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helix or slant helix in Minkowski 3-space.

1. Introduction

There are several studies in literature examining methodology to use spherical curves to construct some specialized curves. For example,
Izuyama and Takeuchi [7], defined a way to construct Bertrand curves from the spherical curve whose spherical evolute coincides with the
spherical Darboux image of the Bertrand curve. In addition to this paper, Encheva and Georgiev [4] showed a way to construct all Frenet
curves (k > 0) by the following formula

o(s) = b/efk(s)dsy(s)ds—ka

where b is a constant number, a is a constant vector, ¥ is a unit speed curve on S2 with the Sabban frame and k : I — R is a function of
class C!. Moreover, they showed that the spherical curve ¥ is a circle if and only if the corresponding Frenet curves are cylindrical helices.
Previously, we have found some characterizations to construct spherical helices and slant helices in Euclidean space by using these methods
[2].

This paper is organized in the following way. In section 2 basic concepts of Minkowski 3-space R? are given. In section 3, spherical helices
in R? are discussed by indicating some examples. Similarly, in section 4, slant helices in R? are examined.

2. Basic Concepts
Let us consider the Minkowski 3-space R? with the Lorentzian inner product

(x,y) =x1y1 +x2y2 —x3)3

where x = (x1,X2,x3) and y = (y1,¥2,y3) € R;>. The pseudo-norm of a vector x is given by ||x|| = 1/](x,x)].
In the space R?, the Lorentzian cross-product is defined as follows

ey e —e3
XAy=1|x1 X2 X3 :(XZYS*XIWL X3Y1 —X1Y3,  X2Y1 *X1yz)-
yioy2 ¥

Email addresses: bulent.altunkaya@ahievran.edu.tr (B. Altunkaya) lkula@ahievran.edu.tr (L. Kula)



50 Fundamental Journal of Mathematics and Applications

It’s clearly seen that the cross-product has the following properties [3],

(i) xAy=-(Ax)

(@)  (xAyz) =det(x,y,2)

(iii)  xA(yAz)=(x,y)z—(x,2)y

() (AYXAY) = ((5,3)) = (x,x) (1)
() @Ayx)=0 , (xAyy) =0

where x,y,z € R;3.
A vector x € R is called spacelike if (x,x) > 0 or x = 0, timelike if {x,x) < 0, lightlike if (x,x) = 0 and x # 0 [8].
In [8], the hyperbolic plane (resp. pseudosphere) center g € R? and of radius r > 0 are defined by,

Hz(";q) = {x: (xl7x27x3) GR? : <x_q7x_q> = _r27x3_43 > 0}7

SHrg) = {(n1 ) R (x—gx—q) =1}

When r =1 and p is the origin, the hyperbolic plane is denoted by H? and the pseudosphere is denoted by s2.,

In this paper, when a helix lies on H2(r;q) or S3(r;q), we call it spherical curve.

Given a regular curve o (t) : I CR — R?. We say that « is spacelike (resp. timelike, lightlike) at 7 if o () is a spacelike (resp. timelike,
lightlike) vector. The curve ¢ is called spacelike (resp. timelike, lightlike) if it is for any r € I [8].

A non-lightlike curve ¢ : I C R — E{> is said to be parametrized by the pseudo arclength parameter s, if | (o’ (s), & (s)) | = 1. In this case,
we call ¢ is a unit speed curve.

For a unit speed non-lightlike curve o with a spacelike or timelike normal vector N (s), the Frenet formulae are given in [8]. It’s easy to
calculate the formulae for arbitrary speed non-lightlike curves as follows.

If « is a timelike curve,

T 0 «xv O0]][r
N|=|xv 0 7zv| [N 2.1
B 0 —-tv 0] |B

If & is a spacelike curve with a spacelike normal vector N (t),

T 0 xv O]][T
N|=|-xv 0 =zv||N 2.2)
B 0 tv 0| |B

If « is a spacelike curve with a timelike normal vector N (¢),

T’ 0 xv O[T
N|=|[xv 0 =zv||N 2.3)
B 0 v 0| |B
where
_ o' And|

d t ! 1 n
o= de(@, 0 ),v:\/\<a’,a'>|4 2.4)

lo/|* lo e |[?

In the formulae above, we denote unit tangent vector with 7 (¢), unit binormal vector with B (¢), unit normal vector with N (z).

A regular timelike or spacelike curve « is a helix, if T/ is a constant function.

For a unit speed curve & in R3, slant helix characterization is given in [1]. Also, some characterizations of Lorentzian unit speed curves
which lies on H? or S% were investigated in [9, 10, 11, 12]. With the help of these papers, we easily have the Lemmas for arbitrary speed
curves below.

Lemma 2.1. Let o be a timelike curve in R?. Then, o is a slant helix if and only if either one of the next two functions

K.Z 2 4

W(%) or W(%) 2.5)

is constant everywhere T2 — k% does not vanish.

Lemma 2.2. Let o be a spacelike curve in R? with a spacelike normal vector. Then, o is a slant helix if and only if either one of the next
two functions

K2 ! 2 !

W(%) or m(é) (2.6)

2

is constant everywhere T2 — k% does not vanish.
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Lemma 2.3. Let o be a spacelike curve in R? with a timelike normal vector. Then, @ is a slant helix if and only if the function
2 !
K T
— () @7
v (12 +K2) K
is constant.

Lemma 2.4. Let o be a spacelike curve in R*? with a spacelike normal vector. Image of o lies on the pseudosphere (resp. hyperbolic plane)
of radius r and center q if and only if

2

1 1 /1y 2
a2 <W (E) ) = £r(resp.) 2.8)
Lemma 2.5. Let o be a timelike curve in R?. Image of « lies on the pseudosphere of radius r and center q if and only if
2
1 1 /1Y 2
_ — (= — 2.9
2t (vr (K) ) " 29

Lemma 2.6. Let o be a spacelike curve in R% with a timelike normal vector. Image of & lies on the hyperbolic plane of radius r and center
q if and only if
2
—1 1 /1) )
_ — (= E— 2.10
e () - a0

Let y be a non-lightlike unit speed spherical curve with the arc-length parameter s and denote y’ =1 where 7/ =dy/ds. If we set a vector
p = YAt, by definition we have an orthonormal frame {7, p}. This frame is called the pseudo-Sabban frame of y [5, 6]. Thus, we have the
following Lemma .

where r >0 € Rk # 0,7 #0.

wherer >0 € R x #0,7#0.

where r >0 € R x #0,7#0.

Lemma 2.7. Let Y(s) be a unit speed spherical curve in R%, then
(i) If v is a timelike curve on S% then,

’

Y =t
t :/kgp—i-y (2.11)
p = kgt
(ii) If v is a spacelike curve on S2, then
Y=t
(= —kep—y (2.12)
p, = —kgt
(iii) If v is a spacelike curve on H?, then
Y=t
t /:kgp+y (2.13)
p = —kgt
where kg = det (y,t,f) the geodesic curvature of curve 7.
. . 2 (e 2( e
3. Spherical helices on S{(r; p) and H*(r; p)
Let us take the curve
o(s) = b/ I KOsy ()ds+a G.1)

at [4]. If we make the neccessary calculations, we have
o (s) = bel K95y (s),
o (s) = be KO (k() () 47 (5)) (32)
o (5) = bel K0 (12 () + K () 7() + 2K (5) ¥ (5) +7(5))

If we calculate k, 7, and v of the curve & by using the equations at (2.4) and (3.2), we find

K(S) = m,
T(s) = al) (3.3)

- be_fk(s’)dl )

v(s)= bel kis)ds
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It’s easy to see

(o (s), 0 (5)) = b2 TR (y(5), ¥ (s)),
T(s)=y(s), (CX)
T (s) =t(s).

So, we can say if ¥ is a unit speed spacelike curve which lies on $2, then o is a spacelike curve with a spacelike normal vector N.
If 7 is a unit speed spacelike curve which lies on HZ2, then ¢ is a timelike curve with a spacelike normal vector N.

If 7y is a unit speed timelike curve which lies on S% then o is a spacelike curve with a timelike normal vector N.

Now, we want to show, under which circumstances the curve ¢ at equation (3.1) is a spherical helix on S%(r; p).

Theorem 3.1. If the curve Y is a unit speed spacelike curve with a constant geodesic curvature, which lies on S%, the curve o defined
by (3.1) is a spherical helix which lies on the pseudosphere of the radius |bd| and of the center origin if and only if the function
k(s) = kgtanh [ (kg) (s—c)] where b,c,d €R.

Proof. From (3.2), (3.3), and (3.4), we know the curve
o(s)=>b /efk(s)dsy(s)ds—b—a

is a spacelike curve with a spacelike normal vector N(s). So we need to use (2.8). Let’s take the derivate of (2.8) with respect to s. Then, we
have

1[1/1y] =

)] -2)o-s

V| VT \K K

<beflkd {é <befkds>1/ _kg> (5)=0

K (s) 4+ K2 (5) = kg2

By putting (3.3) in this equation, we have

If we solve this differential equation, we have
k(s) = kgtanh [ (kg) (s —c)]
Conversely, if we take k (s) = kgtanh [(kg) (s —c)] in (14), then
/k(s) ds = /kgtanh [(kg) (s —c)]ds.

Let u = kg (s — ¢) = kgs — kyc then keds = du, by using these equations

/k(s) ds = /tanhudu
=Incoshu+Ind
=1In [dcosh (kg (s—c))]

we have
als)=b / e/ KBy (5)ds +a
_ /eln deosh (ke (s=<)ly (5)ds+a
—b / dcosh (kg (s —c))y(s)ds+a
where ¢,d € R.

Now, we must show that curve o is spherical. If we use (2.8) to do it, we have
1 L\
2 P —_ — —
"= <K‘2 (vr(:c))) (s)
2 2(kd S
= [pPe2Ikds (1 - k—g (s)

= b*d? cosh? (kg (s—c)) (1>

cosh? (kg (s —c))
=b%d*.

Therefore, it can be said that the curve ¢ lies on $7 which has a radius |bd|. O
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Now, we can give another theorem.

Theorem 3.2. [f the curve 7 is a unit speed spacelike curve with a constant geodesic curvature, which lies on HZ, the curve o defined
by (3.1) is a spherical helix which lies on the pseudosphere of the radius |bd| and of the center origin if and only if the function
k(s) = kgtan [(kg) (s —c)] where b,c,d € R.

Proof. By using (2.9) instead of (2.8) in Theorem 3.1, the proof is similar. O

Theorem 3.3. If the curve 7 is a unit speed timelike curve with a constant geodesic curvature, which lies on 2, the curve o defined
by (3.1) is a spherical helix which lies on the hyperbolic plane of the radius |bd| and of the center origin if and only if the function
k(s) = kgtanh [ (kg) (s —c)] where b,c,d € R.

Proof. By using (2.10) instead of (2.8) in Theorem 3.1, the proof is similar. O

Example 3.4. Let’s take y(s) = {\/icos (s/\/E) ,\/2sin (s/\/i) , 1}, we know that 7y is a spacelike curve on S% with the geodesic curvature
/2. Then due to Theorem 3.1,

k(s) = kgtanh [ (kg) (s —c)]

and
als) = b/dcosh (ke (s— ) ¥(s)ds +a
where b,c,d € R. If we take b =2,c = 0,d = 1; then, we have
oy (s) =2cosh (s/\/§> sin (s/\/i) +2cos (s/ﬂ) sinh (s/\/i)
o (s) = —2cos (s/ﬂ) cosh (s/ﬁ) —2sin (s/ﬂ) sinh (s/ﬂ)

o (s) = 2+4/2sinh (s/ﬁ)

where o, (s) = (a1 (s),00 (s),a3(s)) and a = (0,0,0)

Example 3.5. Let’s take y(s) = {cos (s),sin(s) ,\/E} we know that v is a spacelike curve on H? with the geodesic curvature /2. Then,
due to Theorem 3.2,

k(s) = kgtan [(kg) (s—c)]
and
os) = b/dcos (kg (s—c))y(s)ds+a
where b,c,d € R. If we take b =2,c = 0,d = 1; then, we have
oy (s) = —2cos (ﬁs) sin (s) +2+/2cos (s) sin <\/§s)
o (s) =2cos(s)cos <\/§s> +2+/2sin(s) sin (ﬁs)
o (s) = 2sin (ﬁs)
where o (s) = (0 (s), 0 (s), 03 (s)) and a = (0,0,0)

Example 3.6. Let’s take y(s) = {% cosh (\/?:s), %, % sinh (\/3?) }, we know that 7y is a timelike curve on S% with the geodesic curvature
\/2. Then, due to Theorem 3.3,

k(s) = kgtanh [ (kg) (s —c)]

and

os)= b/dcosh (kg (s—c))v(s)ds+a

where b,c,d € R. If we take b =2,c = 0,d = 1; then, we have

o (s) = 72\/gcosh (\/gs) sinh (ﬁs) +2cosh <ﬂs> sinh (\/gs)

o (S) _ ZSinl:}ﬁs)

03 (s) = 2cosh (ﬂs) cosh (\/gs) — ;\/gsinh (ﬂs) sinh (\/gs)

where o.(s) = (a1 (s),00 (s),a3(s)) and a = (0,0,0)
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Figure 3.1: Spherical Helices (Resp. Example 1,2, and 3)

4. Constructing slant helices from unit speed spherical curves

In this section, we want to give some characterizations about slant helices.

Theorem 4.1. Let y(s) be a unit speed spacelike curve on S%; b,m,n be constant numbers; and a be a constant vector. The geodesic
curvature of Y (s) satisfies

m. n 2
k) = 1—(5—(;_L—+)n)2

if and only if
os) = b/efk(s)dsy(s)ds—l—a
is a spacelike slant helix with a spacelike normal vector.

Proof. Let, for y

2
ke (5) = k)

=— 4.1
1+ (ms+n)? @b

From (3.2), (3.3), and (3.4), we know « is a spacelike curve with a spacelike normal vector N. So; from (2.6), the geodesic curvature of the
spherical image of the principal normal indicatrix of « is as follows

So, we have
o'(s) = 5 V7 “4.2)

Now, let’s take u (s) = ms + n, then we have (4.1)

i (s)

T 1+ul(s) @)

kgz (s)
If we take the derivates of the both sides of (4.3) with respect to s, we have
, 2uud (1+ uz) - (ZW/) u?

Dy(5)y (5) = o (s

@m@®:<d$¥yw

/ uil 1+u?
A (S)‘(<<1+u2>2)(8 ) o




Fundamental Journal of Mathematics and Applications 55

where € = £1. Putting (4.3) and (4.4) in (4.3), we have

G(S) — kg (S) 37

(I*kgz (S))
V1 +il2ud 3/2

= <6u (1+u2)2 <1+u2> )(S)

. ms—+n

=€ m
|ms+n|
=E&m

which is constant.
Conversely, let o (s) be a spacelike slant helix, then the geodesic curvature of the spherical image of the principal normal indicatrix of ¢ is a
constant function. So, we can take

where m € R. Therefore, from (4.2)

_ kg (s)
(1 kg2 (5)) 2
If we solve this differential equation, we have
ke (5) =ms+n
1= kgz ()
where n € R. Then,
2(5) = (ms+n)* .
¢ 1+ (ms+n)?

O

Theorem 4.2. Let y(s) be a unit speed spacelike curve on H?; b,m,n be constant numbers; and a be a constant vector. The geodesic
curvature of ¥ (s) satisfies

ms+n)*
kg2 (s) = li(m—;_+)n)2

if and only if
os) = b/ e K45y ()ds+a
is a timelike slant helix with a spacelike normal vector.

Proof. By using (2.5) instead of (2.6) in Theorem 4.1, the proof is similar. O

Theorem 4.3. Let Y (s) be a unit speed timelike curve on S% ; b,m,n be constant numbers; and a be a constant vector. The geodesic curvature

of v(s) satisfies

if and only if
os) = b/efk(s)dsy(s)ds+a
is a spacelike slant helix with a timelike normal vector.

Proof. By using (2.7) instead of (2.6) in Theorem 4.1, the proof is similar. O
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