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Abstract.  In astrophysical environments, allowed Gamow-Teller (GT) transitions are important, particularly for β-decay 

rates in presupernova evolution of massive stars, since they contribute to the fine-tuning of the lepton-to baryon content of 

the stellar matter prior to and during the collapse of a heavy star. In environments where GT transitions are unfavored, first-

forbidden transitions become important especially in medium heavy and heavy nuclei. Particularly in case of neutron-rich 

nuclei, first-forbidden transitions are favored primarily due to the phase-space amplification for these transitions. In this 

study, the angular part of the beta (β) moment matrix elements of the
  00 , 

 10  and 
  20  first 

forbidden beta decay transition have been solved directly without any assumption. In the calculation of the nuclear matrix 

elements have been considered the contribution coming from the spin-orbit term in the shell model potential. 
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1. INTRODUCTION 

The physical processes containing the use of the beta moments are summarized as the calculation 

of the logft values for forbidden transitions, r-process and the double beta decay. It is well known that 

β decay processes are very important to understand the weak interaction processes and the nuclear 

structure. One of the basic problems in nuclear structure analysis and testing of nuclear models is the 

calculation of the nuclear matrix element. The first forbidden beta decays have a significant role in the 

validity of theories related to r-process and double beta decay (2νββ) Borzov (2006), Borzov (2003), 

Borzov (2003), Ejiri (2005), Schopper (1966), Barbero (1998), Civitarese (1996). The effects of the 

first forbidden transitions have been investigated in nucleosynthesis phenomena. The total β decay 

half-lives and delayed neutron emission probabilities has been performed by considering the Gamow-

Teller and first forbidden transitions Borzov (2006).  

The aim of the present study is to derivate angular part of the beta moment matrix elements for the 

double beta decay and the first forbidden beta decays. The ft values must be calculated for the 

investigation of the first forbidden beta decay where it is important to do an exact calculation of the 
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transition probability. The relativistic and non-relativistic beta moment matrix elements have a 

significant role in the calculation of the transition probabilities. A reliable prediction of the transition 

probability provides an important contribution to the interpretation of the ft values. 

The ft values are given by the following expressions: 
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where D and   β,IIB fi  are a constant and the transition probability, respectively. 

The nuclear matrix elements have two components in their very nature; angular and radial 

parts. In the present study we have focused on the angular part, which lets proper calculations of the ft 

values when we have accurate radial parts. 

In references Civitarese et al. (1996), the matrix element of the relativistic beta moment has been 

calculated by assuming to be proportional to the matrix element of non-relativistic beta moment and 

the ft values have been given for the first forbidden beta decays. In this respect, the relativistic and the 

non-relativistic nuclear matrix elements have been derived directly without any assumption and the 

results have been by the parameter in the shell model potential. The numerical results are obtained 

using a simple proper implementation (in Fortran77) of the theoretical formalism explained is Section  

The logft values for 
0  beta decays have been calculated in a previous study using nuclear matrix 

elements Cakmak et al. (2010). 

2. FORMALISM 

 

The first forbidden transitions (n=1) are given as follows by the matrix elements of the beta 

moments Bohr et al. (1969): 

The matrix element of the beta moment for    (rank 0): 

The non-relativistic matrix element, 

 

The relativistic matrix element, 

 

The matrix element of the beta moment for   (rank 1): 
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The non-relativistic matrix element, 

 

the relativistic matrix element, 

 

the non-relativistic matrix element, 

 

and  

the non relativistic matrix element of the beta moment for   (rank 2) is given 

 

where   and    are vector and axial vector coupling constant, also  , ,  and    are 

the isospin lowering, the spherical harmonic, the Pauli spin and the speed operators, respectively.  

The moments that are independent of the position of the nucleons are coupled to the part of the 

lepton current that is constant over the nuclear volume. The leptonic matrix elements for these 

moments are completely the same as for the corresponding 0
+
 and 1

+
 moments since, for the parity-

violating beta interaction, the coupling to the leptons is independent of the parity of the nuclear 

moments. 

The 0
-
 and 1

-
 moments that are linear in r are coupled to the leptons through the derivative of 

the lepton wave functions and are thus multiplied by the factor ik, where k is the lepton wave number 

inside the nucleus. The dependence of k on the energy of the emitted leptons implies a deviation of the 

electron spectrum from that of allowed transitions Bohr et al. (1969). 

The calculation of the corresponding nuclear beta matrix elements for these operators in a 

certain basis is important and the angular parts of these matrix elements have been calculated in this 

work. The matrix elements of the beta moments have solved by using the expressions in the Appendix. 
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The Woods-Saxon single particle basis has been used in the calculations. As known, the integral 

expressions with respect to the angular coordinates do not depend on the radial part of the mean field 

potential in case of the spherical symmetric potentials.  

2.1. Solutions of The Matrix Element for    Transitions 

Analytic solution of the non-relativistic the matrix element 

By using matrix elements of operators which depend on variables of two subsystems (see Appendix, 

Eq.(1)) is reproduced 

  

, 

,          

,                                 

and by using the notation, matrix elements of the spherical harmonic operator, matrix elements of the 

spin-angular momentum operator and explicit forms of the 9j symbols for spherical values of the 

arguments in Eqs. (3, 6, 7,9) in Appendix are given as follows 

. 

The reduced nuclear matrix element is given according to Wigner-Eckart theorem (see Appendix 

Eq.(4)), 

 

. 
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Analytic solution of the relativistic the matrix element 

The speed of particle and the total Hamiltonian is described in the following form 

 

 

where  ,  and    are two body Coulomb and spin-orbit interaction 

potentials and the central potential, respectively. 

 

 

The central part of the mean field potential consists of the isoscalar and isovector terms 

, 

the spin-orbit term is defined as 

 

and the Coulomb part is given as 

            

 

. 

The relativistic matrix element is rewritten 

. 

The first part of the nuclear matrix element is given by using matrix elements of operators which 

depend on variables of two subsystems (see Appendix, Eq.(2)), 
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and by using matrix elements of the operator    and matrix elements of the spin angular momentum 

operator (see Appendix, Eq.(8)) is obtained 

 

 

=  

and according to Wigner-Eckart theorem as follows 

 

. 

The second part of the nuclear matrix element is given by using matrix elements of some scalar and 

vector products (see Appendix, Eq.(5)), 

 

 

and the reduced nuclear matrix element is written according to Wigner-Eckart theorem, 

 

. 

The general form is given as follows 
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. 

2.2 Solution of The Matrix Element for    Transitions 

Analytic solution of the non-relativistic the matrix element 

By using matrix elements of operators which depend on variables of two subsystems (see Appendix, 

Eq.(2)) is solved [6] 

 

 

 

and the reduced matrix element is given according to Wigner-Eckart theorem, 

 

. 

 

Analytic solution of the relativistic matrix element 

The relativistic matrix element is rewritten by making some operations 
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 . 

The first part of the reduced nuclear matrix element is reproduced by using matrix elements of the 

operator     (see Appendix Eq.(8)), 

 

 

the second part of the nuclear matrix element is reproduced by using matrix elements of some scalar 

and vector products (see Appendix Eq.(12)), 

 

 

 

and the reduced matrix element is given as follows 

 

. 

 

Analytic solution of the non-relativistic matrix element 

By using matrix elements of operators which depend on variables of two subsystems in the same 

approach is reproduced 
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and is given as follows according to Wigner-Eckart theorem 

 

. 

1.1.  Solution of The non-Relativistic Matrix Element for   Transition 

 

By using matrix elements of operators which depend on variables of two subsystems is solved 

 

=

 

. 

The reduced matrix element is given as follows 
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. 

 

3. CONCLUSION 

 
The existence of the nucleosynthesis process and its probability depends on the neutron capture 

and transition probabilities. The relativistic and non-relativistic beta moment matrix elements have a 

significant role in the calculation of the transition probabilities. A reliable prediction of the transition 

probability provides an important contribution to the interpretation of the ft values. Moreover, the 

consideration of the contributions coming from forbidden transitions ensures a more reliable 

investigation of the r-process and double beta decay.  

The nuclear matrix elements must be calculated for the consideration of these contributions. 

Therefore, this study will be an important reference for scientists studying related to the double beta 

decay, the first forbidden beta decay, r-process. The angular part of transitions reduced nuclear matrix 

elements are given for some states in the table. The reduced relativistic and non-relativistic matrix 

elements may obtain by using a simple proper implementation or may calculate directly for some 

nuclei states. (You could contact for proper implementation.) 

 

Table 1. The angular part of transitions reduced nuclear matrix elements for ,  and   The 

reduced nuclear matrix elements are given in unit of and . 

 

 

 

 

 

Nuclear Matrix Elements 

 

                   Single Particle Transition 
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Appendix 

As follows are taken from Ref. Varshalovich et al. (1988). 

Matrix elements of operators which depend on variables of two subsystems, 

 

   

 

 

The notain, 

     

The Wigner-Eckart theorem, 

 

  



Solution of Angular Parts of the Forbidden Beta Moment Matrix Elements for Rank 0, 1 and 2 

35 

 

Matrix elements of some scalar and vector products, 

 

  

 

Matrix elements of the spherical harmonic operator , 

 

Matrix elements of the spin angular momentum operator    

 

Matrix elements of the operator   

   

 

 

Explicit forms of the   symbols for spherical values of the arguments,  
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