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Abstract

We first introduce a new type of quarter-symmetric non-metric connection on almost contact metric
manifolds. Using this connection, we study certain curvature conditions on 3-dimensional quasi-
Sasakian manifolds e.g. (R(X,%).R)(Y, )W =0, (P(X,9).H)(Y,»)W =0, (R(X,.5)(Y,Z) =0,
(H(X,%).5)(Y,Z) = 0,and (P(X,%).5)(Y, 2)=0. Finally we give an example of 3-dimensional quasi-
Sasakian manifold satisfies this new type of connection.
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1. Introduction

In Riemannian geometry, the most commonly used connection is the Levi-Civita connection,
which is uniquely characterized by being torsion-free and metric-compatible. Connections can
be generalized to broader contexts, such as affine, semi-symmetric, or quarter-symmetric
connections, each of which introduces distinct geometric features through their torsion or non-
metric properties.

The concept of a semi-symmetric connection was first introduced by K. Yano in 1970 [33] to
generalize the Levi-Civita connection by allowing torsion in a specific form. A linear
connection V on n = 2m + 1 -dimensional Riemannian manifold M is said to be a semi-
symmetric connection if its torsion tensor T

TX,Y)=VyY -V, x —[X,Y], (1.1)

satisfies
TX,Y)=n¥)X -nX)Y,
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where 1 is a non-zero 1-form. Moreover if Vg = 0, then the connection is called a metric
connection, otherwise it is non-metric connection defined by H.A. Hayden [15]. This type of
connection has been extensively studied in various geometric settings, due to its applications in
Riemannian geometry and theoretical physics [1], [8], {12], [16], [18], [27]. To further
generalize the concept of a semi-symmetric connection, S. Golab introduced the notion of
quarter-symmetric connection [13]. A linear connection V on M is called a quarter-symmetric
connection if its torsion tensor T satisfies the following condition

TX,Y) =n(M)eX —nX)eY,

where # is a non-zero 1-form and ¢ is a tensor of type (1,1). Just like the semi-symmetric
connection, the quarter-symmetric connection has also been studied by many researchers [17,
30, 32, 36].

In the context of contact geometry, one important class of manifolds is the almost contact metric
manifold. There are n = 2m+1-dimensional differentiable manifolds endowed with an almost
contact metric structure (¢, ¢,7,g), where ¢, &,n are tensor fields on M of types (1,1), (1,0),
(0,1), respectively, such that [4, 5, 35]:

*=-T+nQ%& n® =1, gleX,eY) = gX,Y)—nXn), X,y eT(M) (1.2)

where T(M) is the Lie algebra of vector fields of the manifold M. Also
9§ =0,n°¢ =0,n(X) = g(X,3). (1.3)

This structure serves as a generalization of almost complex structures to odd-dimensional
manifolds and provides a natural setting to study various contact metric geometries.

A significant subclass of almost contact metric manifolds is formed by quasi-Sasakian
manifolds. Quasi-Sasakian manifolds were first studied by Blair [6] using almost contact metric
manifolds. They have been extensively investigated by many researchers, including [9, 10, 14,
19, 20, 21, 22, 23, 24, 26]. Following basic concepts to be used in this paper have been obtained
in previous works.

The manifold M is said to be quasi-Sasakian if the almost contact structure (¢, ,7) is normal
and the fundamental 2-form @ is closed, that is,

[0, 0](X,Y) +dn(X,Y)E=0, and d® =0, ®X,Y) = g(X, @Y). (1.4)

An almost contact metric manifold M is a 3-dimensional quasi-Sasakian manifold if and only
if [25]

Vx§ = —foX, (1.5)

for a certain function £ on M. Since in a 3-dimensional quasi-Sasakian manifold (1.5) holds, it
can written [25]

(Vx@)Y = Blg(X, )T —n(Y)X], (1.6)
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for a certain function # on M, such that {8 = 0 and V being the operator of the covariant
differentiation with respect to the Riemannian connection of M. Such a quasi-Sasakian manifold
is cosymplectic if and only if = 0.

Also in 3-dimensional quasi-Sasakian manifolds [25],

ROLY)E = —(XB)gY + (YB)gX + B2[n(Y)X — n(X)Y], (1.7)

R(Y,§)Z = —R(EV)Z = ZR)gY + g(¥,pZ)gradp + B2[g(¥,2) —n(2)Y],  (18)
R(Y,)§ = B2[Y —n(¥)E] (1.9)

. RS’ §E=0, (1.10)

S(¥,2) = (5= 82) 9(¥,2) + (362 = 5) n(VIn(@) — (WZBIn(Y) = (9YBIN(2), (L.11)
) S(X,€) = 2" (X) — (pXP) (1.12)

QX = (5= B2) X + (387 = 5)n()¢ +n(X) (vgradp) — (XX, (1.13)

RUNZ = (35— B2) (90, DX = gX. DY ] + (0XBW@Y — (Y BIn(DX

+ (367 = 2) [V, 208 = (X, DN +1(NNE@X = 10N (@)Y]
+9(Y, 2)[n(X)pgradp — (9XB)¢] + g (X, 2)[(apYB)§ — n(Y)pgradp]
+H@ZPIOY — (K], (1.14)

where R is Riemannian curvature tensor, S is Ricci tensor, Q is the Ricci operator, that is,
S(X,Y) = g(QX,Y), T is the scalar curvature of the manifold and the gradient of a function g
is related to by the formula (X8) = g(gradf, X).

In this paper, we consider the projective curvature tensor P and the concircular curvature tensor
H are defined by [34], [37]
P(X,Y)Z =R(X,Y)Z—ﬁ[S(Y,Z)X—S(X,Z)Y], (1.15)
and
HX,Y)Z =R(X,Y)Z —

ni=1) [g(Y,2)X — 9(X,Z)Y], (1.16)

for all vector fields X, Y, Z, both of which have been extensively studied by various researchers

[11], [2], [3].

Moreover the projective tensor and concircular tensor on 3-dimensional quasi-Sasakian
manifold are given by [25]

1
P(X,Y)¢ = —(XB)oY + (YB)pX + 5[(<pYﬁ)X — (pXp)X], (1.17)

11—

+ E - %] (9%, 205 = nCO(2)9) (1.18)

HIXY)E = —(XR)gY + (YR)OX + 62 =< GNX —nCOY),  (119)

HX 9§ = [B7 - <] (X =109, (1.20)

HX,§)Z = ~(ZP)pX — g(X, pDgradf + 8> - | 1@DX - g, 29, (1.21)
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The present paper is organized as follows: In Section 2 we establish a new type of a quarter-
symmetric non-metric connection in an almost contact manifolds and prove its existence. Also
we find Riemannian curvature tensor with respect to this connection. In Section 3, we classify
the connection defined in Section 2. In Section 4, we investigate some curvature conditions on
3-dimensional guasi-Sasakian manifolds e.g. (R(X,&).R)(Y,V)W =0,
(P(X,8).H)(Y,")W =0, (R(X,6).5)(Y,Z) =0, (H(X,8).5)(Y,Z) =0, and
(P(X,8).5)(Y,Z) = 0. Finally, we find an example of a 3-dimensional Quasi-Sasakian
manifold admitting the quarter symmetric non- metric connection.

2. A new type of quarter-symmetric connection

In this section, we define a new type of connection in an almost contact metric manifold as
follows:

Theorem 2.1. Let M be an n = 2m + 1- dimensional almost contact metric manifold with the
Levi-Civita connection V of its Riemannian metric g. Let ®;, &, and &5 are skew-symmetric
parts of the (0,2) tensor & such that

g(eX,Y) = d(X,Y) = (X, Y) + (X, Y) + D3(X, Y). (2.1

Also let @4, @, and @5 are (1,1)-type tensor fields, n is a 1-form and & is a vector field which
satisfy

| nX) =gX,8), ©1§=@5=035=05=0, (2.3)
an
N(@:X) = n(@.X) =n(@sX) = 0. (2.4)

Then there exists a quarter-symmetric non-metric connection V such that

- 1
VxY = VxY = n(X)@;Y + (V)@ X + 3 MY @sX —n(X)@3Y] — f18(X, Y)E, (2.5)

satisfying the conditions

TXY) =n(NeX —nX) ey, (2.6)
and
__ 1
(Vxg) (Y, Z) = f;[g(X, Y)n(Z) + (X, Zn(V)] - 3 M(Vg(@sX,Z) + n(Z)g(@sX,Y)]
—N(gl@X,Z) —n(2)g(e:X,Y) # 0, (2.7)

where f; is a differentiable function on M.

Proof. Let V be a linear connection in M given by
VyY = VyY + B(X,Y), (2.8)
where B(X,Y) isa (1,1) tensor field in M.
We can find the tensor field B(X,Y) such that V ensures (2.6) and (2.7). Using (2.8) in (1.1),
we obtain
T(X,Y) =B(X,Y) - B(Y,X). (2.9)
Denote
G(X,Y,7) = (Vxg)(Y,2). (2.10)
From (2.8) it follows that
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G(X,Y,Z) = —g(BX,Y),2) — g(Y,B(X,2)). (2.11)
Now using (2.9), we have
9g(TxY),2)+9(TZ,Y),X)+g(T(Z,X),Y)
+g(B(Z,X),Y) —g(B(X,Z),Y).
In the above equation taking (2.11), we write
9g(Tx,Y),2)+9(T(Z,Y),X)+ g(T(Z,X),Y)
=gBX,Y),Z)+G6Y,X,Z2)-G(Z,X,Y)—g(B(X,2),Y)
=29(B(X,Y),Z2)+G(X,Y,Z)+ G(Y,X,Z) — G(Z,X,Y). (2.12)
If we put (2.7) in (2.12), we get
g(TX,Y),2) + g(T(Z,X),Y) +g(T(Z,Y),X)

1 1
=29(BX,Y),Z) - En(Y)g(q)sX, Z) — ETI(Z)H((Psx; Y)+ figX,Y)n(Z)
1
+ 19X, Z2nY) —n(VN)g(@.X,Z) + n(Y)g(9Z,X) — En(X)g(qlaY, Z)
1
- En(Z)g(q)gY,X) + 19, Z)nX) + frgX,YIn(Z) —n(X)g(@,Y,Z)

(@9 (K, 9:1) +51(X)g(922,Y) + 5115 (02X, 2) ~ g (Z Xn(¥)
= (19, Y)n(X) +n(X)g(p2Z,Y) + n(V)g(X, 92 2). (2.13)

Since ¢4, @, and @5 are skew-symmetric therefore (2.13) reduces to

9g(TxY),2)+9(TZ,1),X)+g9(T(Z,X),Y)
=29(B(X,Y),Z) +n(Y)g(93Z,X) —(X)g(@sY,Z) + 2f19(X,YIn(Z)

—2n(Ng(@2X,Z) — 2n(X) g (.Y, 2). (2.14)
By (2.14), we obtain

1. - -
gBX.Y),2) = 5{g(TX¥),2) + 9(T(Z,X),Y) + 9(T(Z,¥), X)} - fig(X,Y)n(2)

1
- E{n(Y)g(cng, X) —nX)g(esY,2)} + n(Y)g(@X,Z)
+nX)g(e.Y,2) (2.15)

On the other hand (2.6) implies the followmg relations

g(T(x,1),7) = n(Y)Zg(cplX 7) - n(X)Zg(cplY 2),
9(TZ,5,Y) = () Z 9(@:Z,1) =(2) Z 9(oi¥, ),

UASPIE nng(cplz x) - n(Z)Zg(cplY X,

Combining the above equations with (2. 15) we have
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3 3 3
1
9BAY,Z) =3[ ) 90X, 2)=n(X) Y gV, D) +n(X) ) g(@iZ,¥)

3 3 3
-n(2) Zg(cpiY,X) + n(Y)Z 9(@,Z,X) — n(Z)Z 9(@;Y,X)
i=1 i=1 i=1

1
- 19X, Y)M(Z) — 3 MM g(@s:Z,X) —mX)g(@sY,Z2)] + n(V)g(@.X,Z)

+nX)g(@,Y,2),
from which

1
BIX,Y) = —n(X)¢:Y + n(V)poX + 5 (N@:X —n(X)es¥] - fig(X, 1§, (2.16)
for vZ €y(M). This completes the proof.

Lemma 2.2. Let M be an n = 2m+1-dimensional almost contact metric manifold. Then we can
give a relation between Riemannian curvature tensors R and Rrespectively Levi-Civita
connection V and quarter-symmetric non-metric connection V which defined by (2.5) on M
such that

RX,V)Z = R(X, V)Z — g(Vx§, Y)cpllz — N Vxe)Z + n(Nf1g(X, 912)8 + g(Vx§, ), Y
(@) (Vx92)Y —onE@D@se,Y —n(Xn(@)e19,Y —n(Dfi8(X, 92Y)8
+2 8 OE 20sY + 310 (Typa)Y — nCONDgapsY
- %n(X)n(Z)cplcpsY - %fm(Z)g(X, P3Y)E — %g(VxE, Y)@3Z
— SN0 (Typa) 25 (DB, 92 ~ (XEE(Y, 206 ~ F,8(Y, D)V

1
= > F18(Y, 2)@sX — f1g(Y, )X + £,°g(Y, ZIN(OE + (W&, X) 91 Z
+ Tl](X) (Vy@1)Z —Xf18(Y, 912)8 — g(Vy§, )X — n(Z) (Vy )X
+ En(Y)n(Z)q)stsz +N(YON@D) 19X + n(Df18(Y, 02X)§

1 1 1
- Eg(VYE' Z)psX — ET](Z) (Vye3)X + ZT](Y)T] (Z) 393X
1 1 1
+ oM@ @1¢5X + (DY, 93X)8 + 2 8(VyE X)psZ
1 1
+ ET](X) (Vy@3)Z—(X) > f18(Y, @32)% + (Yf)g(X,2) + f,8(X, Z2)Vy§

1
+-F18(X, 2)@sY + f18(X, )@Y — £,°g(Y, Z)n(X)8(2.17)
forX,Y,Z € x(M).

Proof. The Riemannian curvature tensor R is defined by
R(X, Y)Z = ﬁxﬁyz - ﬁyﬁxz - W[X,Y]Zr (2.18)

where V is quarter-symmetric non-metric connection for X,Y,Z € y(M). With the helping of
(2.5), the relation (1.18) converts to
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- . 1
RUNZ = 0 (Vo2 =007 + 1@ 2 +5 DY = 1(N@s2) — fig (¥, )
. 1
= 7y (V2 = 100@Z + 1@ X +5 (D93X ~ (D 32)
~ A9, 2DE) = Vi Z = (X, VD917 + (29X, V]

1
+5 M@ es[X, Y] —n([X, YD @32) — f19([X,Y], 2)¥).
From linearity of V and (2.5), it follows that

- 1 1
R(X,Y)Z=VxVyZ + EU(VYZ)<P3X - ETI(X)(/)?)VYZ +n(VyZ)p, XX, VyZ —

19X,V 2)E = V() psZ = 30001 2)@X + (XY @137 —
N)@12)p2X + 1N V)@r1Z + 19 (X, n(V)912)¢ + Vin(Z) Y +
SNM@)P2Y)3 X = -n(XOn(Z)p302Y —n(XOn(Z)p192Y +1n((Z)@2Y )X —

f9XN@)9YE +5Vxn(Z)psY + (D) psV)@sX — - n(ON(Z)psp5Y +
(@) PsV) 92X — 0O (D) @103Y — - frgK, (2 3Y)E =~ Vxn(Y)p3Z —
NP2z X + 0OV @303Z — (V) P3Z) 02X + -1 (XN )prp3Z +

~ 19X, 1N @3 2)E = Vxf1g(V, 2)§ = sn(f19(Y, D)) psX + (X f1g(Y, )¢ —
n(fL9(Y, DO @2X +nXfig (Y, 2)1E + £ g (¥, ZINX)E = VyVxZ —-n(VxZ)psY +
%U(Y)<P3VXZ —n(VxZ)pY (V)01 VxZ + f19(Y,VxZ)$ + Vyn(X) e, Z +

X1 2)psY = VMK P193Z + 10X P12)p2Y =V (X) 1017 —
.90, 1X)912)E = Vyn(Z)pX — (D@2 X)@3Y +5n(VIN(Z) P02 X +

NN 192X =D p2X)@2Y + frg (Y, (292 X)E = Vyn(Z)psX —
@@ @3 X)p3Y + 21V IN(Zp3p3X — 0293 X)@2Y + -0V IN(Z2) 103X +
9V (D3 X)E + -V (X)@3Z + (X @3 Z)sY — (Y INK)p33Z +
(X3 2)¢2Y — sV IMX)P195Z — % f19(¥, n(X)32)E + Vy f19(X, 2)E +
(19X, 2)E@sY —n(NfLg(X, D)€ + (19X, DOz —n(Nfig(X, )€ —
f129(Y; Z)n(X)¢ — VixrZ + n(VxY = VyX)01Z —n(Z2) @, VxY + n(Z2) @, Vy X —
%{U(Z)<P3VXY N2 psVyX —n(VxY = VyX)@3Z} + f1g(VxY — Vy X, Z

Applying properties of Levi-Civita connection V and using (2.3) and (2.4), we arrive at (2.17)
which proves assertion.

3. Classification of the connection given with (2.5)
In this section, we will give some special connection types depending on the connection defined

with (2.5).
i) If @; = @, = 0, then (2.5) becomes

- 1
V¥ = Vx¥ + 5 InMeX —nXeY] - fig(X, V)& B.1)
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This connection is called a quarter symmetric non-metric connection on almost contact metric
manifold. We call this connection as (M, @3, f;).

Let's find Riemannian curvature tensor R due to (3.1) applying ¢, = ¢, = 0 in (2.17).

ROCNIZ = ROGNIZ 45,9000, DY + 30D Txp)Y
—INCONDPY 2 DX, 9V)E ~ 7 9(Txé, Vo
M) Z+ 3 (Vg (K, 92~ KfIG(Y, 2)E ~ Frg(¥, )T

SR, D)X + g, 2K ~ 5 9Ty, D)X — 312 Typ)X

1 1 1
+=n(N(Z)p*X+ 1@ fg(, X +5 9V, X)eZ

4
1 1
+§77(X)(VY<P)Z_77(X)§f19(Y' 0Z)¢+ (Yf1)g(X,Z)E + f19(X, Z)Vy&
1
+§f19(X,Z)<PY—flzg(Y,Z)n(X)f- (3.2)

i) Using ¢, = @3 =0 and f; = 0in (3.1), we obtain
ViV =V, ¥ —n(X)gY. (3.3)

This connection is called quarter symmetric metric connection [36]. It is easily seen that, the
Riemannian curvature tensor is

R(X,Y)Z = R(X,Y)Z — g(Vx§,V)pZ = n(Y)(Vxp)Z + g(Vy&, X)pZ + n(X) (Vyp)Z (3.4)
with respect to (3.3).
iii) Setting @, = @3 = 0 and f; = 0in (2.5), the connection (2.5) reduces to
ViV = VY +n(YV)oX. (3.4)

This connection is called quarter symmetric non-metric connection [30]. If we take @, = @5 =
Oand f; = 0in (2.17), then we obtain

RX,Y)Z =RX,Y)Z + g(Vx&, D)@Y + n(Z)(Vx@)Y — g(Vy&, Z)pX —n(Z)(Vyp)X. (3.5)

iv) Taking ¢; = @3 = 0,90,X =X and f; = 01in (2.5), then it becomes
VY = VY +n(Y)X. (3.6)

This connection is called semi-symmetric non-metric connection [1]. Riemannian curvature
tensor R is

R(X,Y)Z =R(X,Y)Z + g(Z, V&)Y — g(Z,V, &)X,
due to (3.6).
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Table 1. Classification of the Connection

~ 1
VxV' = V¥V =n(X)@.V + (V)@ X + 2 [n(V) s X —n(X)psY] — f19(X, Y)E
Connection Name Special Case Connection
M, @, =@, = -~ 1 1
(M0 1) e Vi¥ = V¥ + 300X —Zn(00Y ~ fig(X, V)¢

Quarter Symmetric Non-
Metric Connection

Quarter Symmetric @, =0¢@;=0andf; =0 VY = ViV —n(X)pY
Metric Connection
Quarter Symmetric ©,=0,p3=0and f;=0 ViV = VY + (V)X
Non-Metric Connection
Semi Symmetric Non-Metric 0, =0, X=X, ViV = VY + n(V)X
Connection p;=0andfi=0

4. 3-Dimensional quasi-Sasakian manifolds given with quarter symmetric
non-metric connection (M, @3, f1)

In this section, some curvature types will be studied in the 3-dimensional quasi-Sasakian
manifolds given with (M, ¢4, f;).

Lemma 4.1. Let M be a 3-dimensional quasi-Sasakian manifold. The relation between
Riemannian curvature tensors R and R with respect to the connections V and quarter-symmetric
non-metric connection (M, @s, f;) defined by ¥V, is given by

~ 1
RXYZ = REX V)Z - Xf)g(Y, 2)8 + (Yf)g(X, 2)§ + - n(Xn(Z)Y — n(Vn(2)X]

1
g) [8(Y, ZMX)§ — (X, ZM(V)3] — - Ein(X)g(¢Z, Y)E
f; 1
+ (28~ 2) [80Y, 200X — BX Y] + 3 En(Mg(9Z, X8 + 5 (28(0X, o

+ 8(9Y, )X — g(@X, Z)9Y)
+ fin(2)g(¢X, Y)E, (4.1)

+ <f12 +

forvX,Y,Z € x(M).

Proof. Since M is a 3-dimensional quasi-Sasakian manifold, using the expressions (1.6),
(1.5) and @, = ¢, =0, (3.2) reduces to

79




R(X,Y)Z = R(X, Y)Z — (Xf)g(Y, 2)§ + (Yf)g(X, 2)€ + £, *[g(Y, ZIn(X)E — g(X, Zn(V)E]
+£1Bg(Y, Z)pX — £, Bg(X, 2) X

1
+ 5 |Bn@eX V) — Bn(Z)n(X — fn(Vg(X, 2)5 + pn(Z)n(V)X

+ BnX)g(Y, Z2)§ — Bn(XOM(Z)Y + n(X)g(Y, 2)§ — pnXn(D)Y
— Bn(Z)g(Y, X)§ + Bn(ZnX)Y + Bg(@X, Y)Z — Bg(eY, X)@Z
+ Bg(@Y, )X — Bg(@X, Z) @Y + 2fin(Z)g(@X, Y)§ — fin(X)g(@Z, Y)E

1
+ fin(Ng(@Z, X)E — f18(Y, D)X + f,8(X, Z) Y + En(X)n(Z)Y

1
—5n(n@X|,
which proves (4.1).

Lemma 4.2. In 3-dimensional quasi-Sasakian manifold given with (M, ¢, f1),

RX,V)§ = —(XB)gY + (YBpX — (XfiIn(V)E + (Y{&)n(X)E
+ (18 =) X ~n@p¥1 + (3 - 52) COY ()

P _ f1 f1
X,§)Z =—ZP)pX — g(X, 9Z)gradp — - g(pX,2)S + <f1ﬁ - 7)?7(2)@( — (Xf @3¢
+ ((ffl) ~B =1 —§>g(x, )¢ + ((§+f12 + %)]n(xmmf
- (,82 - %) n(2)X, (4.3)
. 1
Ronoe = (8 -2)ox - e+ [;-m mog -0 + Eones @)
R 9E=0, (4.5)
R(X,Y)Z = —R(Y,X)Z, (4.6)
RX,Y)Z+R(Y,2)X + R(Z, X)Y = §{4g (X, Y)0Z + 4g(Y,Z)pX + 49(@Z, X) Y}
+2f1n(2)g(pX,Y)§. (4.7)

with the help of (4.7), we can prove the following lemma and remark:
Lemma 4.3. Let M be a 3-dimensional quasi-Sasakian manifold. Manifold M satisfies first
Bianchi identity with respect to (M, @3, f;) ifand only if 3 =0, f; = 0, for VX,Y,Z € x(M).
Notice that first Bianchi Identity with respect to V is given by [35]

R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0. (4.8)

Remark 4.4. Let M be a 3-dimensional quasi-Sasakian manifold. Manifold satisfies first
Bianchi identity with respect to (M, @5, f;) if and only if f; = 0 and M is cosymplectic.

Lemma4.5. Let M be a 3-dimensional quasi-Sasakian manifold. Ricci tensor S, Ricci operator
Q and scalar curvature ¥ with respect to (M, @s, ;) are given by
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1
(Y, 2) = (Y, 2) + (YEDN(2) + 1.8 — DeCY, 92) — (5 + £ ) n()

+ (f2 — (&f))g (Y. 2)
= (YfOn(@) + £,(B — Dg(Y, 9Z) — (cpZB)n(Y) — (eYBN(Z)

-0+ 82 - @] s +[382 -5 -5 - [ noom@, @9)
~ 1
QY = QY+ (Yf)§E—fi(B— DY — (E + f2 ) n(Y)E + (f2 — (EfD)Y, (4.10)
t=1+2(f2 - (&) - % (4.11)

Proof. Taking the inner product of both sides of the equation (4.1) with W, we obtain

g(RX,Y)Z,W)
= G(RGNZW) = KRG DW) + ()t D)
+ (72 +5) [907, 2MCONW) = 9 (X, DMV

+(fiB — E) [g(Y,Z)g(@X, W) — g(X,Z)g(@Y, W)]

[2g9(@X,Y)g(@Z, W) + g(@Y,Z)g(@X, W) — g(@X,Z)g(@Y,W)]
[n XD g, W) =2 gX, W)] + fin(Z)g(@X,YIn(W)
1 1
- Efln(X )g(@Z, Y)n(W) + Efm(Y)g(cpZ, Xmw).
Putting X = W = ¢;, i = 1,2,3 in the above equation, we have

5r,2) = 50, 2) = @9 (r.2) + (Vfm() + (1 +5) [907,2) ~n(¥m(2)]

~(1B-1) 57,2+ E1-29(02,01) + gCo¥, 2]

1 1
+2N@) = 3In(n@)] - 5 f19(eZ,Y),
from which we get (4.9). Also (4.9) yields

~ 1
QY = QY + (Yf)§ = (B = DY = (5+ £2) 00§ + (£ = 1)
for every Z € y(M). Contracting Y and Z in (4.9), we get

1
T+ G - (54 £2) + 302 - GR)).

Using (4.9), we can prove following lemma:

b—\l\J|'®

Lemma 4.6 For 3-dimensional quasi-Sasakian manifold with respect to (M, @5, f;)

~ 1
S(Y,8) = (VR - (0¥B) + [262 = 5 = &) | nC¥), (4.12)
3(5,2) = ~(928) + [2B2 2@, (4.13)
S(& %) =2p? - 5- (4.14)

Proof. By (4.9), putting & for Y, Z respectively it is obvious that (4.12), (4.13) and (4.14) are
true.
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Theorem 4.7 Let M be a 3-dimensional quasi-Sasakian manifold. The Ricci tensor of M is
symmetric with respect to (M, o3, f;) if and only if f; is constant and 3 = 1.

Proof. Assume that the Ricci tensor of M is symmetric with respect to (M, ¢4, f;), that is

S(Y,2)=5(Z,Y), (4.15)
for vY,Z € y(M).First of all, in order to find the expression $(Z,Y), in (4.9) substitute Z
instead of Y and Y instead of Z.

~ 1
S 1).= SE ) + @R + A8 = DgZ oV = |5+ £2| n@n )

+fE - g, 2). (4.16)
With the help of (4.9), (4.15) and (4.16), we can write

1
S 2+ (VN + 1B = Dg(¥,02) = |5+ f2 | n0N@) + [ — GAIg (Y, 2)

1
= S@Y) + @) + £1B ~ D o1 =[5+ 2| @)
+[fZ ~ Gl (V,2)

After required calculations in the above equation, we get

Yfn@) + f1(B—Dg,9z) = (ZfiI)n¥) + f1(L — Dg(Z,¢Y),

Yfinm@2) + 2B —Dg¥,0z) — (ZfIn(Y) = 0.

or

From here we can easily see that f; is constant and § = 1. Conversely, suppose that f; is
constant and § = 1. Using these values in (4.9), we have

~ 1
50,2) =50.2) - |5+ £2|nm@ + f29(v, 2> (4.17)

In (4.17), using symmetry property of Ricci tensor S and metric g respect to V, we obtain (4.15).
This completes the proof.
With the help of (4.9), (4.1), (1.15), (1.16) and (4.11), we can give the following propositions.

Proposition 4.8. Let M be a 3 —dimensional quasi-Sasakian manifold. Projective curvature
tensor P and concircular curvature tensor H with respect to (M, s, f;) are
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P(X,Y)Z = P(X,Y)Z — (Xf)g (¥, 2)s + (Y ) g (X, 2)§ + (f,” +§)[9(Y,Z)n(X)§
—9X, Z)n(Y)3] + (f1B - %)[Q(Y:Z)(PX —9X,2)eY]
+ g [29(@X,Y)@Z + g(@Y,Z)pX — g(@X,Z)@Y] + %ZT](Y)n(Z)X
—NEM@Y] + fin(2)g(eX,Y)§ — % fin(X)g(eZ,Y)8
+2 ANMgZXE 5 [(NDX ~ EFINEY] ~3 A8

1
D[, 92)X —gX,9Z)Y] - E(flz - GflgY,2)X
-9, 2)Y)], (4.18)

HX.)Z =HX,Y)Z — (Xf)g(¥, 20§+ (Y f)g (X, 2)§ + (f" + E)[Q(Y,Z)T](X)E

—gX, Z2m(Y)E] + (1B —E)[g(Y 2)eX — g(X, Z)cpY]
g[Zg(ch. Y)oZ + g(@Y,Z)pX — g(@X,Z)pY] +Z[n(X)n(Z)Y

1
- n(Y)n(Z)X] + fin(2)g(eX,Y)§ — —f1 n(X)g(eZ,Y)3§
fi® (ffl)

and

1
~- DI, DX = gX, 2)V)]. (4.19)

+= fln(Y)g(cpZX)E (

Proposition 4.9 In 3 —dimensional quasi-Sasakian manifold given with (M, @5, f;), the
following relations hold:
—-HEX)Z =H(X,9)Z
fi

= —(zs)cpx 9(X, D) grads = (XFON@E + (B~ 2 ) (DX

2+ ]n(X)n(Z)E+lBZ Ll
le—— - T, (YZ)z+flg<ch2)z (420)

H(X, V)5 = —(AB)Y + (YB)oX — (XfN(V)E + (onnooz + (ﬁB ) meryex

—NX)QY] + f1g(@X, V)& + [62 LB ] ()X

3
—n(X)Y], (4.21)
H(f §)§ =0, (4.22)

PX,Y)§ =—(XB)oY + (YB)oX + - [((PYﬁ)X (@XB)Y — (Y f)X + (Xf)Y]

AN + % + (8- D) nex —neney
+ F9X,VE + (2EFLDIOIX =GO (4.23)
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—-P(X)Z = P(X,9Z

1
= —~(ZB)oX — (X, oD)grad + (£:8 - L) n(@)X +3[(oZB)X
~ CKADNE — N0 @ZB) — (D (@XB)E + f1B9 (X, 2]

_ 2 _ _ f2
+E+(Ef1) 382 B fllg(X,Z)E
2 2
+l—£+—3B +f+flln(X)n(Z)E- (4.24)

We assume that f; = g for the following theorems.

Remark 4.10. A contact manifold M of dimension n = 2m + 1 with contact form n and
associated metric g is called an n-Einstein manifold if the Ricci tensor S is given by [29]

S=ag+bnQn. (4.25)
Remark 4.11. For a (0, k)-tensor field, k > 1 and a (0,4)-tensor R, the (0, k + 2) tensor fields
R.T and Q(B, T) are defined by [7],

(R T)(X1!X2I ---le; X: Y) = (R(X, Y).T)(Xl,Xz, --')Xk) = _T(R(Xr Y)Xl,Xz, ---er)

e =T(X1, Xy, oy Xieeg, RCX V)X, (4.26)
and
Q(B, T)(Xll XZ: ey Xkr Xr Y) = ((X AB Y) T)(XlJ XZJ ey Xk)
= —T((X Ag V)X1, Xz, 0, Xp) = oo . —=T((X Ag X1, X5, - .. (X Ag V)Xo 1, X1, (4.27)

where R(X, Y) = [Vx, Vy] — Vxy; is the corresponding (1,3)-tensor of R and
(X Ag Y)Z = B(Y, Z)X — B(X, 2)Y,
is and endomorphism for a symmetric (0,2)-tensor field B on M for X,Y, Z € x(M).

Theorem 4.12. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition
(R(X,%).5)(Y,Z) = 0, where R is Riemannian curvature tensor and S is Ricci tensor with
respect to quarter symmetric non-metric connection (M, ¢3,f;). Then the manifold M is
n —Einstein manifold with respect to V.

Proof. We suppose that a 3-dimensional quasi-Sasakian manifold M satisfies
(R(x,8).5)(¥,2) =0, (4.28)

where R is Riemannian curvature tensor respect to quarter symmetric non-metric connection V.
From the relation (4.26), this implies that

-S(Rx,9)Y,Z) - S(Y,R(X,9)Z) =0,
or

S(RX,0)Y,2)+S(Y,R(X,6)Z) =0, (4.29)
forall X,Y,Z € y(M). In view of (4.3), it follows from (4.29) that
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~(YB)S(0X, 2) ~ (X, oI5 (gradB, 2) 90X, 1S 2) + (B2 L) (1S, 2)
~ (XBMMSE2) — (267 + B) (X,V)5E2) ~ (ZBS(Y, 01)
+(8 45+ neONmSE2) + (8 - ) nnSx.2)
— 9%, 02)S(Y, gradB) — > g0, 251, 0) + (B2 ~ L) @S, o)
- (KBS, z>—(zsz +2) 9002509 + (B~ )5, )

(32 + S + ) OS5, E) = 0. (4.30)

Helping of (4.9), (4.12) and (4.13), (4.30) yields that

—~(YB)((@XBIN(Z) +n(D)(XB) + BB — Dg(@X, ¢Z) +5g(@X, 7)) ~ YBY(@XBIN(2)
+n(Z)(XB) + BB — Dg(@X, ¢Z) + %g(ch, 7)) — 9(X, 9Y)(llgradBl*n(2) + %(ZB)
+ BB~ D(ZB) ~ © 90X, V)(~(oZB) + (26 ~ 3 )n(@))
+(8 = 3) 0 [(0XBIN@) + @ KB) + BB ~ Dg(0X. 07) + 3 90X, 7)]
— (B [~ ozB) + (28~ 3)n(@)] - (26 +2) 90, 1) | ~(o2) + (262 ) n(2)|
n ) ¢ A )9\ ¢ AL
+(B7 = 3 | XBN@) — @ZBIM) - @XBI@) + B~ Bg(@X, 2) +35 g(X, 2)
1 1 1
+(28° — 5~ 2 neom@] + (B2 + £+ Z>Tn CONW) |~ CozB) + (287 = 5)n(2)|
~ @) | (BN — BB ~ Dg(oX, ) +5 g (X, V)]
1
— 908, 02) [5 (YB) — BB~ D(@YB)] ~ > 9o, 2) [(v) ~ (oY) + (262 — ) n¥)]
+ (8~ D) n@ [nn (kB — BB ~ g, @)+ g, 1]
~ KB [78) ~ (o) + (262 = 3 ) n)|
(262 + D) gt 20 [(v) — Covpy + (282 — ) n0)
+(8 - )@ | (BN — (@XBN) — (¥BINEK) + BB - DgloX, 1) +79(X,V)

1 1 [ 1
+ (262 = 5= 2)nmeo| + (8 + 5+ 2)n0om(@ |8 — (o¥B) + (282 ) n)|
= 0. (4.31)
Putting X = Z = e; in (4.31), taking summation over i, we have

(5 - 3) e~ 28~ 85%) + 2628 — 1) (5~ 3) ~ gradp 1] () + [-462 - £] )

+[68% + ?](Wﬁ) = 0. (4.32)
The relation (4.32) satisfies
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2 _ X 28— 882 + 282(8 — 1)(8 — 5)—
(B - —26—-8F7) +25°(F — DB —2)

I gradB I12]€ +[—482 — lz—g]gradﬂ — [6B% + ?](pgradﬁ =0, (4.33)
for vY € y(M). Applying ¢ on both side of (4.33), we get
[—4[32 — g] pgradp + [6/32 + ?] gradB = 0. (4.34)

Using (4.33) and (4.34), we can write
[(8° = P — 28 = 85%) + 267(8 — 1)(B — -1l gradp IP1[45 + 5]

482 + 512 + [652 + 222
Thus the manifold is n —Einstein with respect to V because of (1.11). This completes the proof.

Xp) = 1n(X)-

Theorem 4.13. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition
(P(X,%).5)(Y,Z) = 0, where P is projective curvature tensor and S is Ricci tensor respect to
quarter symmetric non-metric connection (M, @3, f;). Then the manifold M is n —Einstein
manifold with respect to V.

Proof. Let us consider a 3-dimensional quasi-Sasakian manifold M satisfying condition
(P(X,8).5)(Y,2) = 0. (4.35)
Using (4.26), we can write
-S(P(x,9)Y,2) - S(Y,P(X,9)Z) =0,
or
S(Px,8)Y,2)+5(v,P(X,8)Z) =0, (4.36)
forall X,Y,Z € y(M). It follows from (4.24) that

—(YB)S(9X,Z) — g(X, 9Y)S(gradB, Z) + (BZ b

E) [NMS(eX,2) + NS, 9X)]

+ [282 + 2 =) MONWIE 2) - g, NSE 2) + @S, D
— (X, 2)S(Y, 9] - ZB)S(Y, 9X) — g(X, pZ)S(Y, gradp)

1 ~ ~ <
+>[(@YBS(X, 2) — (@XBIN(V)S(E 2) —n(X) (Y RIS 2)

+B2g(X, @Y)S(E 2) —n(V)(XB)S(E 2) + (9ZP)S(Y, X)

— (@XBM(2D)S(Y,8) =X (@ZP)S(Y, ) + B*g (X, 9Z2)S(Y, )

-2 XB)S(Y,®)] = 0. (4.37)
In view of (4.9), (4.12) and (4.13), the above equation converts to
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~(YB) [(@XBIN(2) + (D) (XB) + B(B — Vg(9X, 92) +59(9X,2)]
- g,V [\gradp (@) + = (28) + B(E - D(pZp)
+(82 = L) 0 [0xBIN@ + 0@ KB + BB - Dg(X,92)
+29(X,D)] - g, 02) [-B(8 — DGYP) +3 (VP)

+(82 = E) @y [nonxp) - 58 ~ Dy, o) + 2 g, 1)

[ 1
[26+5-3) |rcomn - gk, 1) (—(cpzm +(267-3) n(Z)>

+ (0ON@) - g(X,2)) ((YB) ~ (R + (282~ 3)m m)]

+2 l(erﬁ) <ﬁ(ﬁ - DgX,9Z) + (XPI(Z) — (9ZBIn(X) — (XBIn(Z)
1

+2g02) + (267 -5 - %)n(X)n(Z)>

+ (9Zp) (ﬁ(ﬁ —Dg¥,0X) + YBINX) — (XBIn(Y) — (YL)In(X)

1
+590,50 + (267 —z—g)nmnm)

+ (=(XP)n(¥) =) (@YB) + B2g(X, oY) —n(Y)(XB)) (—(q)Zﬁ)

1
+ (267 -3) n(Z)>
+ (—(pXPI(2) —n(X)(@ZP) + B2 g(X, 9Z) — n(Z)(XP)) ((Yﬁ) — (pYPB)

1 T
+(262-3) n(Y))] ~ @B [BB — DgCr, 0> + KB + 2 9(¥,0X)]
=0. (4.38)
Putting X = Z = e; in (4.38), taking summation over i, we get
1 1
[-(4p% - % +B)(2p% - 2+ 2B%(B — 1)(6B — )

z 3
I gradp I*In(¥) + [E—%— ﬁ](Yﬁ) +[68% + ﬂ]((PYﬂ) =0,

which gives us
1 1
[~ (4% = 5+ B)(2B2 = 5) + 262(8 — 1)(6f —5)-

I T ,82 3B 2 4 3B _
gradp |I*]¢ + [— -5 —]gradp — [68* + ](pgradﬁ 0, (4.39)

for vY € y(M). Applying ¢ to both side of the equation (4.39), we get
T 6,82
——— <pgrad,8 + [6,82 —] gradp = 0. (4.40)

From (4.39) and (4.40), it foIIows that
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[~(48% — 3+ BY2B? — ) + 26°(B — 1)(68 — )1 gradp 12115 — %5~ - 3y
(X) = - : : )
T 6B 3By, . oy . 3B N
-7 2P HIef+7)

which implies that the manifold is 1 —Einstein with respect to V. This completes the proof.

Theorem 4.14. Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition
(H(X,%).5)(Y,Z) = 0, where H is concircular curvature tensor and S is Ricci tensor respect to
quarter symmetric non-metric connection (M, @3, f;). Then the manifold M is n —Einstein
manifold with respect to V.

Proof. Assume that a 3-dimensional quasi-Sasakian manifold M yields that
(HX,9.5)(Y,2) =0, (4.41)
where H is concircular curvature tensor respect to quarter symmetric non-metric connection V.
In the view of (4.26), we obtain
S(HX,9Y,Z) + S(Y, H(X,§Z) = 0,
forall X,Y,Z € x(M). Using (4.20), we get

~(YBSCoX,7) — g%, @V)S(eradB, 2) — 5 (X, VIS 2)
+(B? - ) N3 @X,2) + (DY, @] - XBNMSE 2)

+ (82 ) NCOMMZE Z) + nXN@)S(Y, )]

5 2
% +o-Z4 )[g(X )35 2) + (X, D)3V, )]
282 1
' (T L g> (NS 2) +n@E, 0] - ZRSY, X)

— g(X, Z)S(Y, gradp) — gg(cPX. Z)S(Y,8) — (XBn(D)S(Y, §) = 0(4-42)
Applying (4.9), (4.12) and (4.13), (4.42) transforms that
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~(YB) [(0XBIn(Z) + n(@)(XB) + BB — DX, 02) + 5 2(9X,2)]
— g(%, oY) [lgradB2n(2) + (ZB) + B(B — D(@Z)]
1
-2 aox 1) [~ oz + (28 -3 )n(o)]
+ (82 = 2)n0) [(oXBIN) + @ XB) + BB~ (X, 92
T
+8(eX2)]
p -
+ (7 = 2)n@ [ - BB — DeloX, o) + 5 g(X, V)]
1
— (BN | ~(0zB) + (267 — 5)n(2)]
1
~ (XB)N() | (VB) — (¥B) + (262 =5 ) (V)]
~ (2B [n(N(X) — BB — Dg(@X, oY) + 5 8(oX, V)| - 8(X, 4B [~B(B

1
~ 1)(YB) + 5 (YB)] + (B2 + 5 + 3 ) [-(OZBICONCY)

2
2 2
+ (4p% — DnXM(¥In(2) + YBNXN(2) — (YRINX)n(2)) + (%

T+1
~ ) MN@EB) + BB ~ Vgl N — (GZBNCONY)
1
~ @XBMIN@) + 5 g% DY) +2 (267 = 2 = 3 ) n(DnCON(D)

+ X ((Z)(YB) + B(TB — Dn(Z)g(dX, Y)n(Z) — (dXBIn(Z)n(Y)
— (@YBM(ZnX) + zn(Z)g(Y, X)]

5 2 1 1
+ <— % + % 3" g) [—g(X, Y)(HZB) + (262 - E) g(X, Y)n(2)

1
+8(X 2)(YB) — (X, 2)(¢YB) + (2B* — e(X, Z)n(Y)] =0 (443)

Putting X = Z = e; in (4.43), taking summation over i, we have
B nN/-B 1 1t 7p?
2_r _ 2 _ o _ 2
lZB(B 2) (B 1)+2(26 2)( St 3t3T 3 ) | gradp |l ln(Y)

T 1 10B2
pli-B_2 108

3 2 6 3
The relation (4.48) satisfies

1\ [— 1 2
[ZB(BZ—2)(6—1>+2(262—5)(7B+E+§—%)—u gradp I ¢

1 3
l (YBR) + [Z - % + 7% + 78] (@YP) = 0. (4.44)

2
E — g — % — 1(;[3 l gradp — E — % + 7B% + 378] @gradp = 0, (4.45)
for vY € x(M). Operating ¢ on both side of (4.45), we get
T B 1 10p? 1 , 3B
[5_5_6_ 3 lgogradﬁ+ Z_§+7ﬁ +7]gradﬁ=0. (4.46)

Using (4.45) and (4.46), we have
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— 2
<25(ﬁ2 —E)(ﬁ —1) +2(2B% - %)(Tﬁ+ 1_12 n % _% )

o) — Il gradp 1215~ & — £ - 1% o
= n .
G- 7+ 7B+ PR+ g T

It is obvious that the manifold i |s n —Einstein respect to V because of (1.11). This completes
the proof.

Theorem 4.15 Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition
(R(X,%).R)(Y,V)W = 0, where R is Riemannian curvature tensor with respect to quarter
symmetric non-metric connection (M, ¢, f;). Then the manifold M is n —Einstein manifold
with respect to V.

Proof. Consider a 3-dimensional quasi-Sasakian manifold M satisfying condition
(RX, 8. R, V)W =0,
where R is Riemannian curvature tensor respect to quarter symmetric non-metric connection
V. Then from the relation (4.27), it follows that
RX,ORY, VW —R(RX,O)Y, V)W —R(Y,R(X,O)V)W — R(Y,V)R(X, )W = 0, (4.47)
forall X,Y,V,W € y(M).PuttingV = W = £ in (4.51), we obtain
R(X,ORY,§)E —RR(X,§)Y,8)¢ — R(Y,R(X,§)§)§ — R(Y,OHR(X,§)§ = 0.

In view of (4.2) and (4.3), the above equation converts to

~(RCY,DEB)0X — 9(X, R(Y, D)gradB — & g(X, R(Y, DE)E + (XBI(NIRG D
+ (8~ 2) n(RCr, D)0 —n(RCoX, B8 ~ R(Y, 0108 - R(Y, D]
~ (XB(RO,DE)E - (262 +3) [9(x, ROV, D) — 9 X, VR

+(8° - 7) RO DOX — nIRCEDE+n(ORCY, DE - ROV, X8
- R(y, E)X + NORY, D] + YBR(9X, DE + g (X, 9Y)R (gradB, )%

+ (82 + 5+ ) IR, DINCOE e MEORG D] + 5 g (o, NAEDE
+ 200B)R(Y, 95 = 0,

which implies that
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(RO, DEB)9 (0K, U) ~ 9(X, OR(Y, D)) (gradB,U) ~ & g X, RV, DOW)
+ (8 - 2) (R, DD 90X, 1) ~ n(Vg (R, D V)
- 9(R(V,0X08.U) - g(R(Y, DX, U)] - ABM(RCY, DEN(V)
~(28° + 2 9 RO, DOIW) — 9t Vg (REDE V)]
1 - - -
+ (B - 3) R, DR (X, 1) ~ g (R, D5 V) + (g (RCY, D5 V)
—g@WXRw gR, DX, U) +nX)g(R(Y, 9% V)]
+ (82 + 5+ 2) R, DINEONW) ~ nr g (R )5 V)]
+ (YB)g(R(ch 0%, U) + g(X, 9¥)g(R(gradp, )t U)
+2 g(ox, Ng(REDE V) + BN (REDEV)

+2(XB)g(R(Y,®)EU) = 0. (4.48)
Putting X = U = ¢; in (4.48), taking summation over i and then using (4.3), (4.2) we obtain
5
( 332+§+ )((pYﬁ)+( 6ﬁ2+7ﬁ+ )(Y,B)—O (4.49)
The relation (4.49) gives us
g 1 5 1
— (—3,82 +o+ E) pgradp + (—6[32 -t 5) gradf =0, (4.50)
for vY € y(M). Applying ¢ both side of the equation (4.50), we get
1 5 1
(—332 + g + E) gradp + (—6,82 + 7.3 + E) pgradf = 0. (4.51)
From (4.50) and (4.51), it follows that
[( 3ﬁ2+ﬁ+ )2+( 6p% + — —) ]gradﬁ—O

which implies that gradf = 0 and hence B is constant If B is constant, then because of (1.11)
the manifold is n —Einstein with respect to V. This completes the proof.

Theorem 4.16 Let M be a 3-dimensional quasi-Sasakian manifold satisfying the condition
(P(X,%).H)(Y, V)W = 0, where P is Projective curvature tensor and H is concircular curvature
tensor with respect to quarter symmetric non-metric connection (M, @3, f;). Then the manifold
M is n —Einstein manifold with respect to V.

Proof. It is known that from the relation (4.27)
(P(X,H)(Y, V)W
=PX,QHY, VW —H(P(X, Y, V)W — H(Y,P(X, V)W
—H(Y,V)P(X, )W,
holds for all X,Y,V,W € y(M). Since (P(X,&)H)(Y,V)W = 0, we have
PX,OHY VW —-H(PX, Y, V)W —H(Y,P(X,O)V)W — H(Y,V)P(X,E)W = 0,(4.52)
which yields
PXCOAY,OE—HPX,DY,§)E —H(Y,P(X,$E)s —HY,HP(X,$)§ =0, (453)
using V. = W = & in (4.56). The relation (4.53) yields by virtue of (4.24) that
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—(H(Y,9%B)g(eX,U) — g(X, @H(Y,©)E) g(gradp,U) + (YB)g(H(@X,§E U)
+(8° - 2) N, DE)g (X, Vyeta(t) — g (710X, DEV)
— g(ﬁ(Y, ©X)EU) — g(HY, D)X, U)] + g(X, oY) g(H(gradp, )% U)
+>[(eA T, 9E)g (X, U) — XBI(A Y, W)

— X (@AY, DERIMWU) —n(H(Y, OE) (@XPIMU)

+ B2g (X, @H(Y, DY) — (9YB)g(HX, OE U) + BNV g(H(E ®E V)
+ 1) (YR g(HEDE U) + (V) (@XP)g(HEDE V)

—B*g X, oY)g(HE OEU) + (XRg(HY,DE U) + (@XB)g(H(Y, 9 U)
+ (XB)g(H(Y,9EU) + (9XR)g(H(Y,8)E U)]

- (282 + 5 - 2) lg(X, A, DEW) —nGOm(H Y, E)nU)
— 9. g(AEHE V) +nCOnMg(AE DL V)] =0, (4.54)

forall U € y(M). Putting X = U = e; in (4.54), in the view of (4.21) and (4.20) taking
summation for i = 1,2,3 we get

5 2 2
(ﬁ —E—E——)(Yﬁ)+( += +ﬁ——é)(<ﬁYﬁ) 4(ﬁ2—ﬁ)2n(Y)—0

3 6 2
which implies
5672 1 2
5 5 —£—§—g>gradﬁ - G+e +%—5)¢gradﬁ 4(p? —5) =0, (455
for all vector fields Y. Let’s apply ¢ both sides of the relation (4.55):
B T B 1 gttt B dp =0 (4.56)
3 76 2 g)rEadbtigtety T y)eradk = '

Xp) = n(X),

3 6 2 6
i.e., the manifold is n —Einstein with respect to V. This proves the theorem.

5 ‘5 6>2+<g+%+%2—§>2

5. Example

In this section, we generate an example of a 3-dimensional quasi-Sasakian manifold admitting
the quarter symmetric non- metric connection satisfies the results of (M, @3, f1).

We consider the 3-dimensional manifold {(x,y, z) € R3}, where (x,y,z) are the standard
coordinates in R3. Let

_ 2
e, =G(z)i+G(z)i+C1 @0

— (5.1)

G'(z) 0z’
=./c; — G2(2) —+ Ve — Gz(z ——G(2) G_(G) @) aaz, (5.2)
e, = M—VGZ(Z) s (5.3)

G'(2)
which k4, c; are non-zero constants and G'(z) # 0 on the three dimensional manifold M.
Choosing a Riemannian metric g such that

g(ep,eq) = gley,ey) = gles,ez) =1, gleg,e;) = gley,e3) = gleg,e3) =0, (5.4)
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and a (1,1) tensor field ¢ such that

pe; = ey, @e; =—e;, pe3 =0, (5.5)
we get {e;, e,, e3} is linear independent orthonormal basis and for VX, Y € y(M), we have
nles) =n(§) =1, ¢?X =X +n(X)§, (5.6)
and
9(@X, oY) = g(X,Y) —nCOn(Y). (5.7)
Using (5.1), (5.2) and (5.3), we write
le1, e2] = Mes, [ey, e3] = Mkye,, [ey €3] = —Mk;ey, (5.8)
where M = —\/% IS @ non-zero constant. Additionally we obtain
1
M
Vele3 = _?eZI Veze3 = ?elj Vege3 = 0; (5'9)
M2k, +1)
Velez = ?83, vezez = 0, vesez = +el' (5'10)
M@k, +1
Ve,e1 =0, Vg = Y Ve,01 = —(#1)92, (5.11)

helping of Koszul formula [33]
29(VxY,2) =Xg(Y,Z2) +Yg(X,Z) — Zg(X,Y) — (Y, X], 2) — g([X,Z]Y)

—g([Y, Z], X).
Because of (5.9), (5.10), (5.11) and (5.5), we see that

M M
Vxes = Vx§ = —— X = =X, (Vxp)Y =—[g(X,Y)§ —n(¥)X]. (5.12)
In the view of (5.4), (5.5), (5.6), (5.7), (5.9) and (5.12), the manifold M with the structure

(¢, &,m, g) is a 3-dimensional quasi-Sasakian manifold such that g = % = constant. Notice

that (e;8) = (§B) = 0.

It is known that
R(X, Y)Z = VXVYZ - VYVXZ - V[X,Y]Z'
In the view of (5.9), (5.10), (5.11) and the above equation, we can easily show that

T
R(el, 32)62 == (E - 232) 61 = _ﬁ2(3 + 4k1)€1, R(el, 83)82 == 0, (513)
T
R(e,,e1)e, = (E_ 2[32) e, = —B%(3 + 4ky)e,, R(es, ey)e, = Bes, (5.14)
R(el, 62)63 = 0, R(ez, eg)el = 0. (515)
Also from (1.11), (1.15) and (1.16), we get
T T
S(el, 61) = E - ﬁz, S(ez, 62) = E - ﬁz, 5(33, 63) = Zﬂz, (516)
S(eZ'eS) = 0) S(elle3) = 0' 5(61;82) = 0' (517)
3% 1 T 3p°?
P(el, ez)el = lT_Zl ey, P(el, ez)ez = [Z_T eq, P(el, 62)63 = 0, (518)
T 3p?
P(ey,e3)e; = 2 2 e3, P(ej,e3)e; =0, P(eg,e3)ez =0, (5.19)
T 3B
P(ez, 63)61 = 0, P(ez, 63)62 = Z_T 63, P(ez, 63)33 == 0, (5.20)
T 3p?
P(ez, 83)61 = 0, P(ez, 63)62 = Z_T 63, P(ez, 63)63 = O, (521)
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T
H(el, 62)62 = 2 I:g - ﬁz] 61, H(el, 62)63 = O, H(ez, 63)61 = O, (522)
T T
H(ez e1)e; =2 [_ - ,32] ey H(es, e1)e; = — [g - ﬁz] es, H(eye3)e; =0, (5.23)

H(ey, e3)e; = [— -B ] er, H(ey e3)e; = — [g - ,32] e, H(es, e)e; = — E - .32] es., (5.24)
where T = —2B2(1 + 4k;).

Using (4.18), (4.19), and (4.9), we can find projective curvature tensor P, Ricci tensor S,
concircular curvature tensor A with respect to V as

- ﬁz B T B?
P(61,82)61 I:Zﬂz +___] ez el, P(el,ez)ez _ I:Zﬁz +__Z:| 31 +7€2
- T Sﬁz B
P(ey, ex)e; = ﬁeg,P(el,e3)el = IZ T, Ty es,
- —pB? - B
P(ej, e3)e; = 793» P(e;, e3)e; = [ﬁz - E] €2,
- 2 T 5pB%
P(ey e3)e; = ) - €3, P(92»93)32 12”2 €3, P(ez,e3)e3 = [.3 —_] €1,
- T . T . ) 1
5(61,81) = E' 5(62'62) = El 5(83,63) = Zﬁ _EJ
5(92»93) = 0»2 5(91»93) =0, 5(91'92) = —(/32 - B),
- T 7P B 1 B
H(ey, e)e; = [g ~3 73 += 12 e; + [ﬁ ) e, H(ey, ey)es = Pes,

~ B ~
H(ey, e3)e; = _593»1'1(92»93)91 =5

H(es e)e; = [_£+5—ﬁ2+ﬁ 116’3, H(ey e1)e; = [£—7—32—E+il€2_[,82_£]81.

6 3 2 6 3 3 2 12 2
7 2> t 1 B 2% 1 1 B
H(ey, e3)e; = lT—g—gl ey — [ﬁz —3|en H(e, e3)e; = IT_E_E e, — [ﬂz _E] el
- r 582 B 1
H(e3,ez)e2 = [_g‘l‘T'l‘E—gl es.

6. Conclusion

This study considers a new type of quarter-symmetric non-metric connection called (M, @5, f1)
on almost contact manifolds. Some curvature properties are presented for this connection. It is
noticed that by considering some cases on the connection (M, @3, f;) inverted to quarter
symmetric metric connection, quarter symmetric non-metric connection and semi symmetric
non-metric connection before are obtained. The connection (M, g5, f;) has been studied on 3-
dimensional Quasi-Sasakian manifold M in order to obtain more understandable results, and it
has been arrived that the manifold given with (M, g5, f;) transforms into an n —Einstein
manifold respect to Riemannian connection V under some curvature conditions i.e.
(PX,O.-H¥, VW =0 (RXS.RAF VW =0, (H(X,$).9)(Y,Z) =0
(R(X,8).9)(Y,Z) =0,and (P(X,£).5)(Y,Z) = 0. It has also been proven that the Ricci tensor
S of manifold M is not symmetric and the first Bianchi identity has been satisfied only under
some special conditions respect to (M, ¢, f;). Finally, an example has been found to show that
there is a connection (M, @3, f;) on 3-dimensional Quasi-Sasakian manifold. As a direction for
future work, the non-metric connection introduced in this study could be further explored to
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analyze the geometric behavior of Ricci solitons, Yamabe solitons, and Mean Curvature Flow
solitons e.g. [28]. Investigating these structures under a generalized connection may offer new
perspectives on spacetime geometry and gravity theories.
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