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Abstract. In this paper a class of quadratic nonlinear Schrédinger equation in four space
dimensions with an attractive potential is considered. We investigate asymptotic stability
of the nonlinear bound states, i.e. periodic in time localized in space solutions. We show
that all solutions with small initial data, converge to a nonlinear bound state. Therefore,
the non-linear bound states are asymptotically stable.

1. Introduction

In this paper we study the long time behavior of solutions of the nonlinear Schrodinger
equation (NLS) with potential in four space dimensions (4-d):

i0wu(t,r) = [-A, + V(2)Ju+g(u), teR, zecR? (1)
u(0,z) = u(x) (2)

where g(u) = |u|u is quadratic nonlinearity. This nonlinear equation admits periodic
in time, localized in space solutions (bound states or solitary waves). They can
be obtained via both variational techniques [1, 18, 23] and bifurcation methods
[13, 17, 18]. Moreover the set of periodic solutions can be organized as a manifold
(center manifold). Orbital stability of solitary waves, i.e. stability modulo the group
of symmetries u — e~"u, was first proved in [18, 25], see also [8, 9, 20].

Asymptotic stability studies of solitary waves were initiated in the work of A.
Soffer and M. 1. Weinstein [21, 22], see also [2, 3, 4, 6, 10]. Center manifold analysis
was introduced in [17], see also [24]. In this (4d-5d makalesi) it was shown that
solutions of (1)-(2) with small initial data converge to the orbit of a certain bound
state. In this work it will be shown that convergence is asymptotic. The main
challenge is to obtain good estimates for the semigroup of operators generated by
the time dependent linearization that we use. This is accomplished in [11]. The
technique is perturbative, and similar to the one developed by E. Kirr, A. Zarnescu
and O. Mizrak for Schrodinger type operators in [11, 12, 13, 14]. The main difference
between [11] is the decomposition of the dynamics. The decomposition used in [11]
works for all nonlinearities. The decomposition used in this paper works for at least
quadratic nonlinearities but gives asymptotic stability.
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O. MIZRAK

Notations: H = -A+V;

LP = {f :R* = C| f measurable and [, |f(z)[Pdz < oo}, ||f]lp = (fps |f(:c)|pdx)1/p

denotes the standard norm in these spaces;

<z >= (1+ |z>)"/2, and for 0 € R, L? denotes the L? space with weight
< 2 >29 i.e. the space of functions f(x) such that < x > f(x) are square integrable
endowed with the norm ||f(x)||Lg = <z > f(z)]s;

(f,9) = [ga f(@)g(x)dz is the scalar product in L? where Z = the complex
conjugate of the complex number z;

P, is the projection on the continuous spectrum of H in L2

H™ denote the Sobolev spaces of measurable functions having all distributional
partial derivatives up to order n in L?,| - |z~ denotes the standard norm in this
spaces.

2. Preliminaries. The center manifold.

The center manifold is formed by the collection of periodic solutions for (1):

up(t,z) = e Flypp(x) (3)
where £ € R and 0 # ¢p € H?(R*) satisfy the time independent equation:
[—A+V]YE +g(¥E) = Eve (4)

Clearly the function constantly equal to zero is a solution of (4) but (iii) in the
following hypotheses on the potential V' allows for a bifurcation with a nontrivial,
one parameter family of solutions:

(H1) Assume that
(i) V(z) sutisfies the following properties:
1. <z >PV(x): H" — H", for some p > 8 and n > 0;
2. VV € LP(R*) for some 2 < p < o0 and |VV (x)| — 0 as |z| — oo;

3. the Fourier transform of V is in L!.

(ii) 0 is a regular point* of the spectrum of the linear operator H = —A+V acting
on L2

(iii) H acting on L? has exactly one negative eigenvalue Ey < 0 with correspond-
ing normalized eigenvector t¢y. It is well known that wy(x) is exponentially
decaying as |z| — 0o, and can be chosen strictly positive.

Conditions (i) and (ii) guarantee the applicability of dispersive estimates in [15] and
[?] to the Schrodinger group e~ *#!P,. Condition (i)2. implies certain regularity of
the nonlinear bound states while (i)3. allows us to use commutator type inequalities,

fsee [19, Definition 7] or M, = {0} in relation (3.1) in [15]
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see [12, Theorem 5.2]. All these are needed to obtain estimates for the semigroup of
operators generated by our time dependent linearization, see Theorem 4.1 and 4.2
in [11]. In particular (i)1. implies the local well posedness in H! of the initial value
problem (1)-(2), see section 3.

By the standard bifurcation argument in Banach spaces [16] for (4) at E = Ej,
condition (iii) guarantees existence of nontrivial solutions. Moreover, these solutions
can be organized as a C! manifold (center manifold), see [13, section 2]. Since our
main result requires, we are going to show in what follows that the center manifold
is C2.

3. Main Result

Theorem 3.1. Assume that hypothesis (H1) and either (H2) or (H2’) hold. Then
there exists an g such that for all initial conditions ug(x) satisfying

1
max{|[uoll Lo, [[uoll 1 } < €0, P

the initial value problem (1)-(2) is globally well-posed in H' and the solution de-

composes into a radiative part and a part that asymptotically converges to a ground
state.

More precisely, there exist a C' function a : R — C such that, for allt € R we
have:

u(t, x) = a(t)io(x) + hla(t)) +n(t, z) ()

YE(t)

where Yg(t) is on the central manifold (i.e it is a ground state) and n(t,x) € Ho),
see [12]. Moreover there exists the ground states states g, _ and the C' function
0 :R— R such that limy_,o 0(t) = 0 and:

t—ligloo e (t) — e—it(Ei—Q(t))wEioo || a2 Arz =0,

while 1 satisfies the following decay estimates:

€0

In(®)llzr < C——S5—.
(14"

2<p<oo

where the constant C' independent of €.

Remark 3.1. Our results for these cases are stronger than the ones in [17, 21, 22]
because we do not require the initial condition to be in L2, o > 1. Compared to [10]

we have sharper estimates for the asymptotic decay to the ground state but we require
the initial data to be in LP .

Proof of Theorem 3.1 It is well known that under hypothesis (H1)(i) the initial
value problem (1)-(2) is locally well posed in the energy space H' and its L? norm
is conserved, see for example [5, Cor. 4.3.3 at p. 92]. Global well posedness follows
via energy estimates from ||ug| g1 small, see [5, Remark 6.1.3 at p. 165].
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We choose ¢ < 07 given by Lemma 2.1 in [12]. Then, for all times, ||u(t)||z2 < 01
and we can decompose the solution into a solitary wave and a dispersive component
as in (5):

u(t) = a(t)yo + h(a(t)) +n(t) = Yet) +n(t)
Moreover, by possible making €9 smaller we can insure that that [|u(t)|r2 < o
implies |a(t)| < 02, t € R where s is given by Lemma 2.2 in [12]. In addition, since

ue CO(R,H'(RY) N CH (R, H ' (RY)),

and u + a respectively u + 1 are C', we get that a(t) is C* and n € C(R, H') N
CYR,H™1).

The solution is now described by the C'! function a : R € C and n(t) € C(R, H*)N
CL(R,H'). To obtain estimates for them it is useful to remove their dominant
phase. Consider the C? function:

o(t) = / E(la(s)])ds

and _
i(t) = e Muft),

then 4(t) satisfies the differential equation:
i0y(t) = —E(la() () + (~A + V)a + [a(t)a(t), (6)
moreover, like u(t), @(t) can be decomposed:
a(t) = a(t)yo + h(a(t)) +i(t) (7)
dr(t)

where ‘ '
a(t) = e Wa(t), it) = e®Dn(t) € Haq

By plugging in (7) into (6) we get

~ B d~ ~ ~ ~ 7
i Dl = (A4 V — )W+ 1) + glp) + ol + ) — o()

=Ly, i1+ Fa(dp, 7))
or, equivalently,

o, dpdu | OYpday

ot t Bar dt T ey at - _Loell (W) (8)
a1 o EHa
€spang{ 5o )

where Ly, is defined by

_ . od - _
Ly =(A+V = E)ij+ —g(dp +en)l=o
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and F» denotes the nonlinear terms in 7

P, 1) = gl + 1) — 9(9) — o + i) lemo ©

and we also used the fact that ¢ is a solution of the eigenvalue problem (4).

We now project (8) onto the invariant subspaces of —iL 7 Damely span{ %ﬁf , %ﬁf 1

and Ha. o . o
e ]+ o] - [t

where Uy o are given by

OVE (?R( OYE 8'(/}E>>_1

O <%<iawE awE>> o

\I/ = — — \I/ =
1(@1,&2) ! aCLQ ‘ 8a2 ’ 8&1 2(@1,&2) ! 6‘a1 aal ’ 30,2
3 (10)
F2j :%<\I]1771F2(wE77~7)>7 j: 152 (11)
To calculate R(¥;, %), j =1,2 we use the fact that 7 € H;, for all t € R, i.e.
R(Y;(a(t)),n(t)) =0
Differentiating the latter with respect to ¢t we get:
on ov,;da; OV, das . )
§R\I/'77 - - —2— 477 ) :1a2
(. ) Gar @t a0 I
which replaced above leads to:
d &1] -1 [F21(1/~)E ﬁ)]
— - = ]I — Ma Y ~ 12
o] = e g | Piem ) (12)
where the two by two matrix M is the Jacobi matrix given in [12]. In particular
R(U, 8?}} —1 [F21(1/;E 77)}
TL | = —Mg(Ige — Mg =l
{%(\112, %) (T ) Fp (e, 1)
which we use to obtain the component in H; = span{¥;(a), Us(a)}+ of (8):
T = L~ i) — (1= Ma) ™ Byl )
8t - wEn 2 E, 17 u 3 E T]
where Fj is the projection of —iF5 onto span{ %if, aaif }
_ - O - O
Fy(de. ) = R (@), ~iFo (. D) o R (W (a), ~iFa(ibp. 1)) - S (13)
8@1 8a2
and I—Mj is the linear operator on the two dimensional real vector space span{ %if , %if }

whose matrix representation relative to the basis span{ alﬁE 9VE Y s Tpe — M. It is

0 1 ) (')ag
easier to switch back to the variable n(t) = e~ W7(t) € H:
on , . , _
o = “{AFVIn = iDgyen = iFa(Yp,n) = (1= My) "' Fy(vm,m)  (14)
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where we used the equivariant symmetry and its obvious consequences for the sym-
metries of Dg, F», F3 and M. Since by Lemma 2.2 in [12] it is sufficient to get
estimates for z(t) = P.n(t), we now project (14) onto the continuous spectrum of
—A 4+ V and for M, we switch to the notation.

% = —i(—A+V)z—iP.Dgy, Ryz—iP.Fo(¢Yg, Ryz)—P.(I—M, [Raz])ing(’(bE, R.2)
(15)

where R, : Ho — H, is the inverse of P, restricted to H,, see Lemma 2.2 in [12].
Consider the initial value problem for the linear part of (15):

0 . i
aé = —i(=A+V)( = iPeDgy, Ra)C o)

((s)=v
and write its solution in terms of a family of operators:
Qt,s) : Ho = Ho, QUt, s)v = ((¢)

In [11] it has shown that such a family of operators exists. In particular Q(¢, s)
satisfies certain dispersive decay estimates in weighted L? spaces and LP, p > 2
spaces, see Theorem 4.1 and Theorem 4.2 in [11].

Then using Duhamel formula, the solution of (15) also satisfies:

z(t) = Q(t,O)z(O)—i/O Q(t,S)PC[FQ(QZJE(S),Ra(S)Z(S))f’L-(]IfMa(S) [Ra(s)z(s)])leg(dJE(s),Ra(s)z(s))]ds

(17)
In order to apply the linear estimates in [11], we fix 0 > 2 and 6 < ¢, then we
consider the £1(¢q) > 0 given by Theorem 4.1 and choose £y > 0 in the hypothesis

such that
{2} 7% p ) (2)|| Lo <1, forallt €R (18)

In order to apply a contraction mapping argument for (17) we use the following
Banach spaces. Recall r > 0 defined in Remark 2.4 in [12], then

V= {ue 12017 sup(l + ) 475 ul o < oo, sup uf 2 < v}
endowed with the norm
Jully = max{sup(1 -+ [¢])*3 72 [fu] o, sup ] 2}
Consider the nonlinear operator in (17):
N(u) = i/ot O(t, s) Pe[Fo (v, u) — (1 — Ma[u)) ™' F3($p, u)]ds

Lemma 3.1. Assume (18) holds then, N : Y — Y s well defined, and locally
Lipschitz, i.e. there exists C' > 0, such that

INui = Nually < C(lurlly + [luzly)llur — uzlly-
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Note that the Lemma gives the estimates for z(¢) then using Lemma 2.2 in [12]
we get the estimates for n(t) in the Theorem 3.1. Indeed, if we denote:

v = (t,0)z(0),

then
[vlly < Collz(0)| Lo’ A

where Cy = max{C, Cp}, see theorem 4.1 in [11]. We choose € in the hypotheses of
theorem 3.1, such that R = 2||v||y satisfies

Lip=2CR < 1.
In this case the integral operator given by the right hand side of the (17):
K(z) =v+ N(2)

leaves the ball B(0,R) = {z € Y : ||z]ly, < R} invariant and it is a contraction on
B(0, R) with Lipschitz constant Lip. Consequently the equation (17) has a unique
solution in B(0, R). In particular, z(t) satisfies the LP estimates as claimed by the
theorem. Then n(t) = Ry)z(t) satisfies the LP estimates claimed in the Theorem
3.1 by Lemma 2.2 in [12]. We now have two solutions of (17), one in C(R, H') from
classical well posedness theory and one in C(R, L2 N L?), from the above argument.
Using uniqueness and the continuous embedding of H! in L? N LY, we infer that the
solutions must coincide. Therefore, the time decaying estimates in the space Y hold
also for the H! solution.

Proof of Lemma 3.1 Let uq,us be in the space Y. Then at each s € R we have:

|[Fo(YE(s), ui(s)—Fa(Yr(s), ua(s))| = l9(Ve + ur) — 9(¥E +u2) — F1(YE,u1) + F1(YE, ua)|

< Clua| + [uz])ur — us| (19)
For a linear operator M acting on the two dimensional vector space span{ %ﬁf , %ﬁf 1,

using (13) we have, for any 1 < p < 00 :

IM P, un) o < a0 @), —iFatm ) - G | [ aR(aa) i) - G
Lp p
9 )
< M- 1RV (a), —iF2 (Y, u1))| - Hffaf + M| - %P1 (a), —iF2(Yg,u1))] - H é;if
Lp

where | M || denotes the operator norm with respect to the euclidian distance in R?
of the representation of M with respect to the basis {242 92YE} By (19) (with

8a1 ) 8(12
ug = 0), and Holder inequality inside the L? scalar product we get:
Mg e
MF;(5, p<CM<H\Il‘ ‘ H ‘ ‘ e[ (20
1M, w)llee < CIMI([[ ]| 1501122l B Nl ) 10 (20)
where the uniform bounds on %wT?, Ui(a), j = 1,2 follow from the continuous

dependence on scalar a, |a(t)] < d2, t € R of %pr € H?(R?), j = 1,2, and from the
definitions (10) together with the estimate

OYE OYp, OYEg g 1
i , ) =R(—i , > -
Oay ' Oasy Oday " Jay 2

R
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Using now the estimates in Remark 2.4 in [12], the matrix identity
(1= Myfua]) ™ — (1= Myfua]) ™ = (1= Mafua]) ™ Mafuy — (T — M, [u])
the estimate (20) and again (19) we get, for any 1 < p < 00 :

(1= Ma[ui]) " Fs(¥m,u1) — (I — Ma[uo]) "' Fs(Ye, ug)|| e < (21)
< NI = Mafua]) ™" = ([ = Ma[ua)) ' 1Fs (e, wa) || or + [|(L— Ma[us)) ™ (F3(¢p,u1) — F3(¢¥r, u2)| Lo
< ACy [lur — ug|| L2 Crl|uf || por + 2C1 || (| + Juz|)fur — ua||| o

Note that [|u?]|; . is exactly ||(Jui| + |uz|)|ur — ual| o With uz = 0. So the estimates

for the latter will be valid for the former provided we make uy = 0.
Now let us consider the difference Nu; — Nusg :

(Nui — Nuz)(t) = Z/O Q(t, s) P [F2(VE(s),u1(s)) — Fa(¢p(s), uz(s))

— (I = Ma(s)[ur (s)]) " F3(vp(s), ua(s))
+i(l = Mooy [uz(s)) ™ Fa(vp(s), uz(s))] ds

e [9 Estimate :

t
Vs ~Nuales < [ 1905w 50 (s + 2=l -+ Colfr —uz 21 . ) s
0

To estimate the integral observe that

(] + fuz)ur = uelllpor < (luallze + [luzllz2)ur = uellza

luill o < llullellusl|za

with ;= 5 + % Using Theorem 4.2 in [11], we have for uy, ugz € Y :

"C@Ulually + llually)llur — ually
1

[t = s|* D1+ |s]) G
C(q)C1C

[Nuy — Nugl|za < /
0

< RENATEE) (lually + lluzlly)llur — uzlly
q
here C) = 1+ t)*G—a) [ ds < o0 since 6 < g.
where Cy = sup, (1 + [¢)"2 74" [, PN S TP o S

e 2 Estimate : To estimate L? norm we cannot use L? — L? estimate for
(t, s) because that would force us to control L* which cannot pe interpolated
between L? and L4, 6 < q. We avoid this by using the decomposition:

Q(t,s) = (T(t,s) — T(t, ) + (T(t,s) + e =) p,)
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where

min{t,s+1} ) '
T(t, 3) — / esz(tf‘r)chu(T)Raesz(Tfs)Pch
min{t,s+1} ) 4
- / GHE=) P9 P.g, (r)Ree™H ) Pdr
s

For T'(t,s) — T(t,s) we will use LY — L? estimates, see Theorem 4.2 in [11],
while for T'(¢, s) we will use duality argument with Stricharz estimates and for
e~ (=) P we will use Stricharz estimates L{°L2. All in all we have:

HNulfNuﬂyf;A|mgﬁﬂuuwﬁmﬂfMHme@wm@D”fﬂwE@%m@D
il = Mg [uz(s)) 7 Fa(¢p(s), uz(s))]| v ds

t
+/O IT(t,5) =Tt 8) | par s p2ll(fwa] + Juz)ur — ualll Lo ds
t
+ II/ e TP (Jur | + Jua]) fur — ualds]| 2
0

t
4l [ TP + uzDlua — s
0

For the first integral we use Theorem 4.2 part (i) in [11], (21) with p = 2 and
the estimates we have already obtained for (|ui| + |ug|)|ur — ue| and |ug|uy
and similarly for the second integral we use Theorem 4.2 part (iv) in [11] the
estimates we have already obtained for (Jui| + |ug|)|us — uz|. We deduce that
these integrals are uniformly bounded by:

Cllully + lJuzlly)llur = uzlly-

For the third integral we use Stricharz estimate:

1
P

t
sup | [0 —ualdslie < €. ([ 1]+ uaDlus = wall )
te 0 R

where % + % =1, and 2 =4(} — %) Using again the estimates we obtained
before for (|u1| + |ug|)|u1 — ua| we get:

ds e
] U (llurlly + lluzfly)llur — uzlly

]+ uzlun = wall 0 < O [ [ s
LiL R (1+ |s|)8(%’5)7

< CuCs(llurly + [luzlly)llur — uzlly (23)
where Cs = [, %ds < oo since 8(% — %)'y’ > 1.
(14]s)™ 27"

Now for the last integral consider

t
A= | [ 2(t5)Ads] 1
0
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with A = (Jui| + |uz|)|ur — u2|. Fix ¢ > 0. By duality

A= sup ‘(177/75 T(t, s)Ads)‘

loll L2=1

min{t,s+1} )
/ (=) P / =9 P, g, (r)Rue~ 7= P, Adr)|ds
”1’HL2 1

”UHL2 1
i / 1Pl sup gu(P)lor | Al Lo ds
HvHLz 1 TE[s,541]

Note that

1€ =8| g < Cslldllz2 = Cs

by Stricharz estimate and using (23) for ||A||;. .« We get the required esti-

mates for A.
The L? estimates are now complete and the proof of Lemma 3.1 is finished. O

We now finish the proof of Theorem 3.1 by analyzing the dynamics on the center
manifold and showing it converges to a ground state. From equation (12) we have

|‘~1/| = C\/ F221 +F222 = b(t)

‘[a(t)ei I E(s)ds]/

Since b(t) = C\/F} + F3,, and

and

= (1

g
Py < H Al < Clnl,
g
Fa<|| 52| Al < Clalt,
1 ||pp2

we get 0 < b(t) < C(1 + |t))+9 for some & > 0, in the Theorem 3.1. Then, for any

€ > 0 we have

a(t)ei JS E(s)ds _ a(t/)ei fot/ E(s)ds

< /t b(s)ds < ¢ (24)

for t, ' sufficiently large respectively sufficiently small. Therefore a(t)e’Jo E()ds hag

a limit when ¢ — *o00. This means

min{t,s+1} ) )
P / e =) P51 / €= Pogy (1) Rae™ TPl Ly dr]| All L ds

o fot E(S)dswE — a(t)ei fot E(S)dsw0+€i fot E(s)dsh(a(t)) _ a(t)ei fot E(s)ds’(/)o—‘rh(a(t)ei fot E(s)ds) N '(/JEioo
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Above we used h(e?a) = ¢®h(a), see Proposition 2.1 in [12]. In addition |a(t)| — a+
as t — =+ at a rate |t|=?. Since E(s) = E(|a(s)| is C' in |a| on |a| < 2, we deduce

|E(

+5) — E+| < C(1 + )7 for s > 0 and some constant C' > 0. If we denote
1 +t
0(+t) = — E(s) — Eyds, t>0

then hmwﬁoo H(t) =0 and

lim e =0 g (t) = yp, .

This finishes the proof of Theorem 3.1. O
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