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fixed point theorem, sufficient conditions for the existence of at least one positive solution
are obtained. Illustrative examples are also presented to show the applicability of our results.

1. Introduction

This paper is devoted to the existence of positive solutions for the following third-order nonlocal integral boundary value problem (BVP):

" () +a(t)f(tu(t)) =0, 0<t<T, (1.1)
u(0)=u"(0)=0, u(T):OC/OAnu(s)ds, (1.2)

whereO<n<T,0<Oc<%—€and
(H1) £([0,T] x [0, +2°), [0, 42°));
(Hp) a € C([0,T], [0,+0o0)) and there exists fy € [N, T] such that a(zy) > 0.

Set

P S0 S )

b)
u—0+ u U—roo u

then fp =0 and f., = oo correspond to the superlinear case, fo = o and f., = 0 correspond to the sublinear case.

Third-order boundary-value problems for differential equations arise in variety of different areas of applied mathematics and physics. They
have been many scholars’ research object. For example, heat conduction, chemical engineering, underground water flow, thermoelasticity,
and plasma physics can produce boundary-value problems with integral boundary conditions; see [3, 9, 11]. They include two, three,
multipoint, and nonlocal boundary-value problems as special cases. By using the Krasnoselskii’s fixed point theorem, Liu and Ma [19]
studied the problem

WO+ fu@)=0, 0<t<I, (1.3)
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subject to integral boundary condition of the form

1
W (0)=0,u (1) =0, u(0) :/ k() u(s) ds. (1.4)
0
Benaicha and Haddouchi [17] considered the fourth-order two-point boundary value problem
W () + f(u()) =0, 1€(0,1), (1.5)
1
W (0) =o' (1) = u" (0) = 0, u(0) = / a(s)u(s)ds. (1.6)
0

We quote also the reasearchs of [2, 4, 5, 6,7, 8, 12, 13, 14, 15, 16, 18, 20] which concern the differential equations under various boundary
conditions and by different approaches.

Motivated by the works mentioned above, we obtain the existence results for the problem (1.1)-(1.2) by using the Leray-Shauder fixed point
theorem if fy = 0 ( condition f.. = o being unnecessary ) , as well as, for f., = 0 ( condition f{ = oo being unnecessary ). In this way we
remove the half of the assumptions to prove the existence of a solution when using Krasnoselskii’s fixed point theorem.(See [10, 17, 19]).
Moreover, we establish our results for 7 in [0, 7.

Our main tool is the following Leray-Schauder fixed point theorem.

Theorem 1.1. [1] Let Q be the convex subset of Banach space E, 0 € Q, ® : Q — Q be completely continuous operator. Then, either
(i) @ has at least one fixed point in L

or

(ii) the set {x € Q| u=APu, 0 < A < 1} is unbounded.

2. Background

To prove the main existence results we will employ several straightforward lemmas.

Lemma 2.1. Let 2T # an?. Then fory € C([0,T],]0,)), the problem
W (1) +y (1) =0, @1

1(0) = u" (0) =0, u(T):a/onu(s)ds, ne,7), a>0, 2.2)

has a unique solution given by

u(t)—;/T(Tfs)z (s)dst’/n( —5)y(s)ds
“2T—an® b Y 3T —an?) Jo TV
1/t
— = [ (t—9)?y(s)ds.
2 Jo
Proof. From equation (2.1) we have u"” (t) = —y (). Then, integrating from 0 to  we obtain

u' () = f/oty(s)ds.

For 7 € [0,T] we have, by integrating in ¢ and using integration by parts,

W (1) = o (0)—/(: (/Oxy(s)ds> dx

=i (0)- [[=9y()ds

u(t) = u (O)t—/t(/ox(x—s) ()ds)dx

(2.3)
oL [ s
Thus, for t = T we find
/ 1T 2
u(T)y=u'(0)T — 3 (T —s)"y(s)ds. (2.4)
0
Integrating again from 0 to 1 the expression (2.3), where 1 € (0,7), we obtain
n
/ u(s)ds: 0)n —7/ (/ ()ds)d
0 2.5

= 0)n —f/ s)ds.
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From (2.2) and (2.4) we have

/Onu(s)ds: Lury = L= L/()T(Tfs)zy(s)ds.

o o 2a

Then, using (2.5) we see that

T
J(O)g—i/ﬂ (T—s)zy(s)ds: 0)n —f/ s)ds.
Thus,
, 2T —an?\ 1 (T
u(O)(T>7ﬁ/O (T —s5)%y ds—f/ s)ds
or
v 0= Gr e —1an2) '/Ot (T 5Py (s)ds = 5 7m—om (2T?an2) '/On (1 —s)>y(s)ds.

Therefore, the BVP (2.1)-(2.2) has a unique solution
t T 2
- T — ds —
e ) 9@
1 rt
=3/,

u(t) = A ) /77 (n—s)y(s)ds

32T —an?) Jo

(t—s)y(s)ds.

The existence of positive solutions of the problem (2.1)—(2.2) is given in the next result.

Lemma 2.2. . Let0 < o < L Ify e C([0,T],[0,+)), then the unique solution of the problem (2.1)~(2.2) satisfies u(t) > 0 for t € [0,T].

Proof. From u"” (t) = —y(t),t € [0, T], we get that u” (¢) is decreasing on [0, T]. Then, the condition #” (0) = 0 ensures that have u” () <0,
t € [0,T], which implies u (¢) is concave. Observe also that if u (7) > 0, the concavity of u and the fact that u (0) = 0 imply that u () > O for

te[0,T].
Since the graph of u is concave down (0,7'), we get

/nu(s)ds>1nu(n)
Jo -2

where %nu (n) is the area of triangle under the curve u (¢) from¢t =0tot =1 forn € (0,T).
If we assume that u (T') < 0, then from 2.2 we have

‘/Onu(s)ds<0A

By concavity of u and [y u(s)ds < 0, it implies that u (1) < 0.
Hence

n 2T 1 T
uT:oc/usds>—><7u =—u ,
(T) ) z 0 5Mu(n) n(n)
which contradicts the concavity of u.
Lemma 2.3. Let o0 > % Ify € C([0,T],[0,+o0)), then the problem (2.1)-(2.2) has no positive solution.

Proof. Suppose that the problem (2.1)-(2.2) has a positive solution u.
If u(T) > 0, then [y u(s)ds > 0. It implies that u (1) > 0 and

- [uoien 2 () -

This contradicts the concavity of u.

If u(T) =0, then fon u(s)ds =0, thisis u(r) = 0 for all € [0, n]. If there exists #y € (1, T) such that u(t9) > 0, then u (0) =

which contradicts the concavity of u. Therefore, no positive solutions exist.

Lemma24. . Let0 < o < %—E Ify e C([0,T],[0,+o0)), then the unique solution of the problem (2.1)—(2.2) satisfies

min u(t) > y|lull, ||u|| = max |u(t)],
rem.T] (@) = vllull, flull ZE[O,T]\ (t)]
where

——— ] an® an(T—n)
T’ 2T 2T—on? |’

(2.6)

2.7

u(n) <ult),

O

(2.8)

(2.9)
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Proof. Setu(t) = ||u||. We consider three cases.
Case 1. If n <7 < T and min, [, 7u(t) = u(n), then the concavity of u implies that

u(n) U 7) >u(‘r:
n T
Thus,
|
min u(t)> 7 .

Case 2. If n <7 < T and min, [, 7ju(t) = u(T), then (2.2)-(2.6) and the concavity of u implies

u(T):a/O"u(s)dsza"; [“(n”)} > a”; {iﬂ) > Oé’; u(t).

Therefore,

ten[]ﬁ,nr]”()*fu ull.

Case 3. If t < < T, then min,c |, 7y u(t) = u(T). Using the concavity of u and (2.2)-(2.6), we have

u(t)—u(T) _ u(T)—u(n)
T—n

T
u(®) <u(r)+ D=4 )

u(T)—u
( T)—n(n) (0-1) (2.10)

2
i@
n

) >
— >

u(t) <u(T)+

This implies that

. an(T -n)
téf%f}]”(’)— T —an? [luel

This completes the proof. O
3. Main results

In this section, we establish the existence of positive solution for the (BVP) (1.1)-(1.2).

Let

E=c[0,T], ﬁ:/OT(T—s)Za(s)ds

Theorem 3.1. Assume (HI) and (H2) hold and 0 < o < ?7—7; If fo =0, then the problem (1.1)-(1.2) has at least one positive solution.

Proof. From Lemma 2.1, u is a solution to the boundary value problem (1.1)-(1.2) if and only if u is a fixed point of operator A, where A is
defined by

Ault) = —" /T (T —5)2a(s) f (s,u(s)) ds

2T —an? Jo
at

_m/on(n_sfa(s)f( dS—f/ l—S (S M(S))ds.

3.1)

Denote that
Q= {u |lueC([0,T],R),u>0, min u(r)> ')/Hu||}7
t€[n.T]

where 7 is defined in (2.9). Then Q is the convex subset of E.

We choose € >0 and € < %. By fo =0, it there exists constant M > 0, such that f (1) < eu for 0 < u < M. For u € Q, from Lemma

2.2 and Lemma 2.4, we have Au () > 0 and min,c[;, 77Au(t) > v|[|Aul|.
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On the other hand,
t
< -
= 2T —an?
t
P —
— 2T —an?
Te
2T — an?
< |lufl < M.

Au(t) [ =spat rus)as

T )
/0 (T —s)a(s)eu(s)ds

< luell

/OT (T —5)?a(s)ds

Thus ||Au|| < |jul|. u € KNIQ;. Hence AQ C Q. It easy to check that A : Q — Q is completely continuous. Foru € Qand 0 <A < 1, we
have u (t) = AAu (t) < Au(t) < M, which implies ||u|| <M. So {u € Q| u=AAu, 0 < A < 1} is bounded. By Theorem 1.1 the operator A
has at least one fixed point in Q. Thus the problem (1.1)-(1.2) has at least one positive solution. The proof is complete. O

Theorem 3.2. Assume (HI) and (H2) hold, and 0 < a < 37% If foo =0, then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Choose € < ZTZ}%HZ. By f. =0, we know there exists Constant N, such that f (u) < gu for u > N.
Select
218
M>N+14 ———
=N 2T — an? orgntgzvf(u)
Let

Q= {u |ueCl0,T],u>0, |lul| <M, min u(t)> )/||14H}7
t€(n.T]

then Q is the convex subset of E. For u € Q, by Lemma 2.2 and Lemma 2.4 we know Au (¢) > 0 and min, [, 71 Au(t () > v [|Auf).
On the other hand,

t T
) < g oy | T=9a)rw)as
< ZT_iTomz‘/oTw—s)za(s)eu(s)ds
= e o or o T AW ds s [ (T 9Pa() fuls)ds
< e [ T =sPa@enyass T [N TR a()ds. mas £ 0)
< el [ (TP ads T [T ats) s max £ (0
< oM [P a)ast T [T =P at) s max ()
= 2T ffszﬁ-i- 2T—an2ﬁ0r§nuagXNf(u)
< %M+%M:M.

Thus ||Au|| < M. Hence, AQ C Q. IT easy to check that A : Q — Q is completely continuous.

Foru e Qand u = AAu, 0 < A < 1, we have u(t) = LAu (t) < Au(t) < M, which implies |ju]| <M. So, {u € Q: u=AAu, 0 <A <1} is
bounded. By Theorem 1.1, we know the operator A has at least one fixed point in Q. Thus the problem (1.1)-(1.2) has at least one positive
solution. The proof is complete. O

(27-an?)

Theorem 3.3. Assume (HI) and (H2) hold, and 0 < o < %—E If there exists constant py > 0, such that f (u) < B P TB forO<u<py,

then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Let Q = {u lueC[0,1],u>0, [[ul| <py, mingcpy 7 u(t) > y\|u||}, then Q is the convex subset of E.
For u € Q, by Lemma 2.2 and Lemma 2.4, we have

Au(t) > 0 and min, [, 7 Au () > v ||Aul|. (3.2)
On the other hand

l T
M) € gty [ (=9 a(s) ()
t T 2T — an?
< / (T s ( n%)p1
2T —an? Jo T8

Then ||Au|| < p;. Hence, AQ C Q. It easy to check yhat A : Q — Q is completely continuous.

Foru € Q and u = AAu, 0 < A < 1, we have u(t) = AAu(t) < Au(t) < p;, which implies |lu|| <d. So{u e Q: u=2AAu,0 <A <1}is
bounded. By Theorem 1.1, we know the operator A has at least one fixed point in Q. Thus the problem (1.1)-(1.2) has at least one positive
solution. The proof is complete. O

ds:pl.



130 Universal Journal of Mathematics and Applications

(27-an?)

Theorem 3.4. Assume (HI) and (H2) hold, and 0 < o < %—5 If there exists constant py > 0, such that f (u) < B P for0 <u<py,

then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Choose

d>14+py+ fu).

— . max
2T — an? o<u<p,
Let

Q= {u |lueCl0,T],u>0,|ul| <d, min u(r)> )/||u|\}7
t€[,T]

then Q is the convex subset of E.
For u € Q, by Lemma 2.2 and Lemma 2.4, we know Au (#) > 0 and min,c[;) 71 Au(t) > v||Aul.

On the other hand,
w) < o [F T =sP a7 )
T
< s =) fw(s)ds

T
T 2T — 06172 /11:{.96[0,T],u(s)>pz}

T T ) (2T —an?) p,
< - _
- 2Tfocn2/0 (T'=s)als)

(T —s)a(s) f(u(s)ds+ (T —s)*a(s) f (u(s))ds

2T — an? ./Izz{se[O,T].,u(s)Spg}
T
a2
7B ds+2Tfan2/o (T —s) a(s).oglagxpzf(u)ds

<p2+ fu)<d.

— . max
2T — an? o<u<p,
Thus ||Au|| < d. Hence AQ C Q. It easy to check that the operator A is completely continuous. For u € Q and u = AAu, 0 < A < 1, we have

u(t) = AAu(t) < Au(t) < d, which implies ||u|| <d. So {u € Q: u=AAu,0 < A < 1} is bounded. By Theorem 1.1, we know the operator
A has at least one fixed point in €. Thus the problem (1.1)-(1.2) has at least one positive solution. The proof is complete. O

4. Examples

Example 4.1. Consider the boundary value problem

2
" t“u 5
Nt 0, 0<r<?, 4.1
Wi+ a =0 0<r<y, 4.1
" 5 i
w(0)=0,u" (0)=0,u(3 :35/ u(s)ds, 4.2)
0

T ttet
foo = 0 and from Theorem 3.2, we can get that the (4.1)- (4.2) has at least one positive solution. Consequently, we cannot apply the
Krasnoselskii’s fixed point theorem like in [10, 17, 19]

where =35, 1 =4 T=30<0a=35<40=2L, f(t,u) = 7 € C([0,T] x [0,%0),[0,%)) and a(r) = > 0 fort € [g,g]. Since

Example 4.2. Consider the boundary value problem

3
’”t+e’( 7L>:0, 0<t< =, 4.3
O e y @3)
" 3 02
u(0)=0,u (O)ZO’M<Z) :15/ u(s)ds, (4.4)
0
where 0 =15, 1=02=1T=3 0<a=15<375= % fltu) = u— 7= € C((0,T] x[0,20),[0,20)) and a(r) = ¢ > 0 for
te [%, %] Obviously fo = 0. From Theorem 3.1, the (4.3)-(4.4) has at least one positive solution. On the other hand, we have fo =1, then

the function f is not superlinear. Consequently, we cannot apply the Krasnoselskii’s fixed point theorem like in [10, 17, 19]
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