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Özet 
  

Article Info 

 

Bu makalede, [6]’da verilen, indeksi 1 olan Lorentz 3-uzay  
𝕃3’deki spacelike odak eğrisinin Frenet denklemlerini 

inceliyoruz. Eğrinin sırasıyla teğet, esas normal ve binormal 

Frenet vektörleri olan T, N ve W’yi ve Frenet denklemlerini 

kullanarak, spacelike odak eğrisi için bazı önemli tanımlar, 

teoremler ve sonuçlar veriyoruz. Ek olarak, indeksi 1 olan üç 

boyutlu Lorentz uzayındaki spacelike odak eğrisini, harmonik 

eğrilikler açısından inceledik. Son olarak, bir örnekle 𝕃3’ 

deki spacelike odak eğrisini ve Lorentz dairesel helisini elde 

ettik. 
 

 

 

 Research Article 

Received: 25/06/2025 

Accepted: 19/09/2025 

 

 Anahtar Kelimeler 

 Lorentzian space, 

 Focal curve,  

Harmonic curvatures 

 

 Öne Çıkanlar 

 Harmonic Curvatures 

of a Spacelike Focal 

Curve 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://dergipark.org.tr/tr/pub/istd


ISTD, Vol.6, No.2, 2025 

 

211 
 

A Study on Harmonic Curvatures of a Spacelike Focal Curve in 𝕃3 

 
Abstract  Keywords 

 

In this paper,we study the Frenet equations given in [6] for a 

spacelike focal curve in Lorentz 3-space with index 1. Using 

the Frenet equations, we derive important definitions, 

theorems and results for a spacelike focal curve, where T, N 

and W are the tangent, principal normal and binormal Frenet 

vectors of the curve, respectively. Additionally, we examine a 

spacelike focal curve in the three-dimensional Lorentz space 

with index 1 in terms of harmonic curvatures. Finally, we 

present an example of a spacelike focal curve and a 

Lorentzian circular helix of a spacelike curve in 𝕃3. 
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1. Introduction 

 

In a Semi-Euclidean manifold, there are three types of curve: spacelike, timelike, and null 

(or lightlike) curves, according to their causal character. The geometry of focal curves 

has been studied by several authors (see references [5], [6], and [7]). In particular, 

Yıldırım [5] studied the surfaces of canals and tubes around a timelike focal curve in 

Minkowski 3-space. Meanwhile, Yıldırım [6] examined canal surfaces surrounding a 

spacelike focal curve in a Lorentzian 3-space. Özdemir [7] studied the focal curvatures 

of non-lightlike curves in Minkowski (m+1)-space. In this paper, we derive theorems and 

results for a spacelike focal curve in three-dimensional Lorentz space of index 1, 

expressed in terms of harmonic curvatures. 

 

 

2. Material and method 

 

2.1. Material 

 

Semi-Euclidean 3−space 𝕃3 with index 1 is the Euclidean 3−space 𝔼1
3 equipped with an 

indefinite flat metric g given by ɡ = 𝑑𝑥1
2 − 𝑑x2

2 + 𝑑x3
2,  where  𝑋 = (𝑥1, 𝑥2, 𝑥3) is a 

rectangular coordinate system of 𝕃3.  A vector 𝑋 = (𝑥1, 𝑥2, 𝑥3) in 𝕃3 is a called a 

spacelike, a timelike or a null (lightlike), if respectively holds ɡ(𝑋, 𝑋 )> 0, ɡ (𝑋, 𝑋 ) < 0 

or ɡ (𝑋, 𝑋 ) =0 and 𝑋 ≠ 0 = (0, 0, 0). The norm  of a vector X is given by    

‖Χ‖ = √|ɡ(𝑋, 𝑋 )|. Two vectors 𝑋 = (𝑥1, 𝑥2, 𝑥3)  and Y = (𝑦1, 𝑦2, 𝑦3) in 𝕃3 are said to 

be orthogonal, if g(𝑋, Y ) = 0. 

An arbitrary curve 𝛼 = 𝛼(s) in 𝕃3can locally be spacelike, timelike or null, if respectively 

all of its velocities 𝛼′(s) are spacelike, timelike or null. Spacelike or timelike curve 𝛼 (s) 

is said to be parametrized by arclength functions s, if g(𝛼 ′(s),  𝛼 ′(s)) = ±1 . 

We also recall that the pseudosphere S1
2 and the pseudohyperbolic space H0

2 are the 

hyperquadrics in 𝕃3, defined respectively by: 
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𝑆1
2(c,  r)= {𝛼 𝜖𝕃3: ɡ(𝛼 − 𝑐, 𝛼 − 𝑐) = 𝑟2 }, 

𝐻0
2(c,− r)= {𝛼 𝜖 𝕃3: ɡ(𝛼 − 𝑐, 𝛼 − 𝑐) = −𝑟2 }, 

where center c and radius r ϵR+ .  

 

Let 𝑋 = (𝑥1, 𝑥2, 𝑥3)  and Y = (𝑦1, 𝑦2, 𝑦3) be two vectors in 𝕃3. The vector product in 

𝕃3 is defined using the determinant 

𝑋 ∧Y =  |

ℯ1 −ℯ2 ℯ3
𝑥1 𝑥2 𝑥3
𝑦1 𝑦2 𝑦3

| = (𝑥2𝑦3 − 𝑦2𝑥3,  𝑥1𝑦3 − 𝑦1𝑥3,  𝑥1𝑦2 − 𝑦1𝑥2) 

 

where ℯ1, ℯ2 and ℯ3 are coordinate direction vectors [3]. 

We know that its velocity vector is T(s) = 𝛼′ (s). Let be the unit vector N(s) = 𝑇′ 
 𝑇′(𝑠)

‖ 𝑇′(𝑠)‖
. 

Finally, define the vector W(s)=N(s)∧T(s). The family { 𝑇(𝑠),𝑁(𝑠),𝑊(𝑠)} is an 

orthonormal triad. These three vectors are known as the tangent, the principal normal and 

the binormal vectors, respectively. This family { 𝑇(𝑠), 𝑁(𝑠),𝑊(𝑠)}  is called the Frenet 

frame [6].  

The moving Frenet frame along the curve 𝛼 = 𝛼 (s) is denoted by { 𝑇, 𝑁,𝑊} . T, N and W 

then represenet the tangent, principal normal and binormal vectors of the curve 𝛼(s), 

respectively. Depending on the causal character of the curve 𝛼we have the following 

Frenet formulas:  

 {

𝑇′ = 𝑘1𝑁,

𝑁′ = 𝑘1𝑇 + 𝑘2 𝑊,
𝑊′ = 𝑘2 𝑁

}                                                                                                               (1)                                                                        

and                                                 

{

𝑔(𝑇, 𝑇) =  𝑔(𝑊,𝑊) =  1,

𝑔(𝑁,𝑁) = −1,

𝑔(𝑇, 𝑁) = 𝑔(𝑇,𝑊) = 𝑔(𝑁,𝑊) = 0

}                                                                                 (2)                                

 

if  𝛼 is a spacelike curve with a timelike principal normal N, where 𝑘1 and 𝑘2 are the 

first and second Frenet curvatures of  𝛼,  respectively [4]. 

In 𝕃3, the curvature of a random curve 𝑋 is derived as follows. 

𝑘1 =
‖𝑋′∧ 𝑋′′ ‖

‖𝑋′‖ 3
,   𝑘2 = 

det(𝑋′,𝑋′′,𝑋′′′)

‖𝑋′∧ 𝑋′′‖ 2
,  

 

where ∧ vector product in 𝕃3 [2]. 

We are now ready to express this in terms of harmonic curvatures of a spacelike focal 

curve in 𝕃3. 
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2.2. Method 

 

We will derive the Frenet equations for the spatial focal curve in three-dimensional 

Lorentzian space using the literature, and then use these equations to derive certain 

definitions, theorems and results. Finally, we will examine the spacelike focal curve in 

terms of harmonic curvatures. 

 

 

3. Results 

 

Expression in terms of harmonic curvatures of spacelike focal curve in 𝕃𝟑 
 

Definition 1.  [1] Let 𝛼 be a spacelike curve in 𝕃3. The harmonic functions 

 𝐻𝐽 : I → ℝ ,  j = 0; 1  

defined by 

{ 𝐻0 =0, 𝐻1 =
𝑘1

𝑘2 
,  ( 𝑘2 ≠ 0), 

These are known as the harmonic curvatures of 𝛼. Here, k1 and k2 are the Frenet 

curvatures of 𝛼. 

 

Theorem 1.  Let { 𝑇, 𝑁,𝑊} be a Frenet frame for the spacelike curve 𝛼 and the timelike 

principal normal N in 𝕃3. Then for a spacelike curve 𝛼 in 𝕃3, the following Frenet 

equations hold : 

{
 

 
𝑇′ = 𝑘2 𝐻1𝑁,

𝑁′ = 𝑘2 𝐻1𝑇 +
𝑘1 

𝐻1
 𝑊,

𝑊′ =
𝑘1 

𝐻1
𝑁, }

 

 

                                                                                                          (3) 

 

where  𝐻1 ≠ 0 and 𝑘2 ≠ 0  are harmonic curvature and second Frenet curvatures of 𝛼, 

respectively. 

 

Proof.  By using the definition of harmonic curvatures, we obtain the theorem.   ∎ 

 

Theorem 2.  Let 𝛼 be a spacelike curve with a spacelike binormal in  𝕃3. { 𝑇, 𝑁,𝑊}  is 

the Frenet frame of 𝛼.  Where T is the tangent vector field, N is the principal normal 

vector field and W is the binormal vector field. Then 
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{
 
 
 
 
 

 
 
 
 
 
𝑔(𝑇′, 𝑇) = 𝑔(𝑁′, 𝑁) = 𝑔(𝑊′,𝑊) = 0,

𝑔(𝑇′, 𝑁) = −𝑔(𝑇, 𝑁′),

𝑔(𝑇′,𝑊) = −𝑔(𝑇,𝑊′),

𝑔(𝑁′,𝑊) = −𝑔(𝑁,𝑊′),

𝑔(𝑇′′, 𝑇) = 𝑘2
2𝐻1

2

𝑔(𝑁′′, 𝑁) = −(1 + 𝐻1
2)𝑘2

2,

𝑔(𝑊′′,𝑊) =
𝑘1
2

𝐻1
2 ,

𝑔(𝑇′′𝑁) = −𝑔(𝑇,𝑁′′),

𝑔(𝑇′′, 𝑊) + 𝑔(𝑇,𝑊′′) = 2𝐻1𝑘2
2,

𝑔(𝑁′′,𝑊) = −𝑔(𝑁,𝑊′′). }
 
 
 
 
 

 
 
 
 
 

                                                                                   (4) 

 

Here 𝑘2 ≠ 0 and 𝐻1 ≠ 0 are the second Frenet curvatures and the harmonic curvatures 

of  𝛼, respectively. 

 

Proof.  By using Equations (2) and (3), we obtain the proof of the theorem.  ∎ 

 

Definition 2.  [5] Let (𝑥1, 𝑥2, 𝑥3)  be semi-Euclidean coordinate system in 𝕃3.We take a 

Lorentzian sphere g(𝐹𝛼 − 𝛼, 𝐹𝛼 − 𝛼) = 𝑟2,  with origin and radius 𝐹𝛼 and  𝑟, respectively. 

Let  

f(s) = 
1

2
 (‖𝐹𝛼  − 𝛼‖

2 − 𝑟2).                                                                                                         (5)  

 

If we have the following equations 

ƒ (s) =  ƒ ′(s) = ƒ ′′(s) = ƒ ′′′(s) = 0,                                                                                         (6) 

 

then we say that the sphere passing through four consecutive points of the curve is called 

the osculating Lorentzian sphere. 

 

Definition3.  [6] Let 𝛼 = 𝛼 (s) : I → 𝕃3 be any curve. The set of points F𝛼 is called the 

focal curve of 𝛼 if it is the set of centres of the osculating spheres of 𝛼. 

 

Theroem 3.  Let 𝛼 =  𝛼 (s) be a spacelike curve with a spacelike binormal in 𝕃3 and its 

Frenet frame be { 𝑇, 𝑁,𝑊}. Then the focal curve F𝛼 of 𝛼 is 

𝐹𝛼  = 𝛼 + ƒ1 𝑁 + ƒ2 𝑊 

 

and the focal curvatures are 

ƒ1 = −
1

𝐻1 𝑘2 
,  ƒ2 = 

(𝐻1 𝑘2 )
′

𝑘1𝑘2
2𝐻1 

 , 

 

where  𝐻1 ≠ 0  𝑘1 ≠ 0 and 𝑘2 ≠ 0 harmonic curvature, first and second Frenet curvatures 

of 𝛼, respectively. 

 



ISTD, Vol.6, No.2, 2025 

 

215 
 

Proof. Let us suppose that 𝛼 = 𝛼 (s) lies on 𝑆1
2 with center F𝛼 . By the definition, we have 

g(𝐹𝛼  − 𝛼, 𝐹𝛼  − 𝛼) = 𝑟2,                                                                                                         (7) 

 

for every  sϵI ⊂ R. Differentiating (7), three times with respect to s using Frenet equations 

(3), we have, respectively, we get 

{
 
 

 
 

𝑔(𝑇, 𝐹𝛼 − 𝛼) = 0 ,   

𝑔(𝑁, 𝐹𝛼 − 𝛼) = −
1

𝐻1 𝑘2 
,

𝑔(𝑊, 𝐹𝛼 − 𝛼) =
(𝐻1 𝑘2  )

𝑘1𝑘2
2𝐻1 

 .

 

 

Finally, we may write the focal curve as 

𝐹𝛼(s) = 𝛼 (s) + ƒ1 N(s) + ƒ2 W(s) = 𝛼 (s)−
1

𝐻1 𝑘2 
N(s)+ 

(𝐻1 𝑘2  )′

𝑘1𝑘2
2𝐻1 

 W(s),                               (8) 

we can easily say the focal curvatures are 

ƒ1 = −
1

𝐻1 𝑘2 
 , ƒ2  = 

(𝐻1 𝑘2  )′

𝑘1𝑘2
2 𝐻1 

 , 

 

where  𝐻1 ≠ 0,  𝑘1 ≠ 0 and 𝑘2 ≠ 0 are.  ∎ 

By Definition 2 and Theorem 3 we have the following result. 

 

Corollary 4. The expression in terms of harmonic curvatures of f(s) in Definition 2 is                             

f(s) =  
1

2
    (− (−

1

𝐻1 𝑘2 
)
2

+ (
(𝐻1 𝑘2  )

′

𝑘1𝑘2
2 𝐻1 

)
2

− 𝑟2) . 

 

Corollary 5.  The radius r of the Lorentzian sphere in 𝕃3  is 

𝑟2  =  − (−
1

𝐻1 𝑘2 
)
2

+(
(𝐻1 𝑘2  )

′

𝑘1𝑘2
2 𝐻1 

)
2

= −(ƒ1)
2+ (ƒ2)

2. 

 

If r is constant then the derivative of r is 

ƒ1 [−(ƒ1 )
′ − (

(𝐻1 𝑘2  )
′

𝑘1𝑘2
) (ƒ2 )

′] =  0. 

 

Here ƒ1 =  0, (
(𝐻1 𝑘2  )

′

𝑘1𝑘2
2𝐻1 

(ƒ2 )
′) ≠ 0  ,  𝐻1 ≠ 0  , 𝑘1 ≠ 0 and 𝑘2 ≠ 0.  

 

Proof.  By using the equations (2), (7) and (8), the result is obtained.  ∎ 

 

Theorem 6.  Let 𝛼 = (s) be a spacelike curve with a spacelike binormal in 𝕃3. The 

curve 𝛼 satisfies the following Frenet equations: 
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[
 
 
 
 

1

(−
1

𝐻1 𝑘2 
)
′

(
(𝐻1 𝑘2  )

′

𝑘1𝑘2
2 𝐻1 

)
′

−
(𝑟2)

′
 𝑘1𝑘2

2 𝐻1 

2(𝐻1 𝑘2 )
′ ]
 
 
 
 

 = [

0 −𝑘1 0
−𝑘1 0 𝑘2 
0 𝑘2 0

] 

[
 
 
 

0

−
1

𝐻1 𝑘2 

(−
1

𝐻1 𝑘2 
)
′

 
𝐻1 

𝑘1 ]
 
 
 

 

 

Where if the curve 𝛼 is spherical, then (𝑟2)′ = 0 

 

Example 1.  Let us consider a spacelike curve in 𝕃3 with the equation 

α(s) = (sinh  
s

√3
 , cosh 

s

√3
 ,
s

√3
). 

T(s) = α′(s) = (
1

√3
 cosh 

s

√3
 ,
1

√3
 sinh 

s

√3
 ,
1

√3
 ) , 

where g(T(s), T(s)) =
 2

3
 . Also,  

α′′  = (
1

3
 sinh 

s

√3
 ,
1

3
 cosh 

s

√3
 , 0), 

α′′′ = (
1

3√3
 cosh 

s

√3
 ,

1

3√3
 sinh 

s

√3
 , 0) 

N(s) = (sinh  
s

√3
 , cosh 

s

√3
 , 0), 

W(s) = (
1

√3
 cosh 

s

√3
 ,
1

√3
 sinh 

s

√3
 , −

1

√3
   ). 

 

Morever, we have the curvatures 𝑘1 =  
1

2
 , 𝑘2 =  −

1

2
  and 𝐻1 =  −1. Then, we obtain the 

Frenet equations of spacelike curve 𝛼 in 𝕃3 

{
 
 

 
 𝑇′(𝑠) =

1

2
 𝑁(𝑠) ,

𝑁′(𝑠) =
1

2
 𝑇(𝑠)  − 

1

2
 𝑊(𝑠),

𝑊′(𝑠) = − 
1

2
 𝑁(𝑠), }

 
 

 
 

 

 

and questions 4 are :  

 

{
 
 
 
 
 

 
 
 
 
 
 𝑔(𝑇′, 𝑇) = 𝑔(𝑁′, 𝑁) = 𝑔(𝑊′,𝑊) = 𝑔(𝑇′,𝑊) = 𝑔(𝑇 ,𝑊′)  = 0,

𝑔(𝑇′′, 𝑁) = 𝑔(𝑇,𝑁′′) = 𝑔(𝑁′′,𝑊) = 𝑔(𝑁,𝑊′′) = 0,

𝑔(𝑇′, 𝑁) = 𝑔(𝑁′,𝑊) =  𝑔(𝑁′′, 𝑁) =  − 
1

2
 ,

𝑔(𝑇′′,𝑊)  +  𝑔(𝑇,𝑊′′)   =  − 
1

2
 ,

𝑔(𝑇, 𝑁′) =  𝑔(𝑁,𝑊′)  =  
1

2
 ,

𝑔(𝑇′′, 𝑇) = 𝑔(𝑊′′, 𝑊) =  
1

4
. }
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Additionally, the focal coefficients of 𝛼 .  ƒ1 = −2 and  ƒ2  = 0. Then the focal curve 𝐹𝛼 

of 𝛼 is 

𝐹𝛼  = 𝛼 (𝑠) − 2𝑁(𝑠) =  (−𝑠𝑖𝑛ℎ  
𝑠

√3
 , − 𝑐𝑜𝑠ℎ 

𝑠

√3
 ,
𝑠

√3
). 

 

Since 
𝑘2

𝑘1
 is constant, the curve 𝛼 is the Lorentzian circular helix in 𝕃3.  

 

 

4. Conclusion  

This study examined spacelike focal curves in three-dimensional Lorentz space with 

index 1 within the framework of the Frenet equations, investigating their geometric 

properties. First, the Frenet equations were rearranged using the tangent, normal and 

binormal vectors, and fundamental definitions and theorems for spacelike focal curves 

were established. Then, these curves were analyzed in terms of harmonic curvatures to 

provide a different perspective. The results obtained reveal that the theory of curves in 

Lorentz space has a rich structure, both theoretically and in terms of potential 

applications. Furthermore, presenting explicit examples of spacelike focal curves and 

the Lorentz circular helix concretized the theoretical analyses. In this regard, the study 

lays the groundwork for further research in differential geometry and the geometric 

structures of Lorentz spaces. 
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