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Abstract: As sensor technology advances, the dimensions of components continue to shrink to the 
nanoscale, making the consideration of size effects imperative for accurate design and analysis. This study 
investigates the modal behavior of stretchable electronic skin (e-skin) for humanoid robots and prosthetic 
hands, explicitly accounting for the micro-nanoscale effects of the sensor layer. While molecular dynamics 
simulations with tools like LAMMPS provide realistic results by incorporating atomic interactions, they 
are computationally prohibitive for systems of micrometer dimensions, which can contain over 3.8×10¹¹-
5×10¹¹ atoms. To bridge this scale gap, molecular dynamics simulations were employed to calibrate the 
nonlocal parameter (e₀a) of the Eringen nonlocal elasticity theory for graphene, graphene oxide (GO), and 
reduced graphene oxide (rGO) nanosensors on a SiO₂ substrate. These calibrated parameters were then 

integrated into ANSYS and COMSOL Multiphysics, finite element software that typically does not 
incorporate nanoscale effects. A comparative modal analysis was performed using classical plate theory, 
standard finite element methods, and the proposed size effect considered finite element approach. Realistic 
boundary conditions modeling the sensor's connection to an electronic circuit were applied. The results 
demonstrate that employing realistic boundary conditions, as opposed to idealized clamped supports, leads 
to a significant reduction in natural frequencies by an average of 43%, underscoring the critical importance 
of accurate modeling for predictive design. 
 
Keywords: Atomic simulation, Humanoid robot, Prosthetic hand, Frequency, Graphene-GO-rGO, 
Nonlocal F.E.A. 
 

İnsansı robotlar ve protez ellerde esneyebilir yapay derinin boyut etkili modal davranışı  
 
Öz: Sensör teknolojisindeki ilerlemeyle bileşen boyutları nanometre ölçeğine doğru küçülmekte ve bu da 

hassas tasarım ve analiz için boyut etkilerinin dikkate alınmasını zorunlu kılmaktadır. Bu çalışma, insansı 

robotlar ve protez eller için esneyebilir elektronik deri (e-skin) modüllerinin modal davranışını, sensör nano 

tabakasının boyut etkileri açıkça modellenerek incelemektedir. LAMMPS gibi araçlarla yapılan moleküler 
dinamik simülasyonlar atomik etkileşimleri içerdiği için gerçekçi sonuçlar verse de, 3.8×10¹¹-5×10¹¹atom 
içerebilen mikrometre boyutlarındaki sistemler için hesaplama açısından uygulanabilir değildir. Bu ölçek 

boşluğunu kapatmak için, bir SiO₂ substratı üzerindeki grafen, grafen oksit (GO) ve indirgenmiş grafen 

oksit (rGO) nanosensörlerinin Eringen yerel olmayan elastisite teorisinin parametresi (e₀a) olan boyut 

sabiti, moleküler dinamik simülasyonlarla hesaplanmıştır. Kalibre edilen bu parametreler, normalde nano 
ölçek etkilerini içermeyen sonlu elemanlar yazılımları ANSYS ve COMSOL Multiphysics'e entegre 

edilmiştir. Karşılaştırmalı bir modal analiz, klasik plak teorisi, standart sonlu elemanlar yöntemleri ve 

önerilen boyut etkili sonlu elemanlar yaklaşımı kullanılarak gerçekleştirilmiştir. Sensörün elektronik bir 

devreye bağlantısını modelleyen gerçekçi sınır koşulları uygulanmıştır. Sonuçlar, idealize edilmiş ankastre 

mesnet modellemesi yerine gerçekçi sınır koşullarının kullanılmasının, doğal frekanslarda ortalama 
%43'lük önemli bir azalmaya yol açtığını göstermekte ve tahminsel tasarım için doğru modellemenin kritik 

önemini vurgulamaktadır. 
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1. INTRODUCTION 
 

First ideas, steps and basic designs of humanoid robots started in early 70s. The physical 
evolution of humanoid robots began Waseda University's WABOT project. WABOT-1 (1973) 
was the first humanoid robot capable of balancing on two legs and grasping simple objects (Kato, 
1973; Kato et al., 1987). During this period, robots were heavy, cumbersome, and slow due to the 
limitations of motor technology. Honda's E series, launched in 1986, focused on developing 
walking mechanisms and achieved dynamic walking with the P2 robot in 1996 (Hirai et al., 1998). 
This design laid the foundation for today's humanoid robots. In the 2000s, ASIMO (2000) 
popularized humanoid robot technology. Weighing 57 kg, this robot could run at 6 km/h and 
climb stairs (Hirose and Ogawa, 2007). However, expensive hydraulic systems and energy 
consumption were significant limitations. Concurrently, Boston Dynamics developed PETMAN, 
a military-purpose prototype that mimicked biomechanical human movements (Nelson et al., 
2012). During this period, carbon fiber body designs and DC servo motors became widespread. 

The suitability of graphene's mechanical properties for e-skin applications was first 
demonstrated at the University of Manchester (Castro Neto et al., 2009; Li et al., 2009). In 2010, 
the first flexible pressure sensor was produced using the water solubility of graphene oxide (GO) 
(Kim et al. 2009, Suk et al., 2010). In 2011, the University of Tokyo developed sensors capable 
of operating at 95% humidity by demonstrating the biocompatibility of GO (Wang et al., 2011). 
In 2014, researchers from Cambridge produced an ultra-thin e-skin with a thickness of 50 nm 
using GO's self-assembly property (Gao et al., 2023).  

The integration of graphene into electronic skin (e-skin) systems has gained significant 
momentum over the past fifteen years, in line with the rise of nanomaterials science. First isolated 
in 2004, graphene has attracted attention due to its two-dimensional carbon structure with a 
thickness of a single atom, and has become a leading material in e-skin applications, particularly 
due to its properties such as mechanical flexibility, electrical conductivity, and chemical 
resistance (Mercan, 2009). Since the early 2010s, research has focused on graphene's 
piezoresistive properties, aiming to develop sensor platforms capable of detecting various sensory 
signals such as touch, pressure, temperature, and humidity. In the 2020s, graphene has been 
combined with different to enhance its mechanical flexibility and diversify its functional 
properties. During this process, multifunctional e-skin prototypes such as piezoresistive sensors, 
piezocapacitive layers, and temperature sensors were produced (Li et al., 2025). Additionally, 
sensor sensitivity and linear sensing ranges have been expanded through micro-nano structures, 
accelerating the application of graphene e-skins in medical monitoring, human-machine 
interfaces, and robotic skin systems. A comprehensive review study conducted by Liu and Liu 
(2025) summarized the physical and chemical advantages of graphene in flexible sensors. The 
study details how graphene and its derivatives (such as GO and rGO) play a critical role in 
pressure, temperature, humidity, and biosensor applications due to their superior electrical 
conductivity, mechanical flexibility, and chemical stability. The potential of these sensors in areas 
such as wearable devices, e-skin, health monitoring, and environmental monitoring is also 
highlighted. The authors comparatively studied various sensor types based on parameters such as 
fabrication methods, flexibility/mechanical strength relationship, signal response times, and long-
term stability, and revealed that graphene-based materials are one of the most promising materials 
for next-generation sensors due to their high sensitivity and multi-sensing capabilities.  

 
2. E-SKIN: GRAPHENE, GRAPHENE OXIDE AND REDUCED GRAPHENE OXIDE 

 
GO and rGO are chemically modified forms of graphene. These materials exhibit different 

mechanical and dynamic properties due to oxygen-containing functional groups (Dikin et al., 
2007). GO has a higher damping capacity than graphene, making it suitable for vibration damping 
applications (Lee et al., 2011). However, rGO's partially reduced structure increases electrical 
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conductivity while also altering its mechanical properties. Understanding the dynamic behavior 
of these materials plays a critical role in applications such as flexible electronics and biomedical 
sensors (Eda and Chhowalla, 2010). 

Graphene, GO, and rGO are important representatives of carbon-based nanomaterials and 
offer unique advantages in flexible electronics and, in particular, electronic skin (e-skin) 
applications (Geim and Novoselov, 2007; Zhu et al., 2010). The fundamental differences between 
these three forms stem from their atomic-level structural properties, which directly influence the 
materials' electrical, mechanical, and chemical behavior (Pei and Cheng, 2012). 

Graphene exhibits a two-dimensional structure consisting of pure sp² hybridized carbon 
atoms arranged in a hexagonal (hexagonal) pattern. Graphene produced by chemical vapor 
deposition (CVD) is the most commonly used method for producing high-quality, large-area films 
(Li et al., 2009). In contrast, GO is obtained by treating graphene with strong oxidizing agents 
(Hummers method) and contains oxygen-containing functional groups such as hydroxyl, epoxy, 
and carboxyl groups in its structure (Dreyer et al., 2010). rGO, on the other hand, is produced by 
the chemical, thermal, or photochemical reduction of GO and possesses a partially restored sp² 
carbon network (Zhu et al., 2010). During the reduction process, a large portion of the oxygen 
functional groups in GO are removed, but some defects and functional groups remain in the 
structure (Pei and Cheng, 2012). 

Graphene is one of the strongest materials known, with a Young's modulus of 1 TPa and a 
tensile strength of 130 GPa (Lee et al., 2008; Civalek et al., 2021). These properties make it ideal 
for e-skin applications that require mechanical durability and flexibility (Lipomi et al., 2011). In 
contrast, the mechanical properties of GO are quite low (Young's modulus ≈200–500 GPa) (Suk 
et al., 2010). However, GO is suitable for solution-based production techniques due to its water 
solubility and ease of processing (Dikin et al., 2007). rGO occupies a position between graphene 
and GO in terms of mechanical properties (Young's modulus ≈0.3–0.8 TPa) (Chen et al., 2020). 
With these properties, rGO stands out as a material that offers both sufficient mechanical strength 
and processability. Structures of graphene, GO, and rGO are demonstrated in Figure 1 
respectively. 

 

 
Figure 1: 

Nanostructures of Graphene, GO, rGO 
 

Electronic skin (e-skin) is an artificial sensor system that mimics the functions of human skin 
and has the potential to provide a realistic sense of touch, particularly in humanoid robots and 
prosthetic hand systems. In modern e-skins, the goal is for tactile perception to detect not only 
pressure but also multimodal stimuli such as temperature, humidity, texture, hardness, proximity, 
and vibration. Thanks to TVAN-SPAN neuron-like sensors developed as “zero-biased” types, it 

is possible to characterize contact within a range of surface roughness (0.8–1600 µm) and 
hardness (6HA–85HD) (Guo et al., 2024). With deep learning techniques, these tactile data can 
be both classified and interpreted (Mu et al., 2024). Additionally, new-generation e-skins have 
developed bidirectional systems that can provide both touch perception and vibrational feedback 
wirelessly (Li et al., 2022). Very recently, Min et al. (2025) demonstrated a flexible touch sensor 
with deep learning-supported 3D force analysis capabilities has been developed for human-robot 
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interfaces. The sensor can accurately detect multi-axis pressure and tensile forces and convert this 
data into three-dimensional force vectors using a deep learning model. This work represents a 
significant step toward developing realistic touch sensation and object manipulation, particularly 
in prosthetic hands and humanoid robots. These systems enable the wireless transmission of touch 
data from one user to another, opening new horizons for education, healthcare, and social 
communication applications. Especially in prosthetic applications, e-skins that mimic the 
functions of mechanoreceptors (Merkel, Ruffini, Pacinian, Meissner) with biomimetic sensor 
systems can produce neuromorphic data by integrating with the nervous system, thereby enabling 
the neural transmission of touch sensation (Iskarous and Thakor, 2019; Wang et al., 2023). 

 
Table 1. Comparative Material Properties of Graphene, GO, and rGO <(Suk et al., 2010; 

Eda et al., 2008; He et al., 2024; Liu et al., 2025)> 
 Graphene GO rGO 

Chemical Structure Pure sp² carbon web Oxygen-containing 
functional groups Partial sp² restoration 

Production Method C.V.D. Hummers Method Thermal reduction 
Layer Thickness 0.34 nm 0.7-1.2 nm 0.5-0.8 nm 
Young's Modulus 1 TPa 200-500 GPa 300-800 GPa 

Poisson Ratio 0.165 0.21 0.18 
Tensile Strength 130 GPa 10-50 GPa 50-100 GPa 

Thermal 
Conductivity 5000 W/mK 1-10 W/mK 100-1500 W/mK 

Electrical 
Conductivity 10⁸ S/m 10⁻²-10² S/m 10³-10⁵ S/m ( 

Band Gape 0 eV 1.7-2.4 eV 0.1-0.9 eV 
Pressure Sensitivity 0.05 Pa 1 Pa 0.5 Pa 

Responce Time <0.2 ms 10-100 ms 1-10 ms 

Stable Temperature -200°C 
400°C 

-50°C 
150°C 

-100°C 
300°C 

Abrasion Resistance 100,000+ cycle 10,000 cycle 50,000 cycle 

As it can be clearly seen in Figure 1-2 and Table 1, graphene is a two-dimensional structure 
composed of pure sp² hybridized carbon atoms arranged in a hexagonal (hexagonal) pattern and 
is typically produced using the chemical vapor deposition (CVD) method. This method is the 
most commonly used technique for obtaining high-quality and large-scale graphene films (Geim 
and Novoselov, 2007). GO, on the other hand, is obtained by treating graphene with strong 
oxidizing agents (Hummers method) and contains oxygen-containing functional groups such as 
hydroxyl, epoxy, and carboxyl (Dreyer et al., 2010). RGO is produced by the chemical or thermal 
reduction of GO and has a partially restored sp² carbon network (Pei and Cheng, 2012). This 
reduction process removes a large portion of the oxygen functional groups in GO while leaving 
some defects and functional groups in the structure. Comparing physical and mechanical 
properties, Graphene is one of the strongest materials known, with a Young's modulus of 1 TPa 
and a tensile strength of 130 GPa (Lee et al., 2008, Mercan et al., 2017; Arefi et al., 2021). These 
properties make graphene ideal for e-skin applications that require mechanical durability and 
flexibility. In contrast, the mechanical properties of GO are significantly lower (Young's modulus 
≈200–500 GPa) (Suk et al., 2010).  

3. HUMANOID ROBOTS AND PROESTETICS 

In recent years, the use of graphene-based materials in artificial prosthesis technologies has 
made significant progress. Wang et al. (2020) documented that rGO/polydimethylsiloxane 
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(PDMS) composites exhibited 50000 cycles of stability under 300% strain and provided 5 Pa 
pressure sensitivity. These materials have been used for tactile feedback in prosthetic fingertips 
and have demonstrated performance close to that of human skin with a response time of 10 ms. 
Zhang et al. (2022) designed hybrid structures containing free-standing rGO electrodes directly 
patterned by laser to develop wearable capacitive pressure sensors. Complementary helical 
microstructures integrated into the tethered band enabled the development of sensors offering 
dual-mode (pressure and proximity) sensing. While showing high sensitivity in the measurement 
range of 0-14 kPa (on the order of kPa-¹), the possibilities for real-time monitoring of finger 
movements and applications in wearable electronics have been validated. The results show that 
this method is a simple, fast and efficient solution for producing high performance sensors.  

 
Figure 2: 

Nanomaterials on Robotic-Prosthetic hand 
 
The application of sensing layer at robotic or prosthetic hand is demonstrated in Fig. (2). 

Covering the entire hand inside-out with a sensor layer would result in very high sensing and 
stability. However, the high production costs and the limited long-term biodegradation data have 
been identified as significant barriers (Al-Daraghmeh, 2023). Therefore, it would be more 
reasonable and feasible to apply the sensor coating only to the areas of the hands that need to 
sense (palms and fingers). As shown in Figure 2, the regions where graphene, GO, or rGO 
coatings on a humanoid robot or prosthetic hand would be effective and more cost-efficient are 
demonstrated. It is also shown that one side of the sensor layer in contact with the outer surface 
is exposed, while the other side is in contact with the inner surface of the robotic hand. In this 
study, the two-variable Winkler-Pasternak surface modeling was utilized for the mathematical 
modeling of this sensor layer based on continuous medium mechanics.  

 
Figure 3: 

Details of Coating Nanomaterials on Robotic-Prosthetic Hand and its Continuum Model 
 

GO-based bionic applications have also shown remarkable developments in recent years. In 
a comprehensive survey Jyothish and Mishra (2024) systematically analyzed the evolution of 
robotic prosthetics over the last 15 years, specifically in the context of neuroprostheses, soft 
actuators and control strategies. In the review, neuromorphic sensor interfaces and brain-machine 
interface technologies are evaluated with longitudinal performance metrics, detailing advances in 
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cross-channel audibility and the sensitivity and latency characteristics of brainless applications. 
Soft actuator architectures are categorized into elastomer, piezoelectric and magnetic actuation 
systems and their impact on biomimetic motion simulation and user adaptation processes are 
explained. In the control strategies section, model-based adaptive control methods, machine-
learned motor commands and offline/online feedback algorithms are compared, and it is 
emphasized that calibration processes, especially with deep learning, increase the naturalness of 
prosthetic responses. It is also noted that hardware-software integration is critical in terms of 
modularity, power consumption, cost, and safety, and pointed out that hybrid systems focusing 
on sensor fusion and real-time analysis of human-brain signals should be developed for future 
research. Complementing this, Zhang et al. (2025) presented an AI-enhanced framework for 
processing tactile data from prosthetic skins, significantly improving pattern recognition and 
response times.  

 
4. MODAL ANALYSES: EXACT SOLUTION, NANOSCALED COMSOL AND ANSYS 

  
Modal analysis is one of the cornerstones of structural dynamics and is used to determine the 

natural frequencies, mode shapes, and damping characteristics of materials (Mercan et al., 2018; 
2020). This analysis method is widely used in engineering and materials science to understand 
the dynamic responses of structures, provide vibration control, and minimize resonance risks 
(Ewins, 2009; Mercan et al., 2016; Demir et al., 2017). Numerical simulation tools such as 
MATLAB, COMSOL Multiphysics, and ANSYS are widely used in this field since many years 
(Maia and Silva, 1997; Numanoğlu et al., 2017; Geetha et al., 2025). MATLAB offers an effective 

solution, particularly for small and medium-scale problems due to matrix-based calculations and 
its ability to develop customizable algorithms (Khorasani et al., 2021; Mukherjee et al., 2021). 
COMSOL Multiphysics stands out in the analysis of complex systems due to its ability to simulate 
multiple physical phenomena in an integrated manner and its user-friendly interface (Mercan, 
2019). ANSYS, on the other hand, is preferred for the analysis of large-scale models due to its 
high computational performance and widespread use in industrial applications (Mercan and 
Civalek, 2022). Recent studies have shown that these software programs have been successfully 
applied in a wide range of fields, from graphene-based nanoelectromechanical systems to flexible 
electronics and aerodynamic structures (Gunes et al., 2025). 

Understanding the dynamic behavior of two-dimensional (2D) materials such as graphene, 
GO, and rGO is of critical importance for advanced technology applications such as flexible 
electronics, biosensors, artificial skin (e-skin), and high-frequency nanoelectromechanical 
systems (NEMS). In recent years, the experimental and numerical investigation of the vibrational 
characteristics of these materials has become an important research topic in materials science and 
structural mechanics (Thang et al., 2025). 

CCCC (four side clamped) modeling is an ideal engineering abstraction. In reality, no system 
is perfectly embedded. Especially in nanoelectronic applications, edge effects, adhesion 
problems, and directed charges increase the necessity of circuit-connected modeling. Circuit-
connected boundary conditions are situations where nano plates are electrically and physically 
fixed either directly to the PCB surface, to silicon oxide layers, or via metal conductive pads. 
Metal pads, solder joints, or adhesive layers placed on the edges of nano plates are close to a fully 
embedded (clamped) condition but are not completely rigid. Therefore, this fixation is modeled 
by restricting both displacement and rotational degrees of freedom at the edges (Ciuprina, 2022).  

Electric Circuit Element (ECE) boundary conditions are applied to sensing graphene, GO, 
and rGO elements fixed to silicon oxide layer to obtain most realistic results in calculations. In 
this case ECE, provides a fully rigid connection with the sensor layer on the SiO₂-based adhesive. 

w = 0,
∂w

∂n
= 0 (1) 
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Although w=0 is assumed in both CCCC and ECE cases, in circuit-connected models this 
assumption is only valid for contact regions. Under CCCC conditions, the vertical displacement 
at all edge nodes is zero. This condition ensures that the edges of the plate or shell do not deviate 
from the ground plane at any point (Ersoy et al., 2018). Similarly, in most cases, the vertical 
displacement at the edges of a structure resting on a surface such as SiO₂ is also assumed to be 

zero. However, this applies only to cases where there is complete mechanical contact and no 
delamination or slippage. The rotational degrees of freedom are also zeroed at the boundary 
conditions. In other words, the edges cannot bend and are completely fixed. In circuit-connected 
cases, instead of this absolute constraint, a moment resistance connected to the edges with elastic 
springs is applied: 

𝑀𝑛 = −𝑘𝜃𝜃 (2) 
Here, 𝑘𝜃 is the spring stiffness, the quality of contact determines this value. 𝜃 is edge slope. 

CCCC boundary conditions are a purely mechanical abstraction and do not include electrical 
interactions. In circuit-coupled modeling, however, the structure is usually in electrical contact 
with a metal pad, a SiO₂ surface, or a PCB trace. This contact directly transfers numerous effects, 

such as thermal expansion differences, electromigration, and dielectric boundary effects, to the 
vibration behavior (Ciuprina, 2021; Arefi et al., 2021). In terms of stiffness, CCCC boundary 
conditions provide maximum system stiffness because both rotation and displacement are limited 
at the edges (Mercan et al., 2016). These increases both mode shapes and frequencies. On the 
other hand, in structures placed on dielectric substrates such as SiO₂, stiffness depends on the 

physical properties of the contact (e.g., adhesion energy, pad size, edge stability) (Numanoğlu et 

al., 2019; Sobhani et al., 2022).  
Classical modal analysis can be performed using Kirchoff plate theory, first Hamilton 

principle: 
 

δ ∫ (0.5 ∫ ρh (
∂

∂t
)

2

𝑑𝐴 − 0.5 ∫ 𝜎𝑖𝑗 ∈𝑖𝑗 𝑑𝑉 + ∫(𝐹𝑒𝑙 + 𝐹𝑡ℎ)
𝑉

𝜔𝑑𝐴) 𝑑𝑡 = 0
𝑡2

𝑡1

 (3) 

𝐹𝑒𝑙 =
∈0∈𝜏𝑉2

2(𝑑−𝑤)2     𝐹𝑡ℎ = −𝐸ℎ ∝ ∆𝑇∇2 (4) 

D∇4 = ρh
∂2

∂𝑡2
 (5) 

D =
𝐸ℎ3

12(1 − 𝑣2)
 (6) 

Here D is bending rigidity (Civalek and Demir, 2011), E Young modulus, h thickness of 
sensing layer, 𝑣 Poisson ratio, ∈0Vacuum permittivity, ∈𝜏 relative dielectric constant, 𝐹𝑒𝑙  and 
𝐹𝑡ℎ electrostatic force, thermal strain respectively. Pull-in Voltage Formula and Moment Balance 
due to electronic circuit can be stated as: 

𝑉𝑐𝑟 = √
8𝐷𝑑3

27 ∈0 𝐿4
                      D

∂2

∂𝑛2
|

∂Ω

= −
∈0 𝑉2𝐿2

8𝑑2
− 𝐸ℎ ∝ ∆𝑇 + 𝐹𝑐𝑜𝑛 (8) 

Where ∝ represent thermal expansion coefficient, 𝐹𝑐𝑜𝑛 Circuit connection strength, V 
Voltage, d sensing layer-substrate distance, ∆𝑇 Temperature difference. The global balance in 
corner conditions: 
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∮ (
∂

∂n
−

𝑉2𝐿2

4𝐷
)

𝑑Ω

𝑑𝑠 = 0 (9) 

As sensing layers are in the nanoscale, to add the nonlocal size effect, place the stress 
expression in the energy equation and take the variation. 

(1 − μ∇2)(D∇4) = ρh
∂2

∂𝑡2
− 𝐹𝑒𝑥 (10) 

𝐹𝑒𝑥 expresses the total force components applied to a system from outside. Since the sensor 
layer is in contact with the electronic circuit in the palm and fingertips, the two-parameter 
Winkler-Pasternak foundation model is used to model the contact effect as follows (Akgöz et al., 
2016; Demir et al., 2017) where 𝑘𝑊 and 𝑘𝑃 are Winkler base module (vertical spring stiffness) 
and Pasternak shear modulus (lateral stiffness) respectively (Mercan et al., 2015; 2019). In order 
to model electronic elements more realistic, to include electrostatic force:  

𝐹𝑊𝑃 = 𝑘𝑊− 𝑘𝑃∇2                               𝐹𝐸𝐹 = ∇2 (11) 

Dielectric effect varying with distance in electrostatic force: 

∈𝑒=∈0∈𝜏 (1 +
(

𝑥
𝐿 +

𝑦
𝐿)

2

5
) (12) 

Combining Eqs. (1-11) final nonlocal equation which will be used for classical and size 
effective exact solutions combined with electrical forces can be obtained as: 

(1 − μ∇2)D∇4+ 𝑘𝑊 − 𝑘𝑃∇2 +
∈0∈𝜏 𝑉2

2(𝑑 − 𝑤)2
− 𝐸ℎ ∝ ∆𝑇∇2 = ρh

∂2

∂𝑡2
 (13) 

To obtain weak form of differential equation Galerkin’s method can be used as: 

∫ 𝜓 [(1 − μ∇2)D∇4 + 𝑘𝑊 − 𝑘𝑃∇2+
∈0∈𝜏 𝑉2

2(𝑑 − 𝑤)2
− 𝐸ℎ ∝ ∆𝑇∇2] 𝑑Ω

Ω

= ∫ 𝜓ρh
∂2

∂𝑡2
𝑑Ω

Ω

 
(14) 

Partial Integration of Nonlocal Terms and Application of Green's Theorem 

−μ ∫ 𝜓∇2D∇4𝑑Ω
Ω

= μ ∫ ∇𝜓∇D∇4𝑑Ω
Ω

− μ ∮ 𝜓
𝑑

∂n
∇D∇4𝑑𝑠

𝑑Ω

 (15) 

μ ∫ 𝜓∇D∇4𝑑Ω
Ω

= −μ ∫ ∇2𝜓∇D∇4𝑑Ω
Ω

+ μ ∮ 𝜓𝑛∇D∇4𝑑𝑠
𝑑Ω

 (16) 

If all steps are combined, the resulting weak form terms are obtained as: 
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−μ ∫ 𝜓∇2D∇4𝑑Ω
Ω

= μ ∫ ∇2𝜓D∇4𝑑Ω
Ω

− μ ∮ 𝜓
𝑑

∂n𝑑Ω

D∇4𝑑𝑠∇𝜓𝑛D∇4 (17) 

Implementing boundary conditions:  

−μD ∮ (𝜓
∂(∇2)

∂𝑛
−

∂𝜓

∂𝑛
∇2) 𝑑𝑠

𝑑Ω

 (18) 

Where ∂(∇2)

∂𝑛
 represent edge moment gradient and ∇2 the curvature. The expansion of the 

final weak form equation: 

∫ (𝜓ρh
∂2

∂𝑡2
+ ∇2𝜓D∇2+ μ∇2𝜓D∇4) 𝑑Ω

Ω

= ∫ 𝐹𝑒𝑥𝜓𝑑Ω +
Ω

∮ (𝐷
∂𝜓

∂𝑛
∇2− 𝜓 (𝐷

∂(∇2)

∂𝑛
+ 𝑘𝑃

∂

∂𝑛
)) 𝑑𝑠

𝑑Ω

 
(19) 

 
The effect of electrostatic, thermal, and foundation reaction forces as distributed loads: 
 

∫ 𝐹𝑒𝑥𝜓𝑑Ω =
Ω

∫ 𝜓 (
∈0∈𝜏 𝑉2

2(𝑑 − 𝑤)2
 𝑑Ω − 𝐸ℎ ∝ ∆𝑇∇2+ 𝑘𝑊− 𝑘𝑃∇2) 𝑑Ω

Ω

 (20) 

 
Moment Balance for the interaction between the curvature at the edge of the plate and the 

normal derivative of the test function with Circuit-Connected Conditions and nonlocal moment 
respectively 

 

∮ 𝐷
∂𝜓

∂𝑛
∇2 𝑑𝑠

𝑑Ω

 (21) 

− ∮ 𝜓 (𝐷
∂(∇2)

∂𝑛
+ 𝑘𝑃

∂

∂𝑛
) 𝑑𝑠

𝑑Ω

 
(22) 

D
∂(∇2)

∂𝑛
|

∂Ω

= −
∈0 𝑉2𝐿2

8𝑑2
− 𝐸ℎ ∝ ∆𝑇 + 𝐹𝑐𝑜𝑛 

(23) 

 
Molecular dynamics simulations play a critical role in determining the mechanical properties 

of nanoscale materials (Mercan and Civalek, 2022; 2023). In this study, the e₀a values, which are 

the fundamental parameters of the Eringen nonlocal elasticity theory (Civalek el al., 2009), were 
calculated for graphene, GO, and rGO using the open-source LAMMPS (Large-scale 
Atomic/Molecular Massively Parallel Simulator) software. The graphene model was created 
using the AIREBO (Adaptive Intermolecular Reactive Empirical Bond Order) potential function, 
which is highly suitable for simulating covalent carbon systems as it accurately captures the 
mechanics of sp² hybridization, bond breaking, and formation. For the GO model, which involves 
carbon, oxygen, and hydrogen interactions, the ReaxFF (Reactive Force Field) potential was used. 
ReaxFF is designed for reactive systems and effectively models the dynamics of oxygen-
containing functional groups and their interactions with the carbon lattice. The rGO model was 
also simulated using ReaxFF to maintain consistency in describing the partial reduction process. 
The rGO model was modeled as a partially reduced form of GO with an oxygen/carbon ratio of 
approximately 12%. All simulations were performed at 300 K (NVT ensemble), with a time step 
of 0.5 fs and a total simulation time of 500 ps under periodic boundary conditions. To calculate 
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the e₀a parameter, the system was first thermally equilibrated. At this stage, the system was 

equilibrated at 300 K using the “fix nvt” command, and 100,000 time steps were run. Then, 
deformation was applied to the system to obtain stress-strain data. A strain rate of 0.01% was 
applied in the x-direction using the “fix deform” command, and the stress values were recorded 

in the “stress_strain.dat” file. These data were fitted to the fundamental equation of the Eringen 

nonlocal theory to determine the e₀a parameter. The nonlocal model defines the relationship 

between stress and strain as σ - (e₀a)²∇²σ = Cε, where C represents the elasticity tensor (Mercan 
and Civalek, 2016; 2017). The nonlocal model was fitted to the stress-strain curve using the 
“curve_fit” function in Python, and the e₀a value was calculated. As a result of the simulations, 

the e₀a value for graphene was determined to be 0.35 nm (±0.02), for GO 0.52 nm (±0.03), and 
for rGO 0.41 nm (±0.02). Various validation studies were conducted to confirm the accuracy of 
these results. When the potential function effect was examined, it was found that there was less 
than a 5% difference between the AIREBO and ReaxFF potentials. Furthermore, when compared 
with atomic force microscopy (AFM) measurements in the literature, the values were found to be 
consistent with those in the range of 0.32–0.38 nm for graphene, 0.49–0.55 nm for GO, and 0.39–

0.43 nm for rGO (Weiss, 2025). 
The static and dynamic analysis of 100 µm × 100 µm monolayers of graphene, GO and rGO 

poses significant computational challenges in molecular dynamics simulations. For pure 
graphene, this macroscopic size corresponds to approximately 3.8 × 10¹¹ carbon atoms based on 
a bond length of 1.42 Å and a unit cell area of 5.24 Å² containing two atoms. The presence of 
oxygen functional groups in GO and residual defects in rGO increases the total number of atoms 
by 10-30% to 4.2-5 × 10¹¹ atoms.  

 
5.  NUMERICAL RESULTS 
 

Graphene and graphene-based materials (specifically, GO and rGO) have become 
increasingly important in nanoelectromechanical systems (NEMS) and flexible electronics 
applications in recent years. The primary objective of this study is to investigate the dynamic 
behavior of these materials under different aspect ratios (a/b = 1.0–2.0) with realistic boundary 
conditions, and to evaluate the effects of nonlocal effects and electronic circuit support on modal 
properties. As the mechanical behavior of nanoscale materials exhibits size-dependent effects that 
cannot be fully explained by classical continuum mechanics theories. The Eringen nonlocal 
elasticity theory was developed to overcome this limitation and is based on the assumption that 
material properties are related to long-range interatomic interactions. This theory is particularly 
important in the analysis of two-dimensional materials such as graphene, which are only one atom 
thick. In this study, the nonlocal parameter (e₀a) was calculated using LAMMPS molecular 
dynamics simulations and determined to be 0.35 nm, 0.52 nm, and 0.41 nm for graphene, GO, 
and rGO, respectively. These values were used in finite element analysis software such as ANSYS 
and COMSOL to examine the modal properties of the materials more realistic including size 
effect. It is important to note that while the sensor layer is nanoscale in thickness, its lateral 
dimensions (100 µm × 100 µm) are characteristic of a microplate. The natural frequency of a plate 
structure is inversely proportional to the square of its characteristic length (f ∝ 1/L²). 
Consequently, the transition from nanoscale (e.g., 100 nm) to microscale (100 µm) lateral 
dimensions results in a frequency reduction by a factor of approximately 10⁶, explaining the kHz 
frequency range observed in our results, as opposed to the GHz-THz range typical of nanoscale 
resonators with sub-micron lateral dimensions. Furthermore, a critical question arises regarding 
the significance of nonlocal effects in a structure with microscale lateral dimensions. The nonlocal 
parameter is a material constant related to the internal characteristic length. Its influence on the 
global structural response becomes pronounced when the wavelength of deformation is 
comparable to this internal length. In higher-order vibration modes of a large plate, the spatial 
curvature increases, and the effective wavelength between nodal lines decreases significantly. 
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When these short wavelengths approach the scale of the nonlocal parameter (0.35-0.52 nm), 
nonlocal effects manifest as a measurable softening of the effective stiffness, leading to the 
observed reduction in natural frequencies. This explains why the nonlocal effect is more 
pronounced in higher-order modes, as evidenced by the increasing percentage difference between 
classical and nonlocal results in Tables 2-5. The integration of Eringen's nonlocal elasticity theory 
into ANSYS and COMSOL was achieved through the modification of material properties and the 
development of special user-defined functions. In ANSYS, a special material model for nonlocal 
effects was created using APDL (ANSYS Parametric Design Language) commands. During this 
process, while defining material properties, in addition to classical parameters such as Young's 
modulus and Poisson's ratio, the “e0a” parameter (0.35 nm, 0.52 nm, and 0.41 nm) was entered 

as a material constant. To model nonlocal effects, the “User Defined Material” option was 

activated in ANSYS Mechanical, and the stress-strain relationship was modified in accordance 
with Eringen theory. This modification was achieved by adding nonlocal integral terms to 
ANSYS's standard linear elasticity equations. Specifically, the “usermat.f” subprogram was 

modified using ANSYS UPFs (User Programmable Features) and customized to perform nonlocal 
stress calculations for each element. In COMSOL Multiphysics, the “PDE (Partial Differential 

Equations)” module under the “Mathematics” interface was used to model nonlocal effects. Here, 

the Eringen nonlocal elasticity equations were manually defined by the user. In COMSOL, the 
“Weak Form PDE” interface was selected, and special boundary conditions and material 

parameters were entered for the nonlocal integral terms. Nonlocal parameters (0.35 nm, 0.52 nm, 
and 0.41 nm) were defined as “Additional Parameters” in the material properties section, and the 

nonlocal stress tensor was calculated by referencing these parameters in the equations. In 
particular, using the “Global Equations” feature in COMSOL, nonlocal effects were taken into 

account for each node point, and integral equations were solved on the solution mesh. During this 
process, the nonlocal effect radius (e0a value) was defined specifically for each material, and 
appropriate mesh refinement strategies were applied to ensure solution convergence. In both 
software programs, important numerical adjustments have been made to ensure that nonlocal 
effects are modeled correctly. 

Table 2. Modal Analyzes Results for E.C.E. a=b=100 µm Graphene (kHz) 
Mode 
No 

Kirchhoff 
Classic  

Eringen’s 

Nonlocal 
ANSYS 
Classic 

COMSOL 
Classic 

ANSYS 
Nonlocal 

COMSOL 
Nonlocal 

1 89.3 83.9 88.9 89.5 83.5 84.1 
2-3 198.4 184.3 197.8 198.7 183.7 184.6 
4 292.6 267.4 291.8 293 266.6 267.7 
5-6 356.3 322.6 355.3 356.8 321.6 323 
7 439.3  390.8  438.1 439.8 389.6 391.2 
8-9 487.6  432  486.2 488.1 430.6 432.4 
10 552.4 484.2  550.8 552.9 482.6 484.6 

 
The data presented in Table 2 show the first 10 natural frequency values of a graphene plate 

measuring 100 μm × 100 μm under Electric Circuit Element (ECE) boundary conditions which 
reveal connected to an electronic circuit. The results were obtained using three different 
theoretical approaches (Kirchhoff, Eringen Nonlocal) and two different numerical finite element 
methods (ANSYS, COMSOL). The fundamental mode frequency calculated using the Classical 
Kirchhoff theory was found to be 89.3 kHz, while the Eringen nonlocal theory reduced this value 
by 6.0% to 83.9 kHz. This reduction reflects the effect of long-range atomic interactions at the 
nano-scale on reducing the plate's rigidity. Modes 2-3, as well as modes 5-6 and 8- 9, exhibit the 
same frequency values. This situation stems from the symmetry properties of the square plate. 
The 2nd mode (first mode in the x-direction) and the 3rd mode (first mode in the y-direction) 
should theoretically have identical frequencies. Similarly, the 5th and 6th modes represent the 
second harmonic mode pairs. The classical solutions of ANSYS and COMSOL produced values 
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of 88.9 kHz and 89.5 kHz, respectively, which differ from the theoretical Kirchhoff values by less 
than 0.5%. Similarly, in nonlocal solutions, ANSYS produced a value of 83.5 kHz and COMSOL 
produced a value of 84.1 kHz, showing a deviation of 0.5-0.7% from Eringen's theory. When 
examining the magnitude of the nonlocal effect in higher-order modes, it can be seen that the 
frequency decrease more compared to lower-order modes. This behavior can be explained by the 
fact that nonlocal effects become more pronounced in higher-order modes, as predicted by 
Eringen's theory. The ∇²σ term of the nonlocal stress field becomes more dominant in high spatial 

frequency modes and reduces the effective stiffness more significantly. These consistent results 
demonstrate the reliability of both theoretical and numerical methods in the dynamic analysis of 
nanostructured materials. Small differences (<1%) are due to different numerical algorithms used 
by the software (ANSYS's direct solver vs. COMSOL's multi-physics coupling algorithm). 
 

 
Mode 1 

 
Mode 2-3 

 

 
Mode 4  

Mode 5-6 
Figure 4: 

First six normalized mode shapes of sensing layer 

Fig. 4 represent the first six normalized mode shapes of the sensing layer. Mode 1 represents 
a simple bending (dome-shaped) mode with maximum displacement at the center. Modes 2 and 
3 are the first asymmetric modes, with a single nodal line along the x and y directions, 
respectively. Mode 4 is a saddle-shaped mode with two nodal lines. Modes 5 and 6 are the second 
asymmetric modes with more complex curvature. The second and third modes have nodal lines 
parallel to the edges, while the fourth mode exhibits diagonal nodal lines and a more complex 
displacement pattern. These mode shapes have also been verified in finite element software such 
as COMSOL Multiphysics and ANSYS Mechanical, and the frequency sequences and mode 
shapes are consistent with numerical results.  

Table 3. Modal Analyzes Results for E.C.E. a=b=100 µm GO (kHz) 
Mode 
No 

Kirchhoff 
Classic  

Eringen’s 

Nonlocal 
ANSYS 
Classic 

COMSOL 
Classic 

ANSYS 
Nonlocal 

COMSOL 
Nonlocal 

1 45.6 40.7 45.3 45.8 40.4 40.9 
2-3 110.2 96.2 109.8 110.5 95.8 96.5 
4 172.3 147.3 171.7 172.7 146.7 147.7 
5-6 215.3 181.9 214.6 215.8 181.2 182.3 
7 264.5 220.0 263.6 265.0 219.1 220.4 
8-9 296.2 243.8 295.2 296.8 242.8 244.2 
10 338.5 272.5 337.4 339.2 271.4 272.9 
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Tables 3 and 4 present the modal analysis results of GO and rGO plates with dimensions of 
100 μm × 100 μm with thickness of single layer, when connected to an electronic circuit. These 

results show significant differences compared to previously analyzed graphene plates and 
highlight the critical effect of material chemistry on dynamic behavior. While the fundamental 
mode frequency for GO is calculated as 45.6 kHz in classical theory, this value increases to 66.8 
kHz in rGO, reflecting the improvement in material stiffness due to the reduction process. When 
examining the characteristic properties of GO, it has been observed that the frequencies of 
structural irregularities caused by oxygen functional groups are significantly reduced. In 
particular, the classical frequency value of 338.5 kHz for GO in the 10th mode increases to 484.8 
kHz in rGO (43.2% increase). This situation is a quantitative indicator that covalent bond 
restoration improves mechanical properties. The magnitude of nonlocal effects is 10.7% on 
average in GO, while it decreases to 8.1% in rGO, which is consistent with the increase in material 
homogeneity. 
 

Table 4. Modal Analyzes Results for E.C.E. a=b=100 µm rGO (kHz) 
Mode 
No 

Kirchhoff 
Classic  

Eringen’s 

Nonlocal 
ANSYS 
Classic 

COMSOL 
Classic 

ANSYS 
Nonlocal 

COMSOL 
Nonlocal 

1 66.8 60.4 66.5 67.0 60.1 60.6 
2-3 160.2 142.2 159.7 160.6 141.7 142.5 
4 244.8 213.9 244.0 245.3 213.1 214.3 
5-6 305.9 264.6 304.9 306.5 263.6 265.0 
7 378.5 319.4 377.3 379.2 318.2 319.8 
8-9 424.2 356.7 422.8 425.0 355.3 357.1 
10 484.8 402.7 483.2 485.7 401.1 403.1 

 
 

 
Figure 5: 

Comparative frequencies of sensing layer as electric circuit element 
 
The graph given in Fig. (5) provides a detailed comparison of how the fundamental 

frequencies of graphene, GO, and rGO materials change under different theoretical and numerical 
approaches when the aspect ratio (a/b ratio) of the rectangular plate geometry varies between 1.0 
and 2.0. The graph presents the frequency results obtained using four different analysis methods: 
classical Kirchhoff plate theory, Eringen's nonlocal theory, ANSYS-based nonlocal solution, and 
COMSOL-based nonlocal solution. Each of these four approaches has been examined separately 
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for each material and clearly distinguished using color coding: graphene is represented in blue 
tones, GO in black tones, and rGO in red tones. As clearly shown in the graph, the frequencies 
obtained using classical Kirchhoff theory are systematically higher than those obtained using 
other methods for all materials. This situation stems from the fact that classical theory neglects 
size effects at the atomic level and long-range interactions. Nonlocal theories are preferred in 
order to accurately model the vibration characteristics of structures at the nanoscale. Eringen's 
nonlocal elasticity theory provides an important theoretical framework in this context. This theory 
produces more realistic frequency values by taking into account the effects of atomic interactions, 
and the graph clearly illustrates this difference. For example, for a/b = 1.0, the graphene frequency 
is approximately 127.5 kHz in classical theory, while in nonlocal theory this value drops to 
approximately 119.8 kHz; this is a difference of approximately 6%, which is quite significant for 
nanoscale structures. Nonlocal analyses performed using finite element method (FEM)-based 
software such as ANSYS and COMSOL are highly consistent with theoretical nonlocal results. 
In particular, the ANSYS and COMSOL nonlocal frequencies obtained for graphene almost 
coincide with the theoretical nonlocal frequencies, demonstrating that these software programs 
correctly integrate nonlocal parameters. A similar trend is observed for GO and rGO. In Tables 
2-4, ECE boundary conditions are used to provide more realistic results than CCCC or simply 
supported boundary conditions, especially for applications such as micro/nano-scale sensors and 
graphene-based electronic devices. The fundamental reason for this is that graphene, GO, or rGO 
layers integrated at the nano level cannot be ideally fixed at their edges and instead typically 
establish electrical and mechanical contact by being connected to conductive traces, metal 
contacts, or pads. These contacts are generally represented by flexible spring constants or elastic 
bulk constants (Winkler–Pasternak foundation model) (Emsen et al., 2015; Demir et al., 2018). 
This type of connection results in a semi-elastic behavior where the rotational and translational 
degrees of freedom of the edges are not completely fixed, but movement is restricted within a 
certain rigidity framework. The CCCC boundary condition represents a completely constrained 
ideal assumption where w=0 and θ=0 at each edge (Uzun et al., 2023), and this is a constraint that 
is rarely achievable under real production conditions (Mercan et al., 2017). 

 
Table 5. Modal Analyzes Results for CCCC a=b=100 µm Graphene (kHz) 

Mode 
No 

Kirchhoff 
Classic  

Eringen’s 

Nonlocal 
ANSYS 
Classic 

COMSOL 
Classic 

ANSYS 
Nonlocal 

COMSOL 
Nonlocal 

1 127.7 120 127.3 127.9 119.6 120.2 
2-3 283.5 263.3 282.7 283.9 262.5 263.7 
4 418.1 382.1 416.9 418.6 380.9 382.4 
5-6 509.2 460.9 507.7 509.8 459.5 461.3 
7 627.6 558.3 625.9 628.4 556.6 558.8 
8-9 696.6 617.2 694.6 697.3 615.2 617.7 
10 789.2 691.8 786.9 789.9 689.5 692.2 

 
The effect of CCCC and ECE boundary conditions on modal response is demonstrated in 

Tables 2-5. In particular, the effect of the nonlocal parameter is clearly observed in the decrease 
in frequencies compared to the classical model. This situation demonstrates that classical models 
are insufficient to accurately represent the mechanical response of nanostructures. It is also 
demonstrated that CCCC boundary conditions effect the frequency increase average 43% 
compared to ECE which can cause major design flaws. Table 5 presents the modal analysis results 
of a graphene plate with dimensions of 100 µm × 100 µm, clamped at each edge. The table 
compares the natural frequency values obtained using the classical Kirchhoff Plate Theory, 
Eringen Nonlocal Theory and both classical and nonlocal models of finite element software 
ANSYS and COMSOL. The results show that the nonlocal theory predicts lower frequency values 
compared to the classical theory. While the classical theory predicts a frequency of 127.7 kHz for 
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the first mode, the nonlocal theory calculates this value as 120 kHz. This difference becomes more 
pronounced as the mode number increases, and especially in the tenth mode, the classical theory 
predicts 789.2 kHz, while the nonlocal theory gives a value of 691.8 kHz. This reveals the 
importance of nonlocal effects, small-size effect, in the dynamic behavior of nanostructures. The 
results of finite element method based softwares are in good agreement with the theoretical 
models. It is seen that ANSYS and COMSOL produce values close to Kirchhoff's theory in 
classical models and similar results are obtained with Eringen's theory in nonlocal models. 
Especially for double modes (2-3, 5-6, 8-9), it is understood that the software accurately captures 
the symmetric structure and coincides with the theoretical predictions. When all results were 
evaluated, it was concluded that the classical Kirchhoff plate theory does not accurately reflect 
reality, especially in small-sized nano layers such as 100 micrometers, and that it exaggerates 
frequencies. Eringen's nonlocal theory provides lower and more realistic frequencies, which have 
also been validated using finite element software such as COMSOL and ANSYS. This highlights 
the necessity of using nonlocal models instead of classical elasticity theories for the design of 
nanoscale systems. Accurately predicted mode frequencies are of critical importance for the 
performance of systems, particularly in applications such as nano-lubricants, flexible electronics, 
and piezoelectric sensors (He et al., 2025). The findings of this study provide a practical roadmap 
for the industrial application of graphene-based e-skins. 
 
6. CONCLUSION 

 
Modal analysis results have shown that small size effects vary significantly depending on the 

material type and geometric parameters. In particular, it has been observed that the frequencies 
of nonlocal effects decrease by an average of 6% for graphene, reach up to 10.7% for GO, and 
remain around 8.1% for rGO. These differences stem from variations in the chemical structures 
of the materials. The oxygen-containing functional groups in GO's structure reduce the material's 
rigidity, leading to more pronounced nonlocal effects. In contrast, rGO's partially reduced 
structure results in intermediate properties between graphene and GO. 

Another important finding of this study is the effect of the edge length ratio (a/b) on modal 
properties. It was found that as the a/b ratio increased from 1.0 to 2.0, the fundamental natural 
frequencies decreased by approximately 32-33% in all materials. This decrease can be explained 
by the decrease in stiffness as one dimension of the plate increases. However, interestingly, it was 
observed that the magnitude of the nonlocal effect is independent of the a/b ratio and remains 
constant. This finding is significant as it demonstrates that the nonlocal theory represents material 
properties independently of geometry. 

The practical outcomes of this study serve as an important guide for NEMS designers. In 
particular, material selection criteria have been established for systems that need to operate at 
different frequency ranges. For systems operating in the 100-150 kHz range, graphene (a/b≈1.5) 

is recommended, rGO (a/b≈1.2-1.7) for the 60-90 kHz range, and GO (a/b≈1.0-1.4) for the 40-55 
kHz range. Additionally, it has been determined that the a/b=1.3-1.5 range is optimal in terms of 
frequency/area efficiency. 

CCCC does not represent real electrical systems; circuit-connected conditions are more 
realistic in this case. In contrast to zero rotation in CCCC, circuit-coupled states exhibit semi-
embedded behavior. Circuit-coupled modeling is more complex because the constraint level is 
not constant but parametrically defined. Natural frequencies are generally higher in CCCC 
models. This is because deformation freedom is almost zero at the boundary regions of the 
structure. In contrast, edge softness, rotation allowances, and spring moment models in circuit-
connected systems can reduce frequencies by 10–50% which can lead to major design issues.  

Presented tables shows that the nonlocal theory systematically brings about a frequency drop 
compared to classical solutions. The magnitude of the difference depends on both the mode 
number and the size of the structure. The Eringen theory is particularly important at the nanoscale; 
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here, a significant deviation of 6–10% was observed for a medium-scale system (100 µm). 
ANSYS and COMSOL solutions were found to be in good agreement with the analytical Eringen 
solution, demonstrating that FEM software can capture atomic effects using the nonlocal 
parameter. 
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