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BEST BOUND FOR X—- PSEUDO STARLIKE FUNCTIONS

D. VAMSHEE KRISHNA AND D. SHALINI

ABSTRACT. In this paper, we obtain sharp upper bound to the second Hankel
determinant for the functions belong to the class of A— pseudo starlike func-
tions, an interesting sub class of univalent functions defined in the open unit
disc E = {z: |z| < 1}, using Toeplitz determinants.

1. INTRODUCTION

Let A denote the class of all functions f(z) of the form
o0
f(z) = z+Zanz" (1.1)
n=2

in the open unit disc E = {z : |z| < 1}. Let S be the subclass of A consisting of
univalent functions. In 1985, Louis de Branges de Bourcia proved the Bieberbach
conjecture, i.e., for a univalent function its n'* Taylor coefficient is bounded by n
(see [3]). The bounds for the coefficients of these functions give information about
their geometric properties. In particular, the growth and distortion properties of a
normalized univalent function are determined by the bound of its second coefficient.
The Hankel determinant of f for ¢ > 1 and n > 1 was defined by Pommerenke [9]
as follows, and has been extensively studied.
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In particular for ¢ = 2,n = 1 and ¢ = 2,n = 2, the Hankel determinant simplifies
respectively to

_ja a2 |__ 2
Hy(1) = 4 ay | 030
and
Hy(2) = @293y — as3.
ag

We refer to Hz(2) as the second Hankel determinant. It is well known that for a
univalent function of the form (1.1), the sharp inequality Hz(1) = |az—a3| < 1 holds
true [4]. For a family 7 of functions in S, the more general problem of finding sharp
estimate for the functional |ag — pa3| (v € R or u € C) is popularly known as the
Fekete-Szego problem for 7. Let 3 and S* be the usual subclasses of S consisting
of functions which are respectively, of bounded turning and starlike in E. That is,

functions satisfying the conditions Ref’(z) > 0 and Re { ZJ{ES) } > (0 respectively in
E. In 1921 Nevanlinna obtained the criterion of starlikeness. The bounded turning
functions were introduced by Alexander [1] in 1915 and a systematic study of their
properties was conducted by MacGregor in 1962. Janteng et al. [6] obtained the
sharp upper bound to the second Hankel determinant for these two classes and have
shown that |agas — a3| < g and |azas — a?| < 1 respectively.

In this paper, we consider A— pseudo-starlike functions (see [2]) and obtain sharp
upper bound to the functional |azay — a3|, for the functions belong to this class,
defined as follows.

Definition 1.1. Let the function f € A. Suppose A > 1 is real. Then f(z) belongs
to the class L) of A— pseudo- starlike functions in the unit disc E if and only if

Re{W} >0, Vz € E. (1.2)

(1) Throughout this work, the powers are meant for principal values.

(2) If A = 1, we get S*, which in this context are called as 1—pseudo-starlike
functions.

(3) For A =2, the functions in £ are defined by

2f'(2)
f(2)
which is a product combination of geometric expressions for bounded turning and

starlike functions. We shall need the following preliminary Lemmas required for
proving our result, which has been used widely, are as follows:

Re {f’(z) } >0, Vz € E, (1.3)
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2. PRELIMINARY RESULTS

Let & denote the class of functions consisting of g, such that
o0
g(z) =1+ Z cnz", (2.1)
n=1

which are analytic (regular) in the open unit disc F and satisfy Reg(z) > 0, for any
z € E. Here g(z) is called a Carathéodory function [4].

Lemma 2.1. ([9, 11]) If g € &, then |ck| < 2, for each k > 1 and the inequality

is sharp for the function 1.

Lemma 2.2. ([5]) The power series for g given in (2.1) converges in the open unit
disc E to a function in 2 if and only if the Toeplitz determinants

2 c1 Ca e Cp
C_1 2 C1 s Cp—1
D, =|¢-2 ¢ 2 2| p=1,23...
C.n C_nt1 C_pi2 - 2

and c_y = T, are all non-negative. They are strictly positive except for g(z) =

S pego(ettz), where S\t p = 1, ty real and ty # tj, for k # j, where
go(z) = £ in this case Dy, > 0 for n < (m —1) and D,, =0 for n > m.

This necessary and sufficient condition found in [5] is due to Carathéodory and
Toeplitz. We may assume without restriction that ¢; > 0. On using Lemma 2.2,
for n = 2 and n = 3 respectively, for some complex values y and ¢ with |y| <1 and
|¢| < 1 respectively, we have

2 =2 +y(4—c2) (2.2)
and
des = & 4204 - Ay — - AP +2(4- A1 - P (23)

In obtaining our result, we refer to the classical method devised by Libera and
Zlotkiewicz [7], widely used by many authors.

3. MAIN REsSuULT
Theorem 3.1. If f(z) € Lx, (A > 1 is real) then

4

2
s =5l = e

and the inequality is sharp.
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Proof. For f(z) = z+4 Y ..y anz" € Ly, by virtue of Definition 1.1, there exists an
analytic function g € & in the open unit disc F with g(0) = 1 and Reg(z) > 0
such that

()
Z(J;((z))) —g(2) & 2 (f' (2)) = f(2)g(2). (3.1)

Using the series representations for f and g in (3.1), we have

oo A o0 o0
z {1 + Znanz”_l} =z {1 + Zanz"_l} {1 + chz”} .
n=2 n=2 n=1
Applying the binomial expansion on the left hand side of the above expression
subject to the condition ‘22’12 nanz"_l‘ < 1, upon simplification, we obtain
1+ {2a0A} 2 + {3Xaz + 2A(A — D)a3} 2>+

4)\()\ — ?(A -2 ag} 254 .

=14 (c1 +a2) 2z + (coa +cras +az) 22 + (c3 + coag + craz +aqg) 2> + ... (3.2)

{4)\&4 + 6)\()\ - 1)a2a3 +

Equating the coefficients of z, 22 and z® respectively in (3.2), after simplifying, we
get

C1

_ ) 2 (92 _ 27.
=5 2X — 1)%cs — (2N —4A + 1) ;

1
2 2)— 123X — 1) I

1

322 - 13BN —1)(4N 1)
=32\ — 1)%(6A\% — 11\ + 2)c1¢0

+(24\" — 80N + 8427 — 28X + 3)ci| . (3.3)

(32X = 1)*(3XA — 1)c3

aq

Considering, the second Hankel functional |agas — a3| for the function £, substi-
tuting the values of a2, as and a4 from (3.3), it simplifies to give

1
T3 DIGBA_1)2(@Ar—1)

32X — 133\ — 1)%cie3 — 3A(N — 1)(2) — 1)3¢3cy

|agay — a§|

—3(20 — D)A(4N — 1)c3 + (24)° — 60A* + 44)* — 1207 + )\)c‘f‘. (3.4)
The above expression is equivalent to

‘dlclcg + dQC%CZ + dgcg + d40411|
3(2)\ — 1)4(3)\ — 1)2(4>\ — 1) ’

lagags — a§| = (3.5)
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where
dy =322 —1)2(3A —1)2
dy = —3A(\ — 1)(2\ — 1)?
ds = —3(2X — 1)*(4X — 1)
dy = (24X° — 60A" + 44X3 — 1207 + ). (3.6)

Substituting the values of ¢ and c3 given in (2.2) and (2.3) respectively from Lemma
2.2 on the right-hand side of (3.5), we have

|d161€3 + dQC?CQ + d3c§ + d40111|
1
= |dier x {el +2e(4 = )y — er(d = )y + 2(4 — ) (1 = [y CH+

1 1
daci x o {ct +y(d = D)} +dy x 7{ef +y(d = D)} + dach|.

Using the triangle inequality and the fact that |[¢| < 1, upon simplification, we
obtain

4ldicies + docicy + dscs 4 dyct| < |(dy + 2dy + d3 + 4dy)c) + 2dici (4 — )+
2dy + da + do) (4 — Dyl + {(dr + ds)d + 2drer — ddy} (4= D)yl (3.7)
From (3.6), we can now write
di + 2dy + ds + 4dy = 720 — 156X* + 86)% — 9N* — 2);
diy =32\ — 1)*(3BA = 1)%; dy +da +ds = 3A(2A — 1)* (3.8)

and {(dl + dg)C? + 2d161 — 4d3}
=3(20 = 1)3 [Mcf + 23X — 1)%cs +4(2A — 1)(4A - 1)] . (3.9)

Consider [A\*c} + 2(3)\ — 1)%¢; + 4(2) — 1)(4\ — 1)]

3>\—1)2_\/49)\4—84)\3+50)\2—4)\+1

= )\2 C1 + ( )\ )\4

30— 1)\ 490 — 8403 + 5002 — 4N + 1
c1 + < ) + \/ (3.10)

A N

Since ¢; € [0, 2], noting that (c1 + a)(c1 +b) > (¢c1 — a)(¢1 — b), where a,b > 0 on
the right-hand side of (3.10), after simplifying, we get
[N} +2(3X — 1)%cr +4(21 — 1)(4X\ — 1)]
> [N — 203X —1)%c; +4(2A — 1)(4A - 1)] . (3.11)
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From the relations (3.9) and (3.11), we can write

{(d1 +dy)c? + 2dycy — 4d2}
<32A—1)° [Mef — 203X — 1)%c; +4(2A — )(4A - 1)] . (3.12)
Substituting the calculated values from (3.8) and (3.12) on the right-hand side of
(3.7), we have
4ldycres + dociea + dsch + dyct] < |(720° — 1560 + 86X% — 9NF — 2)\)cf+
6(2X — 1)3(3A — 1)%c1 (4 — ) + 6A(2X — 1)3c (4 — )|y
+3(20 — 1) [\%c] — 23X — 1)%e; + 4(2X — 1)(4X — 1)] (4 — ¢})|y[*|.
Choosing ¢; = ¢ € [0, 2], applying the triangle inequality and replacing |y| by p on
the right-hand side of the above inequality, will give
A|dycres + dacPes + dscd + dacd] < [(—720° + 156A" — 86A% + 9A% + 2\)c* +
6(2X — 1)?(3X — 1)%c(4 — ¢®) + 6A(2A — 1)*c2(4 — A
+32A =1 (N — 23X — 1)%c+ 42X — 1) (4N — 1)} (4 — 2]
=Fle,p), for0<p=|yl <1, (3.13)

where

F(e,p) = [(=720% +156A" — 867% 4 92\ 4+ 2)\)c*+
6(2X — 1)3(3\ — 1)%¢(4 — ¢*) + 6A(2\ — 1)*c*(4 — )
+32A =13 {N\ = 203X — 1)%c+ 42N - 1)(4A - 1)} (4 = A)p?]. (3.14)

We next maximize the function F'(c, ) on the closed region [0,2] x [0,1]. Let us
suppose that F'(c, ;1) have maximum value at any point in the interior of the closed
region [0, 2] x [0,1]. Differentiating F'(c, 1) in (3.14) partially with respect to p, we
get

‘ZZ =602\ — 1)’[Ac® + {N?? —2(3X — 1)%c + 4(2X — 1)(4X — 1) } 1]
x (4—c*). (3.15)

For 0 < p < 1, for any fixed ¢ with 0 < ¢ < 2 and A > 1, from (3.15), we observe
that g—i > 0. Therefore, F'(c, ) is an increasing function of 1 and hence it cannot
have maximum value at any point in the interior of the closed region [0,2] x [0, 1].
The maximum value of F'(c, 1) occurs on the boundary i.e., when u = 1. Therefore,
for fixed ¢ € [0, 2], we have

Jnax, F(e,u) = F(e,1) = G(e). (3.16)
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In view of (3.16), replacing by 1 in (3.14), which simplifies to

G(c) = F(c,1) = —20(48\* — 72)% + 2507 + 12\ — 4)¢*
— 120 = 1)(2A = D)3 (TA — 1)c® +48(2)\ — 1)*(4X — 1), (3.17)

G'(c) = —8XA(48\" =720 + 250 + 120 —4) ¢
—24(A — 1)(2\ — 1)*(7TA — 1)c. (3.18)
From the expression (3.18), we observe that G'(¢) < 0, for every ¢ € [0,2] and for
fixed A with A > 1. Therefore, G(c¢) is a decreasing function of ¢ in the interval

[0,2], whose maximum value occurs at ¢ = 0 only. For ¢ = 0 in (3.17), the maximum
value of G(c) is

Grae = G(0) = 48(2\ — 1)*(4X — 1). (3.19)
From the expressions (3.13) and (3.19), we have
|dycies + dacica + dach + daci| < 12(20 — 1)* (4N — 1). (3.20)
Simplifying the relations (3.5) and (3.20), we obtain
4
2
|a2a4 - a3| < m (321)

Choosing ¢; = ¢ = 0 and selecting y = 1 in (2.2) and (2.3), we find that ¢y = 2
and ¢ = 0. Substituting the values ¢; = ¢3 = 0 and ¢ = 2 in (3.3) and then the
obtained values in (3.20) along with the values in (3.6), we observe that equality
is attained, which shows that our result is sharp. For the values ¢; = c¢3 = 0 and
co =2, from (2.1), we derive that

1 2
p(2)=1+4ciz+cz? +ezz® +..=14+222 4220+ .. = 1%; (3.22)
Therefore, the extremal function in this case is
A 2
(/" (2)) 1+z
ZW=1+222+224+...= Tt (3.23)
This completes the proof of our Theorem. ([l

Remark 3.2. Choosing A = 1, we have the class of starlike functions, for which
from (3.21), we get |agas — a3| < 1, coincides with that of Janteng et al. [6].

Remark 3.3. Selecting A = 2, we have Re {f’(z)zﬁg)} > 0, which is a product

combination of bounded turning and starlike functions, from (3.21), we obtain
lagay — a%\ < %.

Acknowledgements. The authors express their sincere thanks to the Editor and
the esteemed Referees for their valuable suggestions to improve the manuscript.



[12]
[13]
[14]

[15]

BEST BOUND FOR A— PSEUDO STARLIKE FUNCTIONS 545

REFERENCES

Alexander, J. W., Functions which map the interior of the unit circle upon simple regions,
Annals. Math., 17(1915), 12 -22.

Babalola, K. O., On A—Pseudo- star like functions, J. Classical Anal., 3(2)(2013), 137-147.
de Branges de Bourcia, Louis, A proof of Bieberbach conjecture, Acta Math., 154(1-2)(1985),
137-152.

Duren, P. L., Univalent functions, Vol. 259 of Grundlehren der Mathematischen Wis-
senschaften, Springer, New York, USA, 1983.

Grenander U. and Szego, G., Toeplitz forms and their applications. 2nd ed., New York (NY):
Chelsea Publishing Co., 1984.

Janteng, A., Halim S. A. and Darus, M., Hankel Determinant for starlike and convex func-
tions, Int. J. Math. Anal., 1(13)(2007), 619-625.

Libera R. J. and Zlotkiewicz, E. J., Coefficient bounds for the inverse of a function with
derivative in &, Proc. Amer. Math. Soc., 87(2)(1983), 251-257.

Prajapat, J. K., Bansal, D., Singh Alok and Mishra, A. K., Bounds on third Hankel de-
terminant for close-to-convex functions, Acta. Univ. Sapientiae, Mathematica, 7(2)(2015),
210-219.

Pommerenke, Ch., Univalent functions, Gottingen: Vandenhoeck and Ruprecht; 1975.
Pommerenke, Ch., On the coefficients and Hankel determinants of univalent functions, J.
Lond. Math. Soc., s1-41(1) (1966), 111-122.

Simon, B., Orthogonal polynomials on the unit circle, part 1. Classical theory. Vol.54, Ameri-
can mathematical society colloquium publications. Providence (RI): American Mathematical
Society; 2005.

Vamshee Krishna D. and RamReddy, T., Coefficient inequality for multivalent bounded turn-
ing functions of order alpha, Probl. Anal. Issues Anal., 23(1)(2016), 45-54.

Vamshee Krishna D. and RamReddy, T., An upper bound to the second Hankel functional
for the class of gamma- star like functions, Bull. Iran. Math. Soc., 41(6)(2015), 1327-1337.
Vamshee Krishna D. and RamReddy, T., Coefficient inequality for a function whose derivative
has a positive real part of order alpha, Math. Bohem., 140(1)(2015), 43-52.

Vamshee Krishna D. and RamReddy, T., Coefficient inequality for certain p—valent analytic
functions, Rocky Mountain J. Math., 44(6)(2014), 1941-1959.

Current address: D. Vamshee Krishna (Corresponding author): Department of Mathematics,

GIT, GITAM University Visakhapatnam- 530 045, A.P., India

nee

E-mail address: vamsheekrishnal972@gmail.com

ORCID Address: http://orcid.org/0000-0002-3334-9079

Current address: D. Shalini: Department of Mathematics, Sri Venkateswara College of Engi-
ring and Technology, Affiliated to JNTUK, Etcherla-532 410, A. P., India.

E-mail address: shaliniraj1005@gmail.com

ORCID Address: http://orcid.org/0000-0003-4059-8900



	1. Introduction
	2. Preliminary Results
	3. Main Result
	References

