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1. Introduction

Let A(p) denote the class of functions of the form:
f@) =2+ Y ap P (peN={1,2,..}), (1.1)
k=1

which are analytic and p-valent in the open unit disc U = {z:z € Cand |z| < 1}.If f and g are analytic in U, we say that f is subordinate to
g, written symbolically as follows:

f=gor f(z) <gz),

if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) =0 and |w(z)| < 1 (z € U) such that f(z) = g(w(2)) (z €
U). In particular, if the function g(z) is univalent in U, then we have the following equivalence (cf., e.g., [4], [13]; see also [14, p. 4]:

f(z) < ¢(z) < f(0) =g(0) and f(U) C g(U).
For functions f(z) € A(p) given by (1.1), and g(z) € A(p) defined by
g(@)=2"+ i besp? P (pEN), (1.2)
k=1

The Hadamard product (or convolution) of f(z) and g(z) is given by
(f#8)(@) ="+ Y apspbisp? 7 = (g5 f)(z) (pENizEU). (13)
k=1

For functions f,g € A(p), we define the following differential operator:
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D) ,(f+8)2) = (f*8)), (1.4)
A /

D) ,(f*8)() = Da,(f+8)@)=(1-2)(f*8)2)+ ;Z(f*g) (2) (A 20),

(1.5)
and (in general)
1@ = D, (D) (Fre))
= £+ i (p+lk>nak+,,bk+pzk+p
k=1 P

(A > 0;peN;neNy=NU{0}). (1.6)

From (1.6) it is easy to verify that

20 (P 9@ =D )(E) ~ (1= MDY (7 +)c) (4 > 0 € T, a7

The operator D} | (f*g)(z), when p = 1, was introduced and studied by Aouf and Mostafa [3].

We observe that the linear operator D p( f*g)(z) reduces to several interesting operators for different choices of n, A, p and the function
8(2):

(i) For A = 1 and g(z) = 1 " (or biyp=1), D} ,(f*g)(z) = D}, f(z), where DY is the p-valent Salagean operator introduced and studied
by Kamali and Orhan [9], Orhan and Kiziltunc [17] (see also [2])

(it) For g(z) = ﬁ (or by = 1), we have

o ).,k n
800 =0 @) =2+ 3 () a0

k=1

for p =1, the operator D is the generalized Séldgean operator introduced and studied by Al-Oboudi [1]) which in turn contains as special
case the Sdldgean operator see [20];
(iti) For n =0 and

p+2

{p+£+lk
=1

k+17 >0 .
PR, } (A>0;peN;l,me Ny),

we see that Dg‘p (fx8)(z) = (f+8)(z) = I} (A, ) f(z), where I} (A,£) is the generalized multiplier transformation which was introduced
and studied by Citas [5], the operator [} (4,0), contains as special cases, the multiplier transformation 1,’,”( ) (see Kumar et al. [11] and
Srivastava et al. [23]);

(iv) For n =0,
B 0 k ) Zk+p
B ; Dic- <ﬁs)k q (9
(i eCii=1,..,q:Bj € C\Zy ={0,—1,-2,..};j=1,....s;
g<s+1;q,s€Ny,peN;zeU)
and
0) _Te+v) 1 (v=0;0 € C* =C\{0}),
MEEEY()) 8(0—1)..(0+v—1) (veN;0€0Q),

we have D(/{,p (fxg)(z) = (f*8)(2) = Hpq;s (01) f(z), where Hp 4 s(01) is the Dziok-Srivastava operator introduced and studied by Dziok
and Srivastava [8]. The operator H, , ¢ (0t) contains in turn many interesting operators such as, Carlson and Shaffer linear operator (see
[19]), the Ruscheweyh derivative operator (see [10] ), the Choi-Saigo-Srivastava operator (see [7]), the Cho-Kwon-Srivastava operator (see
[6]), the differeintegral operator (see Srivastava and Aouf [22] and Patel and Mishra [18]) and the Noor integral operator (see Liu and Noor
[12D);

(v) For p = 1 and g(z) of the form (1.8), the operator D’} (f * g)(z) inroduced and studied by Selvaraj and Karthikeyan [21].

For f,g € A(p),A > 0,6 > 0,p € Nand n € Ny, we define a function H(z) by

HE) = H} ,5(F8)@) = [1=8 (14 £ =p)| D} (£ x8) @) +8 D5} (F %8) ). (1.9)

We note that:
(i)For A =1and g(z) =
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Hi

o * 1)) = Gy /() = Gle) = (1 - 8)Df(2) + 3pDy ™ () (1.10)

(it) For g(z) = IZIZ in (1.9), we obtain

7P

Hz-pﬁ(f* 1—z

&) = K, sf()=K()
p

[1—6(1—1—%—p)]Dﬁ’pf(z)—Q—S%DTplf(z). (1.11)

In this paper, we investigate some interesting argument inequalities and differential subordinations properties of the function H(z) given by
(1.9). The following lemma will be required in our investigation.

Lemma 1.1. [15], [16] Let a function ¢ (z) = 1 +byz+ ... be analytic in U and ¢(z) # 0 (z € U). If there exists a point zo € U such that

arg(2)l < ZB (1 <[2o]) and |argo(z0)| = 5B (0<B 1),

then we have 209 (20)/9(z0) = ik, where

k> %(a—i—é) (whereargq)(zo):?),
1
s 3t t) Gehere argg(an) =~ "2

and (¢(20))F = ia (a > 0).
2. Main results

Unless otherwise mentioned, we shall assume in the reminder of this paper that A > 0,6 > 0, p € N,n € Ny and g(z) is given by (1.2).

Theorem 2.1. Let f,g € A(p) and let H be defined by (1.9). If

(@)
‘arg (HZZ(;)N <g/3 (zeU), 2.1
then
(2)
D, (f*8)(2)
arg ( Ap e > <gﬁ (zel),
where 0 < <1and0<q<p.
Proof. Let
(9)
_on (D4 (f*8)(2)
o(z) = P=9)" ( Ap : ) (zeU). 22)

p' P—4q

Then ¢(z) is analytic in U, ¢ # 0 for all z € U and ¢ (z) can be written as ¢(z) = 1 +bjz+ ... . Since

(:(03,r+00) )

we have from (1.7), (1.9) and (2.3) that

(9) (@)

—q(D},(F+0)@) "

+Z(Dﬁﬁp(f*g)(2))(q+l), 2.3)

HO@ = [1-5(1+2-p)] (b1, (r+0@) " 452 (D (re0)(@)

(9)

1+ 45—
(-8 (1+ 2 -0)] (0, 000@) 45 (x (01, 010) )

w8212 (g, 000

(1-8+89)(Dy ,(f+8)(2) D+ 82D} ,(f+g)(2) ™.
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(2.4)
It is easy to see from (2.4) and (2.2) that
H@)(2) (D3 ,(F+)@)  a(Dj (f*8)(2) ")
P (1-6+38q) . =4 +90 . P4
(1-8+6 Sp! ,
= P+ 2 (0= 0)0() +20'0)
(1-8+6 é /
= 5%;:5#Q(ma+T;§IE;¢@O- @3)

Suppose there exists a point zg € U such that

jarg9(3) < 2B (I < [xol)
and

[arg o (z0)] = 5B

/ 1
Then, by using Lemma 1.1, we can write that z0¢ (z9)/¢(z0) = ik and (¢ (z0))? = +ia (a > 0). Therefore, if arg¢(zo) = Z 3, then by
using (2.5), we have

H9 (z) pl(1—8+8p) § 200 (20)
L SV S 4 1+
P (p—q)! ?(z0) 1-6+6p ¢(z0)
_ P=8+3p) pinpr(y, S .
= =g a’e 1+175+5plkﬁ .
This shows that

1-6+0p

_ T —1 __OkB
= f+un (1—6+6p)

(9) i
arg<H1(§0)> = gﬁ—i-arg(l—i-%)

Y

1 1
gﬁ, (where k > E(a—O— ;) >1),

which contradicts the condition (2.1). Similarly, if arg ¢ (z9) = _T”B then we obtain

H<‘1>(z0) T
arg| ———— | <—=p,
g( F7 )72

which also contradicts the condition (2.1). Thus, the function ¢ (z) satisfies |arg ¢ (z)| < % (z € U). This shows that

(05, (F+0)@) "

zP—4

arg <gﬁ (zeU).

This completes the proof of Theorem 2.1. O

Putting n =0 and A = 1 in Theorem 2.1, we obtain the following corollary.
Corollary 2.2. Let f,g € A(p) and let Q be defined by

!

0(z) =(1 *5)(f*g)(2)+51% (f+2)@) - (2.6)

(2)
(22

mgCU*@@W”>

zP—4

If

<3b (ev).

then

<3b (ev).

where 0 < < 1and0<gq < p.
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Theorem 2.3. Let f,g € A(p) and let H be defined by (1.9). If

(9)
D (f+8)(2)) : _
o pl 1+ (1-2a)z
< clU). 2.7
b (P—q)t 1-z et @
Then
HD(z)  pl(1—8+8p) 1+ (1-2a)z
2.8
B e e CEDR e9)
where 0 < g < p,0<a <1, and
273
) )
p= 1*(15+5p” T 1-s+op 29)
The bound p € (0,1) is the best possible.
Proof. Set
@=0-Ny—+r-m GeU)
14 yl—z 7(172)2 )
where y = % > (0. We need to show that
vipz) | 1
Re{ o2 }>2 (zeU), (2.10)

wherep:(1+y2)%—yand0<p< l.Let%_z:Reie and |z| = r < 1. In view of

1+R*(1—1%) 1
= R>
cos 2R =T
we have
1
2Re{mf§} = 2(1—7Y)Rcos 6 +2yR*cos26 — 1
Z

= RY(1-22 R ((1-p)(1-r) —297)

> R(y(1-r’+(1-p(1-r)-2y7)
= R(1-2yr—r*)>0

for |z| = r < p, which gives (2.10). Thus the function y has the integral representation

v(pz) _ dp(x) (zeU), 2.11)

where 1(x) is a prabability measure on |x| = 1.
Now letting ¢(z) be in the form (2.2), we see that ¢ (z) = 1+ bjz+ ... is analytic in U and it follows from (2.7) that

Rep(z)>a (0<a<lizelU). (2.12)

Since we can write

it follows from (2.11) that

Re{o(p2) + 1020 (p2)} =R { (V122 ) <002

—Re{ / ¢(xz)du(x)}>a (zeU). (2.13)
Ixi=1
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Thus, from (2.3) and (2.13), we conclude that (2.8)) holds. To show that the bound p is sharp we take f,g € A(p) defined by

. (@)
(p—q)! (Dl,,,(f*g)(Z)) MRS b
(P)g P4 a -z’
Since
(-  HO@ R: L2
(p)g(1—=8+6p) z»-1 a+(l a)lfz_H/(l @)z -z
14+2yz— 22
= a+(1- =
+( ) (1*2)2
for z = —p, it follows that p is sharp. O

Remark 2.4. (i) Putting A = 1 and g(z) = <= in the above results we obtain the results for function G(z) defined by (1.10).

-
(if) Purtting g(z) = lz—jz in the above results we obtain the results for function K(z) defined by (1.11).

3. Conclusion

In this paper, three subclasses Hy | 5 (f*2)(2), G sf (z) and K7 vl (z) are introduced and certain interesting argument inequalities and
differential subordinations properties are investigated.
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