Solutions for the Drinfeld-Sokolov Equation Using an IBSEFM Method
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ABSTRACT

In this study, the Drinfeld-Sokolov system is solved by the application of the improved Bernoulli sub-equation
function method (IBSEFM). We have found new solutions different from the others articles in the literature. In
addition, we carried all the computations out and the graphics plot in this article by software Wolfram Mathematica

9.
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Drinfeld-Sokolov Denkleminin IBSEFM Yontemiyle Yeni Coziimleri

Oz

Bu calismada, gelistirilmis Bernoulli fonksiyon yonteminin Drinfeld-Sokolov sistemine uygulanmasi sunulmustur.
Literatiirdeki diger makalelerden fakli yeni ¢6ziimler bulduk. Ek olarak, bu makaledeki tiim hesaplamalar ve grafik
cizimleri Wolfram Mathematica 9 programi yardimiyla yapilmustir..

Anahtar Kelimeler: Gelistirilmis Bernoulli Denklem Metodu, Drinfeld-Sokolov denklemi, Yeni ¢6ziimler

INTRODUCTION

Nonlinear partial differential equations (NPDEs) have
modeled Nonlinear complex phenomena in various
scientific fields such as plasma physics, fluid
mechanics, optical fibers, nonlinear optics, solid state
physics and so on. The investigation of exact solutions
of NPDEs will help to be better understanding the
complex phenomena. In this paper, the Drinfeld-
Sokolov (DS) system of equations [1-3] is investigated
by using the improved Bernoulli sub-equation function
method(IBSEFM) [4]. DS equation system is an
example of a system of nonlinear equations possessing
Lax pairs of a special form [1] and it was introduced by
Drinfeld and Sokolov.

The Drinfeld-Sokolov (DS) equation is given by
U+ (%), =0
UV, — AU, + 3dvu, + 3kv,u =10
o)

where w = ul(x,v,t), v =v(x,v,t) and a.d, k
are constants.

Various analytical approaches have been used in
obtaining the exact solutions to the Drinfeld-Sokolov
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(DS) system of equations. Wazwaz [5] used the sine-
cosine and tanh methods to DS, EI Wakil and Abdou [6]
used the modified extend tanh-function method for
finding exact solutions for five model of nonlinear
differential equations, one of them is the DS system.
And Zangh et al. [7] used the complex system for
complex DS system.

The IBSEFM

Improved Bernoulli  sub-equation  function
method (IBSEFM) formed by modifying the Bernoulli
sub-equation function [8-10] method will be given in
this part.

Step 1. Let’s consider the following fractional
differential equation;

P(u,u,,u,uy,---)=0,

)
and take the wave transformation;
u(x,t) =U(y), y=x—ct
®)
where € is constant and, it will be determined later.
Substituting Eq.(3) into Eq.(2), we obtain the following
nonlinear ordinary differential equation;

N(U,U’,U"U",---)=0,
@
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Step 2. Considering trial equation of solution in Eq.(4),
it can be written as following;

U(n)=

;ail:i (n) @ +aF(n)+a,F*(n)+-+aF"(n)

we get the following system of nonlinear ordinary
differential equations:

—cU"+ (VY =0,

(%)
According to the Bernoulli theory, we can consider the
general form of Bernoulli differential equation for F’
as following;

F'=wF+dF", w0, d#0, M e[ —{0,1,2},

(6)
where F =F () is Bernoulli differential polynomial.
Substituting above relations in Eq.(4), it vyields

equations of polynomial Q(F)of F as following;
Q(F) = pgF° +-+ pF + py = 0.
()

According to the balance principle, we can determine
the relationship between N,M and M .

Step 3. The coefficients of o(F) all will be zero yield
us an algebraic system of equations;

pj =0,i=0,,s.
(8)
Solving this system, we will specify the values
ofa,,---,a,and (ONETEN o W)

Step 4. When we solve nonlinear Bernoulli differential
equation Eq.(6), we obtain the two following situations

accordingto band d ;
—d

F(n):[W+

E

eW( M -1)n

_1

1-M

} , W=d,
9)

1

(E-1)+(E +1)tanh (w(1-M)n/2) [-*
A ){ 1—tanh(w(1-|v|),7/2) ] , w=d, Eel.

(10)

Application

In this section, the Drinfeld-Sokolov (DS) equation is
solved by using the wave transformation on Eq. (1) in
the application of the improved Bernoulli sub-equation
function method.

u(x,}r, t] = U(Tj! ¥y =x —ct,

'L']{_'x,}i", t] = V(Tjr y=x— Ct;
(11)

= Zm:bjFi(f]) by +bF () +b,F 2 ()4 +b,F" (1)’

cV' + aV™ — 3dVU' — 3kUV' =0
(12)

Integrating the first equation in the system (12), we get

cll = v?

(13)

Inserting Eq.(13) into the second equation of Eq. (12),

we get the following single nonlinear ordinary
differential equation:

eV L acV" —edVIV' —3kVIV' =0
(14)

Finally, integration Eq (14), we have

c*V+acV' —(2d+ k)W3*i=0
(15)

Balancing Eq. (15) by considering the highest derivative
and power, we obtain

m+M =n+1.

Choosing M = 3, m = 1, gives = = 3. Thus, the
trial solution to Eq. (1) takes the following form:

ag+a; F(y)+a, F2(y)+azF3(y)

[7 =
(}’) by +b, F(y)
(16)
where F'=wF +dF?*w=0,d #0,

Substituting Eq. (16), its second derivative along with
F'=wF+dFiw=0,d=0 ino Eq (15),
yields a polynomial in F. Solving the system of the
algebraic equations, yields the values of the parameter

involved. Substituting the obtained values of the
parameters into Eq. (16), yields the solutions to Eq. (1).

Forw # d, we can find following coefficients:

Case 1.
iy ] Zwa 2w anh
al_ Di,ﬂ-zz D;a-:i: Di’kz
bg - by
el
—2w + —=C ¢c=2actd=w
L
(7)
Case 2.
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egby _ kap , 4atctbp _ __agh, _ HidJma, _
T A M=, BT T 8T
_ kagh, +4m“a“bnb1 c=2acd= 23TdJmayb, k=—2d+ ' by
by By ’ ' ~ch, P rzg
_k zae's ok, o', (19
z E: ! 2 E: !
(18) Case 4.
_ apby _ 2way _ Iwapb, —
Case 3. =, 2T T @ T T AT
VId tka, . _ VZd tka, —4
2e%p, b,
(20
Substituting Eq. (17) into Eg. (16), gives
) . - 2
wap opby Jwapby
(apt —+ + )
—Zy(x—2rrypp ¥ - ETE
[T JEE—a}dr Jﬂ—za[z—zmszE_Eiﬂ [e‘E[I‘EWZJEE—L—L] ahp
ul [xl yl t} = B z
2ae? (byt—————)
fa—kn—nmﬂnm_f
a
. . 21
ag+ h:anz " apiy . Zwagsy (21)
—Za(z—2t w, : 32
[g—=ax JEE—a]-:r Ja_z:r(z—zmszE_L_*m @_z,:rg_zrmszE_&] 7
v, (x,v,t) = z
15 Y, - B I S
=2o(r=2terypp ¥
a
Substituting Eq. (18) into Eqg. (16), gives
ks s=tAl _keghy a=tf :
[8g+ = = T+ = ; - )
X ‘E*h .rliq | J.;j‘l": H] _’_‘*_1"1"4 132
‘—h:rbm,nd_a‘n_ w‘-hg,—bm’;ﬂd%@_ :‘_hi_,_hz}ﬂ 1 ,Eé ,
uz (I, }I’j t} = i =y I
Zag (Bt I —
_f ="
N = (22)
ﬂ]‘ Iefr—Barjpp S0
ag+ Eu:anz - apiy - Jumphy
—2o(z—2n W : 3/
Chds ]EE_-EIJJ Ja—E[I-EWEJEE—;—LEn (a—E(I-EWEJEE—E] T
v, (x,y,t) = B :
byt

a—Z-cr[z—z“hmszE_E
T

Substituting Eq. (19) into Eq. (16), gives
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z

(ag+ 2y/2unymag + aghy ‘ 2Zwnmag by
ViVt [ . fz 2
Wz % ez | VErmo=y Vot oes g _"l.—a :
o = Az .J-; V= EE_—JTF Ly Vel +a EE——?,E S
Uz [I, ¥, t:} = - by z
{‘[B,u+ I il
| fn"E[—n—n-x)
I
ot 2y/Tunag . aghy . 2y/Twn/maghy .
_@ _"Fm _"E |! -\."E _",l;[ —eris) -',"_z-,";[—n—i-x} e
vete : = VE \r Va EE——-"F:,- = Vege e EE—% By
1?3(1;}'; t:} = s N
ot
|I 'u"_z'l‘";[—rH-:c}
Iy V= u%
Substituting Eq. (20) into Eq. (16), gives
(24)
By(ag+ Zdag : aghy . Zdaghy > JZ
k -.‘.l';_-;1'4.1.‘1;;1“~ | Sk —_— 3z
["_ZJ[ s ‘I“d_j)a "le—Zd'[ H:ﬂ :leej—rbq [a-_zg[xd%}eri) abg
Uy [I, ¥, t:} = by - H
W 2d+kag Byt 1
| - Iy R
JF by EE—
ogt 2dag : aghy : 2dagh;
v Ed=kag I — — 3z
;_EJ[I 5 JEE—ﬂ" | _EJ[P%:' d _E[Pm:' d,
{ 7T g EE—by (g B e~y gy
1?4(35;}’;5}: s By
ar
| oo R
e By pp-=

Choosing the suitable values of parameters, we performed the numerical simulations of the obtained solutions for
(21) equation by plotting their 2D and 3D.
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Figure-1 The 3D and 2Dsurfaces of the solution
Eq.(21) for suitable values

CONCLUSIONS

In this article, new solutions are obtained for the
Drinfeld-sokolov equation by using the IBSEFM
method. We have seen that the results we obtained are
new solutions when we compare them with previous
ones. Our results might be useful in explaining the
physical meaning of various nonlinear models arising in
the field of nonlinear sciences. IBSEFM is powerful and
efficient mathematical tool that can be used to handle
various nonlinear mathematical models.
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