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ON A SUBCLASS OF UNIFORMLY QUASI CONVEX
FUNCTIONS OF ORDER «

D. VAMSHEE KRISHNA, B. VENKATESWARLU, AND T. RAMREDDY

ABSTRACT. In this paper, we introduce two new classes of analytic functions
namely uniformly quasi convex functions of order @ and quasi uniformly con-
vex functions of order a denoted by UQCV (a) and QUCV (a) (0 < o < 1)
respectively and study certain properties of functions belonging to these two
classes. Further, we obtain a necessary and sufficient condition for the function
f(2) to be in the class UQCV (). These results are generalized recent results
of Rajalakshmi Rajagopal and Selvaraj [7].

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
(1.1) f(2) :z+Zanz"
n=2

which are analytic in the unit disc U = {z : |z| < 1}. Let S denote the subclass of
A which are univalent in U.

Definition 1.1. [3] A function f given in (1.1) is said to be uniformly convex in
U, if f is convex and has the property that for every circular arc « contained in
U with centre £ the arc f(v) is convex. The class of uniformly convex functions is
denoted by UCV. The analytical characterization of the function f € UCV was
given by Goodman [3].

Theorem 1.1. [3] A function f of the form (1.1) is in UCV if and only if

Re{l + (z—§)§l,,((j))} >0,V (2,£) €U xU and z #¢.
Theorem 1.2. [8] A function f of the form (1.1) is in UCV if and only if

) s [
Re{1+ 0} > |0 | vzev
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Definition 1.2. [5] A function f of the form (1.1) is said to be quasi convex in
U if there exists a convex function g in U with ¢(0) = 0 = ¢’(0) — 1 such that

Re{{zf/(z)} } ~0VzeUl.

g'(2)
The class of quasi convex functions is denoted by c*.
Definition 1.3. [6] A function f of the form (1.1) is said to be close-to- uniformly

convex if there exists a uniformly convex function g in U such that Re { z :Eg} >
0,z eU.

The class of all close-to-uniformly convex functions is denoted by CUCYV. The
subclasses uniformly quasi convex functions and quasi uniformly convex functions
denoted by UQCV and QUCYV respectively of S are introduced and studied by
Rajalakshmi Rajagopal and Selvaraj [7]. The following Definitions are due to them.

Definition 1.4. A function f(z) in A is said to be uniformly quasi convex in U if
there exists a uniformly convex function g in U with ¢g(0) = 0 = ¢’(0) — 1 such that

Re{{(zf”'(”}} >0,V 26U,z 4E.

g'(2)
The class of all such functions is denoted by UQCV'.

Definition 1.5. A function f(z) is A is said to be quasi uniformly convex in U if
there exists a uniformly convex function g in U with g(0) = 0 = ¢’(0) — 1 such that

Re{{zf'(z)} } ~0,Vzel.

g’ (2)

The class of all quasi uniformly convex functions is denoted by QUCYV. From the
Definitions 1.4 and 1.5, it is observed that QUCV C UQCYV. Now, we introduce
and study certain important properties of the following two classes.

2. MAIN RESULTS:

Definition 2.1. A function f(z) in A is said to be uniformly quasi convex function
of order a (0 < a < 1) if there exists a uniformly convex function g in U with
g(0) = ¢’(0) — 1 such that

, /
(2.1) Re{{(zg/f()zf)(z)}}>oz,V(z,§)€UanndZ7é§.
We denote the class of uniformly quasi convex functions of order a by UQCV («).

Definition 2.2. A function f(z) in A is said to be uniformly convex of function of
order o (0 < v < 1) if and only if

(2.2) Re {1 +(z-9 {cfll/((:’))

The class of such functions is denoted by UCV («).

}>a7V(z,§)EU><Uandz7é§.

Definition 2.3. A function f(z) in A is said to be quasi convex function of order
a (0 < a < 1) if there exists a convex function g in U with g(0) =0 = ¢’(0) — 1
such that
, /
(2.3) Re{{zfl(z)}}>a, VzeU.
9'(2)
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The class of such functions is denoted by ¢*(a).

Definition 2.4. A function f(z) in A is said to be quasi uniformly convex function
of order o (0 < o < 1) if there exists a uniformly convex function ¢ in U with
g(0) =0 = ¢'(0) — 1 such that

’ /
(2.4) Re{{zfl(z)}}>a, Vzel.
9'(2)
The class of all quasi uniformly convex functions is denoted by QUCV («).
Definition 2.5. A function f(z) in A is said to be close-to-convex function of order
a (0 < a < 1) if there exists a convex function g in U such that

(2.5) Re { 58

The class of all close - to- convex functions of order « is denoted by K(«).

}>a,Vz€U.

Definition 2.6. A function f(z) in A is said to be close-to- uniformly convex
function of order o (0 < a < 1) if there exists a uniformly convex function g in U
such that

f'(2)

(2.6) Re { 7

The class of all close - to- uniformly convex functions of order « is denoted by
CUCYV («). From the above Definitions, we observe the following conclusions:

1. Choosing g(z) = f(z) in (2.1), where g(z) € UCV, we obtain

S R

for z# € in |z| < 1for (0 <a<1).

}>a,Vz€U.

From this result and in view of Definition 2.2, we get
(2.7) UCV(a) cUQCV ()
2. Taking £ =0 in (2.1), we obtain

, /

(2.8) Re{{zi((;))}}>a, for ze€ U, for (0 <a<1).
From the Definition 2.3, we observe that

(2.9) UQCV (a) C c*(a).
From the expressions (2.7) and (2.9), we obtain

(2.10) UCV(a) cUQCV(a) C c*(a).

Therefore, an immediate consequence of (2.10) is that every uniformly
quasi-convex function of order « is univalent.
3. Choosing t(z) = zf'(z) in (2.3), we get

Re{;((‘?)} > a, for (0 < a < 1),

(2.11) From the Definition 2.5, we observe that ¢*(a) C K(«).
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4. Taking £ =0 in (2.1), we obtain

(2.12) Re {{z;“/’((:))}/} > q, for z € U,

which implies that QUCV (o) C UQCV ().
Lemma 2.1. If g(z) € UCV, then

1
l9'(2)] < 1T forlz|=r<1, zeU.

Proof. Let g(z) = 2+ > 0 5 bp2" < ¢'(2) = 1+ >0, nb, 2"~ !. Taking modulus
on both sides of ¢'(z), using the facts |a 4+ 0| < |a| + |b] and |ab| = |a]|b], we get

1+ Z nbpz" ! 1+ Z n|bn|r”1] .
n=2 n=2

For the function g(z) € UCV (according to Goodman [2]), we have

(2.13) l9'(2)| = & lg'(z)] <

1
(2.14) Iba| < =, Vn > 2.
n

Simplifying the expressions (2.13) and (2.14), we obtain

143 ] _
7;2 1—r

Hence the Lemma. O

l9'(2)] <

Theorem 2.1. Let f(z) be in A. Then f is uniformly quasi-convex function of

order a (0 < « < 1) if and only if Re { {Z!J;,((:))} } >a + zg,/ég) .

Proof. Let f(z) € UQCV (a) (0 < a < 1). By virtue of Definition 2.1, there exists
uniformly convex function g(z) € U such that

(2.15) Re{W} > o, V(2,6 €UxUand z €.

(=1 ()Y §f"(2)
If we choose &€ = ze'? in a suitable way, for some real 3, we get
ff”(Z)} _ [z ()| _ |2 (2)
240 e\ S = el e
From the expressions (2.16) and ( 2.17), we obtain
{=f' (=)} } 2f" (%)
(2.18) { 1zt e

Hence, the condition is necessary.
Conversely, suppose the condition given by (2.18) is true.
Let £ be an arbitrary but fixed point in the unit disc U. Since the quotient of two an-

{Zf’(Z)}/}

alytic functions, whose real part is harmonic and hence the function Re { e

becomes harmonic, provided g(z) € UCV.
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Therefore, by the minimum principle it is enough to show that the result is true
for |z| = p > €], p < 1. From (2.18), for || < |z| = p < 1 and using the fact

Re(z) < |z|, we get
re{ S )2 [ [ | > [ [ | 2 e {5500
(Cooreyy
g'(2)

which shows that f(z) € UQCV (). Hence the condition is sufficient. O

z I/(Z)
9'(2)

< Re

’

Remark 2.1. Since % is analytic in |z| < 1 and maps 0 to 1, the open mapping
theorem implies that equality in (2.18) is not possible.

Theorem 2.2. If f(2) e UQCV («) (0 < v < 1) then

(%

lan| < i[(l_a)+(2n—1)

},n>2.

Proof. Let f(z) € UQCV (), from the Definition 2.1, there exists uniformly convex
function g given in Lemma 2.1, such that

Re{{(sz} >,V (%€ €U xUand z £ ¢

9'(2)
(z=9f"(2) + f'(z)
(2.19) < Re { 70) } > a.
Choosing £ = —z in (2.19), it takes the form
22f"(2) | ['(2)
(220 R[S+ 25 e

Let p(z) = 2?;()2) + ;:Ejg, which is incompatible with p(z) = %ﬂ(‘gj@
w(z) is schwarz’s function in the unit disc U and p(z) = Y.~ pnz" with pg =1,

then we have
(2.21) 22f"(2) + f'(2) = p(2)g' (2).

Replacing f'(2), f"(z),9'(z) and p(z) by their equivalent expressions in series in
(2.21), after simplifying, we get

, where

(2.22) 1+ Z {2n(n —1) +n}a,z" "t = {1 +prz4ped 4 4 pa12™ !

n=2

+ppt } X {1 4+ 2002 + 3032 + -4 (n— D)by_12" %+ nby2" 4 }
Equating the coefficient of 2”~! on both sides of (2.22), we have
(2.23)  [2n(n—1)+nla, = [nby + p1(n — 1)by—1 + pa(n — 2)by_o+
o+ Pn—22by + pr1].

Taking the modulus on both sides of (2.23) and using the facts, for the functions
with positive real part, |pg] =1, |pn| <2(1 —«), Vn > 1 with 0 < a < 1 and the
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result from (2.14), which simplifies to
n2n —1)|a,] <[(1—-a)(2n—1)+q]

1
& ay| < [(1a)+
n

Hence the Theorem. O
Theorem 2.3. If f e UQCV () (0 < a < 1) then

2f'(z) = f(2)] < {2(1__;‘“)’““1—2@) log(l—r)} , for|z] =r < 1.

Proof. Let f € UQCV («), from the Definition 2.1, there exists a uniformly convex
function g such that

Re{{(z_'é)fl(z)}/] >a, z, £ €U, where z # ¢

9'(2)
(2.24) = Re {(z - g)fg”/z; + f/(z)] > a
Choosing £ = —z in (2.24), we get
22f"(2) | f'(2)
(2.25) Re{ FIOR g,(z)] > a

Put p(z) = 22{;;(5) + 518 in (2.25), which takes the form Re(p(z)) > a (0 < a < 1)

so that we can have
22f"(2) + f'(2)] = p(2)g'(2) & [221'(2) — f(2)]" = p(2)g ().
Taking modulus on both sides, we get
|[22f'(2) = f(2)]'| = [p(2)]|g(2)]-

Using the known result for |p(z)| ( according to Goodman [2] ) and Lemma 2.1,
resolving into partial fractions on the right hand side, we obtain

(2.26)
, , 14+ (1—2a)r 2a—-1 2(1—-«
e - s < [F ] = R )

On integrating along a line segment from 0 to |z| = r in (2.26) and using the fact
|f(2)] <[5 |f/(2)l|dz|, which simplifies to give

227/ - 1) = | 2=
Hence the Theorem. O
Theorem 2.4. f(z) € QUCV(a) & zf' € CUCV(a) (0 <a < 1).

Proof. Let f(z) € QUCV («), from the Definition 2.4 , we have

(2.27) Re [{ZZ((;))}/] > a
Choosing zf'(z) = F(z) in (2.27), we get

F'(z2)

re| 55

},for|z|=r<1.

+ (1 —2a) log(1 —r)} , (0<a<).

] > a, for|z] <1.
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From the Definition 2.6, we conclude that F = zf" € CUCV («).

Conversely, let F = zf’ € CUCV («, from the Definition 2.6, we have

! !
Re [{zf/(z)}] > o, |z < 1.
g'(2)
In view of Definition 2.4, we conclude that f(z) € QUCV (a).
Hence the Theorem. O

Theorem 2.5. If f € QUCV («) then f € CUCV (a).
Proof. Let f € QUCV («), then by a result obtained by Libera [4], we have

(2.28) Re {{Zj((j))y} > a S [ng(lg)} > a, z€ U,

where g € UCYV, which is also in S, denotes the class of parabolic star like functions
introduced by Ronning [9]. Geometrically S, is the class of functions f given (1.1),

for which Z}CQS) takes its value in the interior of the parabola in the right half plane

symmetric about the real axis with vertex at (%, O) .
gt
(2.29) Put h(z) = / #dt & h(z)= 9z) & g(z) =z (2) € S,
0 z

By the relation between UCV and S, given in terms of the Alexander type Theo-
rem [1] by Ronning [8], we have

zh'(z) € S, & h(z) € UCV.
Simplifying the relations (2.28) and (2.29), we obtain

!/
Re {{L,Ezﬂ >a, zeUfor (0<a<l).
Since h(z) € UCV, from the Definition 2.7, we conclude that f(z) € CUCV («).
Hence the Theorem. d

Remark 2.2. From the Theorems 2.4 and 2.5, we conclude that
if f(z) € QUCV («) then both f(z) and zf’(z) belongs to CUCV («).

Theorem 2.6. If f € QUCV (a) (0 < a < 1) then
1
lan| < ﬁ[2n(1—a)+(2a—1)}, Von>2.

Proof. Let f € QUCV (), from the Definition 2.4, there exists uniformly convex
function g in U such that

ErEY] L.
(2.30) Re { 70 ] >a, z€U.
Choosing p(z) = w in (2.30), we can have

Re(p(2)) > o, so that {zf'(2)}' = p(2)g'(2).
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Applying the same procedure described in Theorem 2.2, we obtain

(2.31) |an| g%[(l—a)(2n—1)+a]7 Von>2.

Hence the Theorem. O

Theorem 2.7. If f € QUCV (a) (0 < a < 1), then

lzf'(2)| < [w + (1 —2a)log(1 — r)] Jfor 2] <r < 1.
Proof. Let f € QUCV («), from the Definition 2.1, we have
{=1'(2))

Putp(z) = %in (2.32), we get Re{p(2)} > a,

so that, we can have
(2.33) {z1'(2)} = p(2)d'(2).
Taking modulus on both sides of (2.33), which takes the form
12f'(2))| = Ip(2)llg'(2)]-
Applying the same procedure described in Theorem 2.3, we obtain
21 — a)r
(1=7)

Hence the Theorem. O

l2f'(2)] < + (1 —2a)log(l —r)
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