2 −
β

2
) [η(𝐻̃(𝑌, ξ)ξ)𝑔(φ𝑋, 𝑈)𝑒𝑡𝑎(𝑌) − 𝑔(𝐻̃(φ𝑋, ξ)ξ, 𝑈)

− 𝑔(𝐻̃(𝑌, φ𝑋)ξ, 𝑈) − 𝑔(𝐻̃(𝑌, ξ)φ𝑋, 𝑈)] + 𝑔(𝑋, φ𝑌)𝑔(𝐻̃(𝑔𝑟𝑎𝑑β, ξ)ξ, 𝑈)

+
1

2
[(φ𝐻̃(𝑌, ξ)ξβ)𝑔(𝑋, 𝑈) − (𝑋β)η(𝐻̃(𝑌, ξ)ξ)η(𝑈)

− η(𝑋)(φ𝐻̃(𝑌, ξ)ξβ)η(𝑈) − η(𝐻̃(𝑌, ξ)ξ)(φ𝑋β)η(𝑈)

+ β2𝑔(𝑋, φ𝐻̃(𝑌, ξ)ξ)η(𝑈) − (φ𝑌β)𝑔(𝐻̃(𝑋, ξ)ξ, 𝑈) + (𝑋β)η(𝑌)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈)

+ η(𝑋)(φ𝑌β)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈) + η(𝑌)(φ𝑋β)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈)

− β2𝑔(𝑋, φ𝑌)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈) + (𝑋β)𝑔(𝐻̃(𝑌, ξ)ξ, 𝑈) + (φ𝑋β)𝑔(𝐻̃(𝑌, ξ)ξ, 𝑈)

+ (𝑋β)𝑔(𝐻̃(𝑌, ξ)ξ, 𝑈) + (φ𝑋β)𝑔(𝐻̃(𝑌, ξ)ξ, 𝑈)]

− (2β2 +
β

2
−

τ

4
) [𝑔(𝑋, 𝐻̃(𝑌, ξ)ξ)η(𝑈) − η(𝑋)η(𝐻̃(𝑌, ξ)ξ)η(𝑈)

− 𝑔(𝑋, 𝑌)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈) + η(𝑋)η(𝑌)𝑔(𝐻̃(ξ, ξ)ξ, 𝑈)] = 0,                       (4.54) 

for all 𝑈 ∈ 𝜒(𝑀). Putting 𝑋 = 𝑈 = 𝑒𝑖 in (4.54), in the view of (4.21) and (4.20) taking 

summation for 𝑖 = 1,2,3 we get 

(
5𝛽2

3
−

𝜏

6
−

𝛽

2
−

1

6
)(𝑌𝛽) + (

1

6
+

𝜏

6
+

𝛽2

3
−

𝛽

2
)(𝜑𝑌𝛽) − 4(𝛽2 −

𝛽

2
)2𝜂(𝑌) = 0, 

which implies 

(
5𝛽2

3
−

𝜏

6
−

𝛽

2
−

1

6
)grad𝛽 − (

1

6
+

𝜏

6
+

𝛽2

3
−

𝛽

2
)𝜑grad𝛽 − 4(𝛽2 −

𝛽

2
)2𝜉 = 0, (4.55) 

for all vector fields 𝑌. Let’s apply 𝜑 both sides of the relation (4.55): 

(
5𝛽2

3
−

𝜏

6
−

𝛽

2
−

1

6
) 𝜑grad𝛽 + (

1

6
+

𝜏

6
+

𝛽2

3
−

𝛽

2
) grad𝛽 = 0. (4.56) 

Hence (4.55) and (4.56) yield 

(𝑋𝛽) =
4(𝛽2 −

𝛽
2

)2(
5𝛽2

3
−

𝜏
6

−
𝛽
2

−
1
6

)

(
5𝛽2

3
−

𝜏
6

−
𝛽
2

−
1
6

)2 + (
1
6

+
𝜏
6

+
𝛽2

3
−

𝛽
2

)2

𝜂(𝑋), 

i.e., the manifold is 𝜂 −Einstein with respect to ∇. This proves the theorem. 

 

5. Example 
 

In this section, we generate an example of a 3-dimensional quasi-Sasakian manifold admitting 

the quarter symmetric non- metric connection satisfies the results of (𝑀, 𝜑3, 𝑓1). 
We consider the 3-dimensional manifold {(𝑥, 𝑦, 𝑧) ∈ ℝ3}, where (𝑥, 𝑦, 𝑧) are the standard 

coordinates in ℝ3. Let  

𝑒1 = 𝐺(𝑧)
∂

∂𝑥
+ 𝐺(𝑧)

∂

∂𝑦
+

𝑐1 − 𝐺2(𝑧)

𝐺′(𝑧)

∂

∂𝑧
, (5.1) 

𝑒2 = √𝑐1 − 𝐺2(𝑧)
∂

∂𝑥
+ √𝑐1 − 𝐺2(𝑧)

∂

∂𝑦
− 𝐺(𝑧)

√𝑐1 − 𝐺2(𝑧)

𝐺′(𝑧)

∂

∂𝑧
, (5.2) 

𝑒3 = √𝑘1𝑐1

√𝑐1 − 𝐺2(𝑧)

𝐺′(𝑧)
= 𝜉, (5.3) 

which 𝑘1, 𝑐1 are non-zero constants and 𝐺′(𝑧) ≠ 0 on the three dimensional manifold 𝑀. 
Choosing a Riemannian metric 𝑔 such that 

 

𝑔(𝑒1, 𝑒1) = 𝑔(𝑒2, 𝑒2) = 𝑔(𝑒3, 𝑒3) = 1,     𝑔(𝑒1, 𝑒2) = 𝑔(𝑒2, 𝑒3) = 𝑔(𝑒1, 𝑒3) = 0, (5.4) 
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and a (1,1) tensor field 𝜑 such that 
𝜑𝑒1 = 𝑒2,    𝜑𝑒2 = −𝑒1,    𝜑𝑒3 = 0, (5.5) 

we get {𝑒1, 𝑒2, 𝑒3} is linear independent orthonormal basis and for ∀𝑋, 𝑌 ∈ 𝜒(𝑀), we have 

𝜂(𝑒3) = 𝜂(𝜉) = 1,     𝜑2𝑋 = −𝑋 + 𝜂(𝑋)𝜉, (5.6) 

and 

𝑔(𝜑𝑋, 𝜑𝑌) = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌). (5.7) 

Using (5.1), (5.2) and (5.3), we write 
[𝑒1, 𝑒2] = 𝑀𝑒3,     [𝑒1, 𝑒3] = 𝑀𝑘1𝑒2,     [𝑒2, 𝑒3] = −𝑀𝑘1𝑒1, (5.8) 

where 𝑀 = −√
𝑐1

𝑘1
 is a non-zero constant. Additionally we obtain 

∇𝑒1
𝑒3 = −

𝑀

2
𝑒2,     ∇𝑒2

𝑒3 =
𝑀

2
𝑒1,     ∇𝑒3

𝑒3 = 0, (5.9) 

∇𝑒1
𝑒2 =

𝑀

2
𝑒3,     ∇𝑒2

𝑒2 = 0,    ∇𝑒3
𝑒2 =

𝑀(2𝑘1 + 1)

2
𝑒1, (5.10) 

∇𝑒1
𝑒1 = 0,    ∇𝑒2

𝑒1 = −
𝑀

2
𝑒3,     ∇𝑒3

𝑒1 = −
𝑀(2𝑘1 + 1)

2
𝑒2, (5.11) 

helping of Koszul formula [33]  

2𝑔(∇𝑋𝑌, 𝑍) = 𝑋𝑔(𝑌, 𝑍) + 𝑌𝑔(𝑋, 𝑍) − 𝑍𝑔(𝑋, 𝑌) − 𝑔([𝑌, 𝑋], 𝑍) − 𝑔([𝑋, 𝑍], 𝑌)
− 𝑔([𝑌, 𝑍], 𝑋). 

Because of (5.9), (5.10), (5.11) and (5.5), we see that 

∇𝑋𝑒3 = ∇𝑋𝜉 = −
𝑀

2
𝜑𝑋 = −𝛽𝜑𝑋,   (∇𝑋𝜑)𝑌 =

𝑀

2
[𝑔(𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝑋]. (5.12) 

 

In the view of (5.4), (5.5), (5.6), (5.7), (5.9) and (5.12), the manifold 𝑀 with the structure 

(𝜙, 𝜉, 𝜂, 𝑔) is a 3-dimensional quasi-Sasakian manifold such that 𝛽 =
𝑀

2
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. Notice 

that (𝑒3𝛽) = (𝜉𝛽) = 0. 
 

It is known that 
𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍. 

In the view of (5.9), (5.10), (5.11) and the above equation, we can easily show that 

𝑅(𝑒1, 𝑒2)𝑒2 = (
𝜏

2
− 2𝛽2) 𝑒1 = −𝛽2(3 + 4𝑘1)𝑒1,    𝑅(𝑒1, 𝑒3)𝑒2 = 0, (5.13) 

𝑅(𝑒2, 𝑒1)𝑒1 = (
𝜏

2
− 2𝛽2) 𝑒2 = −𝛽2(3 + 4𝑘1)𝑒2,    𝑅(𝑒3, 𝑒1)𝑒1 = 𝛽2𝑒3, (5.14) 

𝑅(𝑒1, 𝑒2)𝑒3 = 0,    𝑅(𝑒2, 𝑒3)𝑒1 = 0. (5.15) 

 

Also from  (1.11), (1.15) and (1.16), we get 

𝑆(𝑒1, 𝑒1) =
𝜏

2
− 𝛽2,    𝑆(𝑒2, 𝑒2) =

𝜏

2
− 𝛽2,    𝑆(𝑒3, 𝑒3) = 2𝛽2, (5.16) 

𝑆(𝑒2, 𝑒3) = 0,    𝑆(𝑒1, 𝑒3) = 0,    𝑆(𝑒1, 𝑒2) = 0, (5.17) 

𝑃(𝑒1, 𝑒2)𝑒1 = [
3𝛽2

2
−

𝜏

4
] 𝑒2,    𝑃(𝑒1, 𝑒2)𝑒2 = [

𝜏

4
−

3𝛽2

2
] 𝑒1,    𝑃(𝑒1, 𝑒2)𝑒3 = 0, (5.18) 

𝑃(𝑒1, 𝑒3)𝑒1 = [
𝜏

4
−

3𝛽2

2
] 𝑒3,    𝑃(𝑒1, 𝑒3)𝑒2 = 0,    𝑃(𝑒1, 𝑒3)𝑒3 = 0, (5.19) 

𝑃(𝑒2, 𝑒3)𝑒1 = 0,    𝑃(𝑒2, 𝑒3)𝑒2 = [
𝜏

4
−

3𝛽2

2
] 𝑒3,    𝑃(𝑒2, 𝑒3)𝑒3 = 0, (5.20) 

𝑃(𝑒2, 𝑒3)𝑒1 = 0,    𝑃(𝑒2, 𝑒3)𝑒2 = [
𝜏

4
−

3𝛽2

2
] 𝑒3,    𝑃(𝑒2, 𝑒3)𝑒3 = 0, (5.21) 
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𝐻(𝑒1, 𝑒2)𝑒2 = 2 [
𝜏

6
− 𝛽2] 𝑒1,    𝐻(𝑒1, 𝑒2)𝑒3 = 0,    𝐻(𝑒2, 𝑒3)𝑒1 = 0, (5.22) 

𝐻(𝑒2, 𝑒1)𝑒1 = 2 [
𝜏

6
− 𝛽2] 𝑒2,    𝐻(𝑒3, 𝑒1)𝑒1 = − [

𝜏

6
− 𝛽2] 𝑒3,    𝐻(𝑒1, 𝑒3)𝑒2 = 0, (5.23) 

𝐻(𝑒1, 𝑒3)𝑒3 = − [
𝜏

6
− 𝛽2] 𝑒1, 𝐻(𝑒2, 𝑒3)𝑒3 = − [

𝜏

6
− 𝛽2] 𝑒2,  𝐻(𝑒3, 𝑒2)𝑒2 = − [

𝜏

6
− 𝛽2] 𝑒3. , (5.24) 

where 𝜏 = −2𝛽2(1 + 4𝑘1). 
 

Using (4.18), (4.19), and (4.9), we can find projective curvature tensor 𝑃̃, Ricci tensor 𝑆̃, 
concircular curvature tensor 𝐻̃ with respect to ∇̃ as 

𝑃̃(𝑒1, 𝑒2)𝑒1 = [2𝛽2 +
𝛽

2
−

𝜏

4
] 𝑒2 +

𝛽2

2
𝑒1,    𝑃̃(𝑒1, 𝑒2)𝑒2 = − [2𝛽2 +

𝛽

2
−

𝜏

4
] 𝑒1 +

𝛽2

2
𝑒2 

𝑃̃(𝑒1, 𝑒2)𝑒3 = 𝛽𝑒3, 𝑃̃(𝑒1, 𝑒3)𝑒1 = [
𝜏

4
−

5𝛽2

2
−

𝛽

2
] 𝑒3, 

𝑃̃(𝑒1, 𝑒3)𝑒2 =
−𝛽2

2
𝑒3,    𝑃̃(𝑒1, 𝑒3)𝑒3 = [𝛽2 −

𝛽

2
] 𝑒2, 

𝑃̃(𝑒2, 𝑒3)𝑒1 =
𝛽2

2
𝑒3,    𝑃̃(𝑒2, 𝑒3)𝑒2 = [

𝜏

4
−

5𝛽2

2
] 𝑒3,    𝑃̃(𝑒2, 𝑒3)𝑒3 = − [𝛽2 −

𝛽

2
] 𝑒1, 

𝑆̃(𝑒1, 𝑒1) =
𝜏

2
,   𝑆̃(𝑒2, 𝑒2) =

𝜏

2
,   𝑆̃(𝑒3, 𝑒3) = 2𝛽2 −

1

2
, 

𝑆̃(𝑒2, 𝑒3) = 0,    𝑆̃(𝑒1, 𝑒3) = 0,    𝑆̃(𝑒1, 𝑒2) = −(𝛽2 − 𝛽), 

𝐻̃(𝑒1, 𝑒2)𝑒2 = [
𝜏

3
−

7𝛽2

3
−

𝛽

2
+

1

12
] 𝑒1 + [𝛽2 −

𝛽

2
] 𝑒2,    𝐻̃(𝑒1, 𝑒2)𝑒3 = 𝛽𝑒3, 

𝐻̃(𝑒1, 𝑒3)𝑒2 = −
𝛽

2
𝑒3, 𝐻̃(𝑒2, 𝑒3)𝑒1 =

𝛽

2
𝑒3, 

𝐻̃(𝑒3, 𝑒1)𝑒1 = [−
𝜏

6
+

5𝛽2

3
+

𝛽

2
−

1

6
] 𝑒3,    𝐻̃(𝑒2, 𝑒1)𝑒1 = [

𝜏

3
−

7𝛽2

3
−

𝛽

2
+

1

12
] 𝑒2 − [𝛽2 −

𝛽

2
] 𝑒1, 

𝐻̃(𝑒1, 𝑒3)𝑒3 = [
2𝛽2

3
−

𝜏

6
−

1

6
] 𝑒2 − [𝛽2 −

𝛽

2
] 𝑒1,    𝐻̃(𝑒2, 𝑒3)𝑒3 = [

2𝛽2

3
−

𝜏

6
−

1

6
] 𝑒2 − [𝛽2 −

𝛽

2
] 𝑒1, 

𝐻̃(𝑒3, 𝑒2)𝑒2 = [−
𝜏

6
+

5𝛽2

3
+

𝛽

2
−

1

6
] 𝑒3. 

 

6. Conclusion 
 

This study considers a new type of quarter-symmetric non-metric connection called (𝑀, 𝜑3, 𝑓1) 

on almost contact manifolds. Some curvature properties are presented for this connection. It is 

noticed that by considering some cases on the connection (𝑀, 𝜑3, 𝑓1) inverted to quarter 

symmetric metric connection, quarter symmetric non-metric connection and semi symmetric 

non-metric connection before are obtained. The connection (𝑀, 𝜑3, 𝑓1) has been studied on 3-

dimensional Quasi-Sasakian manifold 𝑀 in order to obtain more understandable results, and it 

has been arrived that the manifold given with (𝑀, 𝜑3, 𝑓1) transforms into an 𝜂 −Einstein 

manifold respect to Riemannian connection ∇ under some curvature conditions i.e. 

(𝑃̃(𝑋, 𝜉). 𝐻̃)(𝑌, 𝑉)𝑊 = 0, (𝑅̃(𝑋, 𝜉). 𝑅̃)(𝑌, 𝑉)𝑊 = 0, (𝐻̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0, 
(𝑅̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0, and (𝑃̃(𝑋, 𝜉). 𝑆̃)(𝑌, 𝑍) = 0. It has also been proven that the Ricci tensor 

𝑆̃ of manifold 𝑀 is not symmetric and the first Bianchi identity has been satisfied only under 

some special conditions respect to (𝑀, 𝜑3, 𝑓1). Finally, an example has been found  to show that 

there is a connection (𝑀, 𝜑3, 𝑓1) on 3-dimensional Quasi-Sasakian manifold. As a direction for 

future work, the non-metric connection introduced in this study could be further explored to 
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analyze the geometric behavior of Ricci solitons, Yamabe solitons, and Mean Curvature Flow 

solitons e.g. [28]. Investigating these structures under a generalized connection may offer new 

perspectives on spacetime geometry and gravity theories. 
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