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Soft congruence relation over lattice
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Abstract
In this paper, we first describe soft congruence relation over a lattice.
We then define the concepts of complete soft congruence relation. Be-
sides this, the concepts of upper and lower approximations of a subset
in a lattice are depicted based on this soft congruence relation. We
then give their related properties with examples to investigate their
characterizations.
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1. Introduction
In our complex world, there are many situations occur, where we cannot use tra-

ditional methods to solve problems in economics, engineering, environmental science,
social science, medical science etc. because of various types of uncertainties present in
these problems. Probability theory, fuzzy set theory [31], rough set theory [18] are novel
mathematical tools to solve real world problems including uncertainty.

Pawlak initiated rough set theory [19] to study incomplete knowledge which are found
in the economics, engineering, and environmental science, computer science, and many
other fields. Pawlak’s rough set approximations are defined by means of an equivalence
relation namely indiscernibility relation. Rough set is a pair of two crisp sets called lower
and upper approximations and viewed as the sets of elements which certainly and possibly
belong to the set. Pawlak [18] introduced the theory of rough set as an extension of set
theory for the study of incomplete information. The relationship between rough sets and
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algebraic systems (lattice) has been discussed by many researchers. For example, Iwinski
[10] defined rough lattice and rough order without using any indiscernibility concept
of a rough set. Järvinen [11] established lattice structure on rough sets which played
an important role in rough set and Pawlak’s information system. Xiao and Zhang [28]
described the notion of rough prime ideals and rough fuzzy prime ideals in a semigroup.
Rana and Roy [29] presented a unique approach to form lattice structure by choice
function in rough set. Rasouli and Davvaz [30] gave the relationship between rough sets
and ring theory, and introduced the concept of rough ideal with respect to an ideal of
ring, which is an extended notion of ideal in a ring. Estaji et al. [8] studied the concept
of upper and lower rough ideals in a lattice.

Molodtsov [14] defined soft set theory which is a new approach for dealing with vague-
ness and uncertainty in the real life problems. A soft set, in fact, is a tuple which as-
sociates with a set of parameters and a mapping from the parameter set into the power
set of an universe set. Maji et al. [15] studied on the theory of soft sets initiated by
Molodtsov, and developed several basic notions of soft set theory. Ali et al. [1] introduced
the notion of restricted union, restricted intersection, restricted difference, and extended
intersection between two soft sets. They established the notion of complement in soft set,
and also proved that De Morgan’s laws hold in soft set theory. Furthermore, Babitha and
Sunil [2] gave definition of soft set relation based on cartesian product of two soft sets.
After that, Babitha and Sunil [3] defined the partially ordered soft set by introducing
ordering on soft sets, equivalent soft set relation, partition, composition and function.
Park et al. [17] focused the discussion on equivalence relation, and they established that
complete lattice is defined on the poset of equivalence soft set relations under a soft set.
Applications of soft set theory in various field have been found in ([6], [7], [9], [12], [16],
[20], [21]).

Lattice is a partially ordered set in which supremum and infimum exist for every
pair of elements in the set. Algebraic structure (lattice) of rough set and soft set and
their hybridization is an interesting topic to the researchers ([13], [19], [22]-[27]). Soft
set theory has potential applications in many different fields due to its no necessity to
describe the membership function. As a result, this makes that the soft set theory is so
simple and popular in applications of various areas ([4], [5], [7], [12]).

In this paper, we describe the soft binary relation as well as soft congruence relation
over lattice. We obtain some important properties of soft binary relation considering
lattice as a universal set. Moreover, based on the ideas of congruence relation, we define
soft congruence relation on lattice. Beside this, we approximate the subset of a lattice
under soft congruence approximation space, and investigate the characteristic of ideal of
the lattice under this soft congruence approximation space.

The remainder of the paper is designed as follows. In Section 2, we recall some basic
concepts with respect to soft sets. Section 3 explores the soft binary relations over lattice
including the various properties related to the soft binary relation. Approximation of
a subset of a lattice under soft congruence relation is initiated in Section 4. Finally,
conclusions and further study are discussed in Section 5.

2. Preliminaries
In this section, we present some basic definitions and results of soft set theory which

are the most useful in the sequel.
Let U be an initial universe set and let E be a set of parameters which are usually

initial attributes, characteristic, properties of object in U . Also let P (U) denote the
power set of U and A ⊆ E.
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2.1. Definition. [15] A pair (F,A) is called a soft set over U , where F is a set valued
function defined by F : A→ P (U).

In other words, a soft set over U is a parameterized family of subsets of U . That is,
a soft set (F,A) over U can be presented as (F,A) = {(e, F (e)), e ∈ A}.

2.2. Example. Let (F,A) describe the group of students interested in different subjects.
Suppose there are four students in the universe U which is given by U = {u1, u2, u3, u4}
and the attribute set A = {e1, e2, e3} where e1 stands for Mathematics, e2 stands for
Science, e3 stands for English. Suppose

F (e1) = {u1, u2, u3}, F (e2) = {u1, u2}, F (e3) = {u2, u3, u4}

Thus the soft set over U is given by

(F,A) = {(e1, {u1, u2, u3}), (e2, {u1, u2}), (e3, {u2, u3, u4})}.

2.3. Definition. [15] Let (F,A) and (G,B) be two soft sets over U . (G,B) is said to
be a soft subset of (F,A), if the following conditions are satisfied;

(1) B ⊆ A,
(2) F (a) = G(a), ∀ a ∈ B.

We denote (G,B) v (F,A) where v stands for subset over a soft set. Two soft sets
(F,A) and (G,B) over a common universe U are said to be equal if (G,B) v (F,A) and
(F,A) v (G,B).

2.4. Definition. [15] A soft set (F,A) over U is said to be a null soft set and is denoted
by Fφ if ∀ a ∈ A, F (a) = φ (null set).

2.5. Definition. [15] A soft set (F,A) over U is said to be an absolute soft set and is
denoted by FU if ∀ a ∈ A, F (a) = U .

2.6. Definition. [15] Union of two soft sets (F,A) and (G,B) over a common universe
U is a soft set (H,C) where C = A ∪B and ∀ a ∈ C, H is defined as follows:

H(a) =


F (a), if a ∈ A−B,
G(a), if a ∈ B −A,
F (a) ∪G(a), if a ∈ A ∩B.

We write (H,C) = (F,A) t (G,B) where the symbol ‘t’ stands for union between two
soft sets.

2.7. Definition. [1] Intersection of two soft sets (γ,A) and (δ,B) over a common universe
U is a soft set (Y,D) where D = A ∪B, and ∀ a ∈ D, and Y is described as follows:

Y (a) =


γ(a), if a ∈ A−B,
δ(a), if a ∈ B −A,
γ(a) ∩ δ(a), if a ∈ A ∩B.

We write (Y,D) = (γ,A) u (δ,B) where the notation ‘u’ stands for intersection between
two soft sets.

2.8. Definition. [7] Let (F,A) and (G,B) be two soft sets over U . Then AND−product
of (F,A) and (G,B) is defined as follows:

(H,C) = (F,A) ∧ (G,B)

where C = A×B and H(a, b) = F (a) ∩G(b) for all (a, b) ∈ A×B.
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3. Soft congruence relation on lattice
In this section, we introduce the concept of soft congruence relation over lattice and

thereafter we present their related properties.
Let us first, we discuss some basic notions of lattice theory. Suppose that (L,≤) is a

partially order set. For all a, b ∈ L if a∨b and a∧b exist, then L is called a lattice, where
a ∨ b and a ∧ b are supremum and infimum of {a, b} respectively. Let L be a lattice and
A ⊆ L. Then A is called a sublattice of L if a ∈ A; b ∈ A imply a∨ b ∈ A and a∧ b ∈ A.
A is called an ideal if

(1) a ∈ A and b ∈ A imply a ∨ b ∈ A,
(2) a ∈ L, b ∈ A imply a ∧ b ∈ A.

3.1. Definition. An equivalence relation ρ on a lattice L is called a congruence relation
if aρb and cρd hold and imply that (a ∧ c)ρ(b ∧ d) and (a ∨ c)ρ(b ∨ d) together hold.

Since ρ is an equivalence relation on L, then ρ would partition L in equivalence classes
where for any a ∈ L, equivalence class of a is given as

[a]ρ = {x ∈ L : xρa}

3.2. Definition. [9] Let (ρ,A) be a soft set over L×L, where ρ is a set valued function
defined by ρ : A→ P (L× L). Then (ρ,A) is called a soft binary relation over L.

3.3. Definition. Let (ρ,A) be soft binary relation over L. (ρ,A) is called a soft equiv-
alence relation over L if each ρ(e)[6= φ], e ∈ A is an equivalence relation on L.

3.4. Definition. A soft equivalence relation (ρ,A) over L is called a soft congruence
relation over L if each non null ρ(e), e ∈ A is a congruence relation on L.

3.5. Example. Let L = {a, b, c, d} be a lattice. The partial order on L is defined as
shown in Figure 1 and A = {α, β}. Let us consider a set valued function ρ : A→ P (L×L)
which is given by

ρ(α) = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, a), (b, d), (d, b)}
and

ρ(β) = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, a), (b, c), (c, b), (a, b), (b, a), (d, c),
(c, d), (a, d), (d, a), (b, d), (d, b)}

Then (ρ,A) is a soft congruence relation on L.
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3.6. Proposition. Let (F,A) and (G,B) be soft congruence relations over L. Then
(H,C) = (F,A)t(G,B) is soft congruence relation over L if F (e) ⊆ G(e) or G(e) ⊆ F (e)
for all e ∈ A ∪B.

Proof. From Definition 2.6, we know that

H(e) =


F (e), if e ∈ A−B,
G(e), if e ∈ B −A,
F (e) ∪G(e), if e ∈ A ∩B

for all e ∈ C. Suppose that e ∈ A − B. Then H(e) = F (e). Since F (e) is a congruence
relation on L, H(e) is a congruence relation on L. Suppose that e ∈ B − A. Then
H(e) = G(e). Since G(e) is a congruence relation on L, H(e) is a congruence relation
on L. Let e ∈ A ∩ B. Since F (e) ⊆ G(e) or G(e) ⊆ F (e), H(e) = F (e) ∪ G(e) = F (e)
or H(e) = F (e) ∪ G(e) = G(e). Since F (e) and G(e) are congruence relations, H(e) is
congruence relation. Hence the proof is completed. �

3.7. Proposition. Let (F,A) and (G,B) be two soft congruence relations over L. Then,
(H,C) = (F,A) u (G,B) is soft congruence relation over L.

Proof. From Definition 2.7, we know that

H(e) =


F (e), if e ∈ A−B,
G(e), if e ∈ B −A,
F (e) ∩G(e), if e ∈ A ∩B

for all e ∈ C. Suppose that e ∈ A − B. Then H(e) = F (e). Since F (e) is a congruence
relation on L, F (e) is a congruence relation on L. Suppose that e ∈ B − A. Then
H(e) = G(e). Since G(e) is a congruence relation on L, G(e) is a congruence relation on
L. Let e ∈ A∩B, then H(e) = F (e)∩G(e). Since intersection of two congruence relations
is a congruence relation, H(e) is a congruence relation over L. Hence (F,A) u (G,B) is
congruence relation. �

4. Approximations under soft congruence relation
Let (ρ,A) be a soft congruence relation on L. Then each ρ(e), e ∈ A is a congruence re-

lation over L. Let ψ = ∩e∈Aρ(e). Then ψ is a congruence relation on L. The equivalence
class of x ∈ L under this congruence relation is described as [x]ψ = {y ∈ L : (x, y) ∈ ψ}.

We define the pair (L,ψ) as soft congruence approximation space.

4.1. Definition. Let (L,ψ) be a soft congruence approximation space and X be a non-
empty subset of L. Then the lower and upper approximations of X are defined as:

(1) ψ?(X) = {y ∈ L : [y]ψ ⊆ X},
(2) ψ?(X) = {y ∈ L : [y]ψ ∩X 6= φ}.

If ψ?(X) = ψ?(X) then X is called definable otherwise X is called rough.

4.2. Example. Considering Example 3.5, then

ψ = ∩α∈Aρ(α) = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, a), (b, d), (d, b)}
is a congruence relation on L. The congruence classes are given by {a, c}, {b, d}. Let
X = {a, c, d}, then in the soft congruence approximation space (L,ψ), ψ?(X) = {a, c}
and ψ?(X) = {a, b, c, d}. Clearly X is rough.

4.3. Definition. Let ψ be a congruence relation on L and S be a non-empty subset of
L. S is called an upper rough ideal (sublattice) of L if ψ?(S) is an ideal (sublattice). S
is called a lower rough ideal (sublattice) if ψ?(S) is an ideal (sublattice). S is called a
rough ideal of L if it is both an upper rough ideal and a lower rough ideal.
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4.4. Definition. Let ψ be a congruence relation on L, then ψ is called a complete
congruence relation if [a]ψ ∨ [b]ψ = [a ∨ b]ψ and [a]ψ ∧ [b]ψ = [a ∧ b]ψ for all a, b ∈ L.

If ψ is a complete soft congruence relation on L, we define the pair (L,ψ) as complete
soft congruence approximation space over L.

4.5. Proposition. Let ψ be a soft congruence relation on a non-empty set L. If A and
B are non-empty subsets of L, then

(1) ψ?(A) ⊆ A ⊆ ψ?(A),
(2) ψ?(A ∪B) = ψ?(A) ∪ ψ?(B),
(3) ψ?(A ∩B) = ψ?(A) ∩ ψ?(B),
(4) A ⊆ B ⇒ ψ?(A) ⊆ ψ?(B) and ψ?(A) ⊆ ψ?(B),
(5) ψ?(A ∪B) ⊇ ψ?(A) ∪ ψ?(B),
(6) ψ?(A ∩B) ⊆ ψ?(A) ∩ ψ?(B).

4.6. Proposition. Let L be a lattice and (L,ψ) be a complete soft congruence approxi-
mation space over L. If A is a sublattice of L, then A is an upper rough sublattice.

Proof. Let a, b ∈ ψ?(A), then [a]ψ ∩ A 6= φ and [b]ψ ∩ A 6= φ, so there exist x and y
such that x ∈ [a]ψ ∩ A and y ∈ [b]ψ ∩ A. So, x, y ∈ A and since A is a sublattice, hence
x ∨ y ∈ A. Again x, y ∈ A and ψ is a complete soft congruence relation on L, therefore
x ∨ y ∈ [a]ψ ∨ [b]ψ = [a ∨ b]ψ. Therefore x ∨ y ∈ [a ∨ b]ψ ∩A, so a ∨ b ∈ ψ?(A). Similarly
we can prove a ∧ b ∈ ψ?(A). So, the proposition is obvious. �

4.7. Proposition. Let L be a lattice and (L,ψ) be a complete soft congruence approxi-
mation space over L. If A is a sublattice of L, then A is a lower rough sublattice of L if
it is non-empty.

Proof. Let a, b ∈ ψ?(A), then [a]ψ ⊆ A and [b]ψ ⊆ A. But ψ is a complete soft congruence
relation on L, therefore [a]ψ ∨ [b]ψ = [a ∨ b]ψ. Let k be any element of [a ∨ b]ψ. So there
exist x ∈ [a]ψ and y ∈ [b]ψ such that k = x ∨ y. Now x ∈ [a]ψ ⊆ A and y ∈ [b]ψ ⊆ A i.e.,
x, y ∈ A, and since A is a sublattice, k = x ∨ y ∈ A, that is k ∈ [a ∨ b]ψ imply k ∈ A. So
[a∨ b]ψ ⊆ A . Therefore a∨ b ∈ ψ?(A). Similarly we can prove a∧ b ∈ ψ?(A). Hence the
proof is completed. �

4.8. Proposition. Let ψ be a congruence relation on a lattice L. If A and B are ideals
of L, then ψ?(A ∩B) = ψ?(A) ∩ ψ?(B).

Proof. Let x ∈ ψ?(A) ∩ ψ?(B). Then [x]ψ ∩ A 6= φ and [x]ψ ∩ B 6= φ. Then there
exist y ∈ A and z ∈ B such that xψy and xψz hold. So we can write (x ∨ x)ψ(y ∨ z)
that is xψ(y ∨ z). Since A and B are ideals of L, we have y ∧ z ∈ (A ∩ B) and hence
[x]ψ ∩ (A ∩ B) 6= φ which implies x ∈ ψ?(A ∩ B) that is ψ?(A) ∩ ψ?(B) ⊆ ψ?(A ∩ B).
Also by Proposition 4.5, ψ?(A ∩ B) ⊆ ψ?(A) ∩ ψ?(B). Hence we have ψ?(A ∩ B) =
ψ?(A) ∩ ψ?(B). �

4.9. Proposition. Let ψ be a complete soft congruence relation on a lattice L. If A is
an ideal of L, then A is an upper rough sublattice of L.

Proof. If A is an ideal of L, then A is a sublattice of L and then this proposition follows
from the Proposition 4.6. �

4.10. Proposition. Let (F,A) and (G,B) be soft congruence relations over L. Then
(H,C) = (F,A) ∧ (G,B) is soft congruence relation over L.
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Proof. Let (a1, b1) and (a2, b2) ∈ H(α, β) for all (α, β) ∈ A × B. Then (a1, b1) and
(a2, b2) ∈ F (α), and (a1, b1) and (a2, b2) ∈ G(β). Since (F,A) is congruence relation,
(a1∧a2, b1∧b2), (a1∨a2, b1∨b2) ∈ F (α). Similarly, (a1∧a2, b1∧b2), (a1∨a2, b1∨b2) ∈ G(β).
Thus, (H,C) is congruence relation over L. �

4.11. Proposition. Let {(F,Ai) : i ∈ I} be a non-empty family of soft congruence
relation over L. Then, ∧

{(F,Ai) : i ∈ I}
is soft congruence relation over L.

5. Conclusions
Soft congruence relation is a new kind of soft set relation. In this paper, we have

established the soft congruence relation over lattice. Several properties of soft congruence
relation have been studied. Approximations of subset of a lattice have been studied with
respect to soft congruence relation. That is the roughness of a subset of lattices has been
discussed using the soft set relation. We have also discussed the properties of lattice ideal
with respect to the soft congruence relation. In addition to the above, we have concluded
that the concept of the paper has opened a new platform for algebraic study.

As an extension of this work, one can concentrate on the following topics:
(1) Designing the soft lattice based on soft congruence relation.
(2) Formulating the fuzzy soft congruence relation.
(3) Defining the soft congruence relation of soft lattice.
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