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Abstract. In astrophysical environments, allowed Gamow-Teller (GT) transitions are important, particularly for g-decay
rates in presupernova evolution of massive stars, since they contribute to the fine-tuning of the lepton-to baryon content of
the stellar matter prior to and during the collapse of a heavy star. In environments where GT transitions are unfavored, first-
forbidden transitions become important especially in medium heavy and heavy nuclei. Particularly in case of neutron-rich
nuclei, first-forbidden transitions are favored primarily due to the phase-space amplification for these transitions. In this

study, the angular part of the beta () moment matrix elements of the 0 <> 07, 0" <> 1" and 0" <> 2™ first
forbidden beta decay transition have been solved directly without any assumption. In the calculation of the nuclear matrix
elements have been considered the contribution coming from the spin-orbit term in the shell model potential.
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1. INTRODUCTION

The physical processes containing the use of the beta moments are summarized as the calculation
of the logft values for forbidden transitions, r-process and the double beta decay. It is well known that
B decay processes are very important to understand the weak interaction processes and the nuclear
structure. One of the basic problems in nuclear structure analysis and testing of nuclear models is the
calculation of the nuclear matrix element. The first forbidden beta decays have a significant role in the
validity of theories related to r-process and double beta decay (2vpp) Borzov (2006), Borzov (2003),
Borzov (2003), Ejiri (2005), Schopper (1966), Barbero (1998), Civitarese (1996). The effects of the
first forbidden transitions have been investigated in nucleosynthesis phenomena. The total B decay
half-lives and delayed neutron emission probabilities has been performed by considering the Gamow-

Teller and first forbidden transitions Borzov (2006).

The aim of the present study is to derivate angular part of the beta moment matrix elements for the
double beta decay and the first forbidden beta decays. The ft values must be calculated for the

investigation of the first forbidden beta decay where it is important to do an exact calculation of the
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transition probability. The relativistic and non-relativistic beta moment matrix elements have a
significant role in the calculation of the transition probabilities. A reliable prediction of the transition
probability provides an important contribution to the interpretation of the ft values.

The ft values are given by the following expressions:
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where D and B(Ii -1, ,Bi) are a constant and the transition probability, respectively.

The nuclear matrix elements have two components in their very nature; angular and radial
parts. In the present study we have focused on the angular part, which lets proper calculations of the ft
values when we have accurate radial parts.

In references Civitarese et al. (1996), the matrix element of the relativistic beta moment has been
calculated by assuming to be proportional to the matrix element of non-relativistic beta moment and
the ft values have been given for the first forbidden beta decays. In this respect, the relativistic and the
non-relativistic nuclear matrix elements have been derived directly without any assumption and the
results have been by the parameter in the shell model potential. The numerical results are obtained

using a simple proper implementation (in Fortran77) of the theoretical formalism explained is Section

The logft values for 0~ beta decays have been calculated in a previous study using nuclear matrix
elements Cakmak et al. (2010).

2. FORMALISM

The first forbidden transitions (n=1) are given as follows by the matrix elements of the beta
moments Bohr et al. (1969):

The matrix element of the beta moment for A = 0~ (rank 0):
The non-relativistic matrix element,
M{jo,xk=11=0) = ga N, t_(kn[¥(F)o(k)],
The relativistic matrix element,

Mpy i = 0) = =25t (0[5 () %

WET

The matrix element of the beta moment for A" = 1~ (rank 1):
25
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The non-relativistic matrix element,

Mp, A=1,u) = szt—(k}rkyi,u(fk}
k

the relativistic matrix element,

_ 1g
M(J‘WK = ﬂjﬂ. = ']_JH.} = _ﬁfzt_(k}[?k]j'#

{
v k
the non-relativistic matrix element,

Max=12=1) = ga )t (On [ EIFHO]L,

k
and

the non relativistic matrix element of the beta moment for A™ = 27 (rank 2) is given

Ml =1,4=2, = g4 ) t-(On ()G O]
&

where g, and g are vector and axial vector coupling constant, also t—{k) , ¥;(F,), 6 and v, are

the isospin lowering, the spherical harmonic, the Pauli spin and the speed operators, respectively.

The moments that are independent of the position of the nucleons are coupled to the part of the
lepton current that is constant over the nuclear volume. The leptonic matrix elements for these
moments are completely the same as for the corresponding 0" and 1" moments since, for the parity-
violating beta interaction, the coupling to the leptons is independent of the parity of the nuclear

moments.

The 0" and 1" moments that are linear in r are coupled to the leptons through the derivative of
the lepton wave functions and are thus multiplied by the factor ik, where k is the lepton wave number
inside the nucleus. The dependence of k on the energy of the emitted leptons implies a deviation of the

electron spectrum from that of allowed transitions Bohr et al. (1969).

The calculation of the corresponding nuclear beta matrix elements for these operators in a
certain basis is important and the angular parts of these matrix elements have been calculated in this

work. The matrix elements of the beta moments have solved by using the expressions in the Appendix.
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The Woods-Saxon single particle basis has been used in the calculations. As known, the integral
expressions with respect to the angular coordinates do not depend on the radial part of the mean field
potential in case of the spherical symmetric potentials.

2.1.Solutions of The Matrix Element for 4 = 0~ Transitions
Analytic solution of the non-relativistic the matrix element

By using matrix elements of operators which depend on variables of two subsystems (see Appendix,
Eq.(1)) is reproduced

< (1p5p gy Mg,k = 1,4 = 0)| (1,5 jymy, ==

11 4
1 -
= 84 Zut- DMy, < famadplipmy > 4'% 3 I <Ll HEI i >< SpIEGNIS, >,
li:n E Jn
i ) 3(2ipt+1
H.-l_;l'n = HD}'n = \,"1:2_.1+ 1} (2.3?2 + 1}1 < E’F’| |Y1(rk}||£n == '\Il4_l:l
1 1 A .
N = L, > | _ Comins
< S,lle®IIS, > =16, P2 (T R@en
En E In

and by using the notation, matrix elements of the spherical harmonic operator, matrix elements of the
spin-angular momentum operator and explicit forms of the 9j symbols for spherical values of the

arguments in Egs. (3, 6, 7,9) in Appendix are given as follows

LT
]
]

]

y .1
= ga ¥ t_(k)(—1)n¥in zﬂlﬁ(zsn +1) < jum,00|j,m, >< 1,010|1,0> .

[

The reduced nuclear matrix element is given according to Wigner-Eckart theorem (see Appendix
Eq.(4),

= {E?Sﬂ}j‘p“M(}AJK =1A= G}H(Ensn}fn ==

]
=

= ga Tyt () (—1)"ins o (2n+ D21, +1)
-.1I 4T

LT P

<1,010]1,0 >

[
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Analytic solution of the relativistic the matrix element

The speed of particle and the total Hamiltonian is described in the following form

V=i =L[d,7]

=

,
p*

<
Tm + I"Tfou! (T} + U_‘-'o {EE + I"Fcanrrr.z! (T}

-
H=

where Vg (r) | VEE{E’.E} and  Vignera(r) are two body Coulomb and spin-orbit interaction

potentials and the central potential, respectively.

= h?o i = the Ve,
[H,7] = ——V+ - Gx s, Ve=——V——2(Fx3)

The central part of the mean field potential consists of the isoscalar and isovector terms
N—-Z
Vcsntra: (T} = _VD}E{T} (1 - EﬂTtg) ,

the spin-orbit term is defined as

* 1 chanrr&!"r}
V E. = —r, - -
5‘0{ . ELET dr

and the Coulomb part is given as

s Z-1[3r 177 2 Z-1
=22 ZI)] (r2R), w@=eZE (r> R
flr) = H—Lﬁ, t. = 1/2 (neutrons), t. =1/2 (protons).
TFo

The relativistic matrix element is rewritten

M(pg,d=0) = —i%ﬁ]kt_(k} [%{C}}k%}} —%(Ek FJ{}]

W

The first part of the nuclear matrix element is given by using matrix elements of operators which

depend on variables of two subsystems (see Appendix, Eq.(2)),
< (lpSp) oy |3 V|l ) >=
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o , I, 1 . .
= 8 Omgn, (1IN 1 1 ; < |Vt =< 5, lG IS, =
2 2 7

and by using matrix elements of the operator V and matrix elements of the spin angular momentum

operator (see Appendix, Eq.(8)) is obtained

< UVl >= [Vin + 1441,0,800001 =V InBrytnBiptn-1]

< (15, )My |G- V| (LS )y, > =

I, 1

— o Jntl .1+— o ln n
=0 H}‘lﬁmr?']’l-]_( 1::' E } _j—n ﬁ'[ E +1A1 Bln 0%11_'___\,'3”51“110;“11_'__]
and according to Wigner-Eckart theorem as follows
< (L5 )i 18 V| s >=
epaifle I 1 —
=E:-‘}“h"m“m,1( 1}}" o {E 1 jn}\,-“ﬁ(Zjn+1} . +1.»ﬂ1m,1 Iplnes — V1 qu Lpln_ ]

The second part of the nuclear matrix element is given by using matrix elements of some scalar and

vector products (see Appendix, Eq.(5)),

= {E?Sﬂ}j‘pmp |{E"—’k - Fk}lﬂnsn}jnmn ==

1 1
| - Z
= (—0)'"2 5y By 62l + 1) < 1,010]1,0 > 13 3

(=]
=
=]

Jn bl

and the reduced nuclear matrix element is written according to Wigner-Eckart theorem,

< (Lpsp)ip (@ - PN s )i > =

Ty I

=
.Ehh.'lll—l-

P | 1
= (—1}‘“”-‘*5 ,;5(23,1 +1)(2j, +1) {} } < 1,010]1,0 =.
)

The general form is given as follows

< (Lpsp)ip 1Mpad = 01 Un5,)i >=
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2.2 Solution of The Matrix Element for 4™ =1~ Transitions

Analytic solution of the non-relativistic the matrix element

By using matrix elements of operators which depend on variables of two subsystems (see Appendix,

Eq.(2)) is solved [6]

< {E?,s?,}j?,m?,lM(pw,l =1, w1 pSp )iy = =

1 1 4

1

Zt (k) | (Zjn + (21, + 1) < jym,1uljym, >< 1,010(1,0 > Lo 2 Jr
R e
(] 2 .liln

1|3
= gFZt_(k}(—'l}J“-hp Z |£(2j?2 + 1)(21,, + 1) < [,,010{1,0 >< j,m, 1u|j,m,
k

Jo Jn

A
P | = et

I -

and the reduced matrix element is given according to Wigner-Eckart theorem,

< (1y5,)ip M0y, 2 = D (LS )jin ==

[l

P l j
= g Tat_(R)(—1)/nt0 zﬂ%(z;n +1)(2), + 1)(2, + 1) < 1,010[1,0 > {/_” *;”} .
) pl el

Analytic solution of the relativistic matrix element

The relativistic matrix element is rewritten by making some operations
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) 1 R Veg (T3] =
MUFJK:{LA:L#}_?Q_ kt—(k}{_;vlg_T-j[rxg]lg} .

The first part of the reduced nuclear matrix element is reproduced by using matrix elements of the

operator v (see Appendix Eq.(8)),
= {E?ﬂsp}j?: ||Em||(3n5n}jn ==

Jp  Jn
I, 1

= (1) 2 n:z;n +1)(2j, + 1)
kel
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+
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e
¢l
)
1
{55 ]
=
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[

the second part of the nuclear matrix element is reproduced by using matrix elements of some scalar

and vector products (see Appendix Eq.(12)),

= {E'F’Sﬂ}j‘,‘:: ”Tk [H b E_Il,u ||(En3n}jn ==

) 1
= ( 1}m+}'1+:03“31 |(2£n + 1}(2_},: + 1::'(2};: + ‘_]_::| = Enﬂiﬂ”ﬁﬂ - [_j'ﬂ E,'.:, E}

Iy Jn 1
1
.E[U,p — 1)+ 1+ 1) — G — 1) G + 1, + 1]

and the reduced matrix element is given as follows

< (lpsplip 1Mk = 0,4 = DI p5p)jn ==

i:Ekt (k) { < {E’FEF}}’F”?MA”{E Spdin > + < {E?ﬂsp}fﬁ'

o (- Dm0 | 1,7, >)

Analytic solution of the non-relativistic matrix element

By using matrix elements of operators which depend on variables of two subsystems in the same

approach is reproduced

< {E?,sﬂ}j?,m?, M(jox=1,A=1, |l 5 )My ==
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and is given as follows according to Wigner-Eckart theorem

< (Lysp)ip Mg, & = 1, & = D5l >=
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1.1. Solution of The non-Relativistic Matrix Element for 4™ = 2~ Transition

By using matrix elements of operators which depend on variables of two subsystems is solved

< {Eﬁsp}jpmp M(j,x=1,1=2 W5, )j,m, ==

1 1 2
1 .

Qﬂzkt—(k} {_1}4\-' 5(2_3:1 + 1} = jnmnzﬂljpm*p = Ep g jp =< li:p ”Yl(ﬁc}”li:n =
‘i:n = Jn

S,lle(S, =

[
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B3|k ]| e

The reduced matrix element is given as follows

< (lpsplip Mgk = 1,1 = 2,0 | (150 ) ==
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11 2
- 1% (24, + D21, + D(2, + 1) < 1,010[1,0> { &> 2 s
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3. CONCLUSION

The existence of the nucleosynthesis process and its probability depends on the neutron capture
and transition probabilities. The relativistic and non-relativistic beta moment matrix elements have a
significant role in the calculation of the transition probabilities. A reliable prediction of the transition
probability provides an important contribution to the interpretation of the ft values. Moreover, the
consideration of the contributions coming from forbidden transitions ensures a more reliable

investigation of the r-process and double beta decay.

The nuclear matrix elements must be calculated for the consideration of these contributions.
Therefore, this study will be an important reference for scientists studying related to the double beta
decay, the first forbidden beta decay, r-process. The angular part of transitions reduced nuclear matrix
elements are given for some states in the table. The reduced relativistic and non-relativistic matrix
elements may obtain by using a simple proper implementation or may calculate directly for some
nuclei states. (You could contact for proper implementation.)

Table 1. The angular part of transitions reduced nuclear matrix elements for AT =07, AT =17 and AT =27. The
reduced nuclear matrix elements are given in unit of g4 and g.
Single Particle Transition
AT =107 Nuclear Matrix Elements 13-_;; -3 ip-_f,ﬂ 1z, — 15, la., —1p,
2 2 iz 12 2 12
3:'=1Jz'=12'r2 Ei=31ji=52“2 5:'=3Jz'=5,"r2
Efz'l,jfz-lfz EJ,-:Z,_}}-:BH'IZ EE-:ZJ}'E-:SH'IZ
M, K=11=0)/g4 0.398 - 1.296
AT=0" [M(py,2=10)/iga 0.026 - 0.125
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M(p,,A=1,1/g, —0.393 1.424 —2.245
AT=1" M(j,,K=041=1,u)/ig, | —-3.647 0.045 0.124
M(,K=1LA=11)/gs | 0563 —0.534 1.179
AT = 2" M(j,KE=1,1=2,1)/g4 — —0.650 1.522
Appendix

As follows are taken from Ref. Varshalovich et al. (1988).

Matrix elements of operators which depend on variables of two subsystems,

< ngjinaj,jim' |(F; (& E(E})”‘nﬁlngﬁm ==

0. (2

Mafz =

a b c
. T Iy ) _ = i i
= (-D%*m,Cc," [;1‘ Ja jf1 < nyjy ||Bs (D|ngsy =< nij;
Jv Jz J

< nyjynhiail | B(1).0(D|nyjinojsjm ==

i h
- )

= 8jt My m(—1};‘+}-._+}-;{jﬂ i ﬂ < il ||Bs () gy =< nii]| G (2)]|naiz >
(3)
The notain,

Tape, =+ (2a +1)(2b+ 1) (2c+ 1) ....

The Wigner-Eckart theorem,

" I

< n'j'm'| M |njm >= (-1 7~ ( o ! ) <y ¥y >=
— m

_ (=12l ™ ST IMllny
Tmkx 1’,'2}-.'4_1

34




Solution of Angular Parts of the Forbidden Beta Moment Matrix Elements for Rank 0, 1 and 2

Matrix elements of some scalar and vector products,

< U's']'M'|#.5|Is]M ==

= (1) G Gy 80455 + D25 + D21+ 1}c§;§’u{} ‘? ﬂ

Matrix elements of the spherical harmonic operator
= (z2e+1)(21 1
= I"”Y_;__”I = (241 (21+1) 1o

"'J A LOLD

Matrix elements of the spin angular momentum operator 5=5,

< S'||S4|IS == 8. sG + D (25 + 1)
Matrix elements of the operator A(r,3,@) = A, (.8, @),

<n'l' ||T.-'1||n.i ==+ 14,0 8y 141 — VIB " 8y -1,

. 9
Autm = "I"n"!"(r} E_; W2 dr
o

I+1

[ . d
. )LI-'nhr}r"" r

d
Bl = j qJ;r:r(T} (5 -
o
Explicit forms of the 9; symbols for spherical values of the arguments,

g g 0 _ ,:_ﬂh+|i+|:'+g {ﬂ, b C}
; i Z_,,-'Ezc+1::uizg+1}e d g
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