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ON THE ISOMETRIES OF 3-DIMENSIONAL MAXIMUM SPACE

T. ERMIS AND R. KAYA

ABSTRACT. In this article, the hexahedron associated to metric geometry full-
filed by the metric of which unit sphere is hexahedron. We have analytically
proved that the isometry group of the space with respect to this metric is
the semi direct product of the Euclidean symmetry group of the cube and
T'(3) which is all translations of analytical 3—space.

1. INTRODUCTION

Many geometric studies and investigations are concerned with transformations
of geometric objects on various spaces. Some of the transformations form group.
Many of these groups consist simply of the symmetries of those spaces. The Pla-
tonic solids provide an excellent model for the investigation of symmetries. Also,
Platonic solids are very important in the sense that they can be used not only in
studies on properties of geometric structures, but also investigations on physical
and chemical properties of the system under consideration. The isometry group
have extensive applications in the theory of molecular and crystalline structure [1],
[6]. The importance of isometries is that they preserve some of geometric proper-
ties; distance, angle measure, congruence, betweenness, and incidence [4], [5], [7],
[8]. The isometry group is a fundamental concept in art as well as science. To
develop this concept, it must be given a precise mathematical formulation.

Through the article we will use the definitions, explanations, propositions and
the methods of proofs in the main reference [3].

2. THE MAXIMUM METRIC

It is important to work on concepts related to the distance in geometric studies,
because change of metric can reveals interesting results. What appears to be es-
sential here is the way in which the lengths are to be measured. The present study
aims to present isometry group of R3 by achieving the measuring process via the
maximum metric dpg in preference to the usual Euclidean metric dg.

2000 Mathematics Subject Classification. 51K05, 51K99.
Key words and phrases. maximum distance, maximum space, isometry group.

103



104 T. ERMIS AND R. KAYA

For the sake of simple, R? fullfiled by maximum metric is denoted R3; in the
rest of the article. Linear structure except distance function in the R3; is the same
as Euclidean analytical space [9]. This distance function dpg is defined as following.

Definition 2.1. Let P, = (21,1, 21) and P> = (29, ys, 22) be two points in R3. The
distance function dyg : R? x R® — [0, 00) defined by
dm (Pr, Pp) = max {|za — 1], |y2 — y1], [22 — 21|}
is called maximum distance function.
According to this distance function, the unit sphere is a hexahedron in the R3,.

Proposition 2.1. The distance function dy is a metric of which unit sphere is
cube in R? (see Figure 2.1).

Figure 2.1

Proposition 2.2. Given any two points A and B in R3;. Let direction vector of
the line | through A and B be (p,q,r). Then,

de (A, B) = 11 (AB) dn (A, B)

where
max {|p|,[ql, [r[}

/D2 ¥ +r2

Proof. Let A=(z1,v1,21) and B=(z2,ya, 22) be two points in R3,. If line [ with di-

1(AB) =

>
rection vector (p, g, r) passes through the points A and B, then AB || (p, g, r) . There-
—
fore AB = X\ (p,q,r) such that A € R\ {0}. So

dm (A, B) = [Amax{[p|, |q|, ||}

and similarly,

5 (A,B) = M) + @) + ().
Consequently dn (A4, B) = max {[pl,lal, Irl} is obtained. O

dE (A,B) /pQ +q2_|_7,2
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3. ISOMETRIES OF THE R},

We want to show that isometry group of the maximum space R3; in this section.
At the end of this section we are going to show isometry group of R3; is the semi
direct product of 7 Euclidean symmetry group of cube ” and ” all translations of
R3 7. Also, Oy, consist of identity, reflections, rotations, inversion, rotary reflection
and rotary inversions. Before we give isometries of R3;, we introduce elements of
the set Oy,.

A transformation is any function mapping a set to itself in R3. A figure in R?
is any subset of R?. An isometry of R3; is a transformation from R? onto R? that
preserves distance. This means dv(X,Y) = dm(a(X),a(Y)) for each points X
and Y in R3;. A symmetry of a figure F in R? is an isometry mapping F onto
itself —that is, an isometry f : R3 — R3 such that f(F) = F. The identity function
I is a transformation is given I(X) = X for each point X in R3. If A represents a
plane, then the reflection o across the plane A fixes every point on A, and takes
every point X not on A to Y, where A is the perpendicular bisector of X and Y.
A rotation is an isometric transformation which can be written as the composition
of two distinc reflections. That is, a rotation about axis [ is defined by caor where
two planes I and A intersect at line [. A rotary reflection is an transformation which
is the combination of a rotation about an axis and a reflection in a plane. That is,
a rotary reflection is defined by opoaor such that I' and A are two intersecting
planes each perpendicular to plane II. A inversion according to a point P can be
written as the op(X) =Y such that P is the midpoint of X and Y for X , Y € R3.
Rotary inversion is the combination of a rotation and an inversion in a point.

Proposition 3.1. All Euclidean translation in R3 is an isometry of R3,.

Proof. Given a points A = (a1, as, a3) in R};. The translation T4 : R3; — R3,; is a
mapping such that Ty (X) = A+ X.
Let X = (z1,y1,21) and Y = (79,2, 22) be any two points in R}, then

dna (T4 (X), Ta (V) = max{ Kalﬂ?)_(alHl)",'|%i§iii§:8§f§3} }

= dum (X,Y).
This means that translation T4 is an isometry. O

Therefore, we now consider planes passing through the origin for all calculations
in the rest of the article.

. L4 . . . . . . e 3
The following proposition gives reflections which preserve distance Ry;.

Proposition 3.2. Given the plane A having equation ax+by+cz = 0 in R3 ;. Reflect-
ion oa s a isometry iff unit normal vector of the plane A is written as )\.1_} where
A is a scalar and ‘_} € D such that
D = {(1,0,0),(0,1,0),(0,0,1), (£1,1,0), (£1,0,1), (0,£1, 1)} .
Proof. Euclidean reflection oa : R? — R3 can be defined by
7alny2) = < e 2acz,’—_22a;;+_ (21bc_y2ﬁ2()1y_—2?c2§2 )

such that (a, b, ¢) is the unit normal vector of the plane A.
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We know that the reflection preserving a base of R? is a isometry. If we take
vector set T = {A; = (1,1,1), 4y = (1,—-1,1), A3 = (1,—1,—1)} as base of R?, we
shall find that reflections which preserve vectors of this base. To find reflections,
we shall calculate a, b, c. If we calculate image of set T' under Euclidean reflection,
we get

oa (A1) = (1 —2a® — 2ab — 2ac, —2ab + 1 — 2b? — 2bc, —2ac — 2bc + 1 — 2¢%)

oa (Ag) = (1 —2a® + 2ab — 2ac, —2ab — 1 + 2b? — 2bc, —2ac + 2bc + 1 — 2¢%)

oa (As) = (1 - 2a® + 2ab + 2ac, —2ab — 1 4 2b? + 2bc, —2ac + 2bc — 1 + 2¢%) .

If reflection preserves dy;—distance, we have three equations;
dm (O, A1) = dn (04 (0) ,0a (A1) =1
dM (07 AQ) = dM (O’A (O) s OA (AQ)) =1
dm (0, Az) = dm (04 (0) 04 (43)) = 1.
Thus,
max { |1-2a%-2ab-2ac| , |-2ab + 1-2b*-2bc
max { |1-2a + 2aby-2ac| ,
max { ’1-2(12 + 2ab + 2ac|,

, |-2ac-2bc + 1-2¢7|} =1
-2ab-1 + 2b%y-2bc| , |-2ac + 2bc + 1-2¢?| } =1
-2ab-1 + 2b% + 2bc| , |-2ac + 2bc-1 + 2¢?| } =1

is obtained. Consequently, we have the system of equations with three unknows
a, b and c. Solving these system of equations for a, b and ¢, we get

(¥1,0,0), (0,¥1,0), (0,0,F1),
0,F— F—— |, |F=.0,F = |, | F=,F=.0].

2 2 2 2 2 2

Conversely, we shall show that reflections oa preserve distance dyg. Given reflection
oa such that oa (X) =Y for X, Y € R3,. Let (p1,q1,71) and (pa2, ga,72) be the
direction vectors of the lines OX and OY, respectively. If ©(OX) = 1 (OY), then
dm (0,X) = dnm (0,Y) is obtained by Proposition 2. 2.

To show dn (O, X) = dm (0,Y), we must check for all possible;

A (P2, q2,72) A (p2,q2,72)
x=0 (=p1,q1,71) r+2=0]|(-r,q,—p1)
y=0 (p1,—q1,71) r—2=0] (r,q,p1)
z2=0 (p1,q1,—71) y+2z=01 (p1,—11,—q1)

r+y=0](-q,—pi,m) y—2z=0]| (p1,m,q)
r—y=0| (q,p1,71)

(]

Corollary 3.1. In R, nine Euclidean reflections according to the planes having
equations x =0, y =0, 2 =0, 24+y =0, z—-—y=0, 2+2=0, v —z =0,
y+2=0, y—2z=0 are isometric reflections.

. 4t L e . . Ll 3
Following proposition tell us isometric rotations in Ry.

Proposition 3.3. Given a rotation rg : Ry; — R3; according to | having equation
x z

T_¥_ —. Rotation rg is an isometry iff rg € Ryy = Ry U Ro U R3 such that

p q T

s 3
Ry = {7’9 10 e {2,71', 2} , rotation axis has a direction vector in Dl} ,
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27 4
Ry = {7‘0 :0 € {;, ;T} , rotation axis has a direction vector in Dg} ,

Rs ={rg: 60 € {xn}, rotation axis has a direction vector in D3},
where

Dy = {(1,0,0),(0,1,0),(0,0,1)},

Dy ={(1,1,1),(~1,1,1),(1,~1,1), (1,1, -1)},

and

Ds ={(1,1,0),(1,-1,0),(1,0,1),(1,0,-1),(0,1,1),(0,1,—1)}.

Proof. Recall that if rp : RY; — R3S, according to | having equation r_v_z

q
where (p, g, ) is a unit vector is a Euclidean rotation, then 7y has following matrix

representation:

cosf + p? (1 — cos0) pq (1 —cosf) —rsind pr (1l —cosf) + gsind

pq (1 — cosf) + rsind cosf + ¢* (1 — cosf) qr (1 —cosf) — psind

pr (1 —cosf) — gsiné qr (1 —cosf) + psinf cosf + 1% (1 — cos®)
A rotation can be written as the combination of two distinc reflections. So, a
rotation with axis [ can be defined by oaor where [ is line of intersection be-
tween planes I' and A. Consequently, vectors (1,0,0), (0,1,0), (0,0,1), (1,1,1)
(-1,1,1), (1,-1,1), (1,1,-1), (1,£1,0), (1,0,+£1), (0,1,£1), (0,1,—1) can be
take as direction vector of the line [ by Corollary 3.1. To show isometric rotations
in R%m our next step is to give that rotations which preserve the lenghts of the
edges of the unit sphere. To do this it will be enough to find isometric rotations.
Let A; = (1,1,1) and A3 = (1,—1, 1) be points on the unit sphere. If we find image
of Ay and Ay under ry, we get

cos 0+p? (1- cos 0) +pq (1- cos @) -r sin O+pr (1- cos 0) +q cos 0
reg (A1) = , pq (1-cos 6) +r sin 0+ cos O+q2 (1- cos 0) +qr (1- cos 0) -psin §
, pr (1-cos @) -g sin 0+qr (1- cos 0) +p sin 0+ cos O+1r2 (1- cos )

cos 0+p? (1- cos ) -pq (1- cos §) +r sin O+pr (1- cos 0) +q cos f
ro (A2) = , pq (1-cos 6) +rsin 6- cos 0-¢> (1- cos §) +qr (1- cos §) -psin 0
, pr (1-cos 0) -q sin 6-qr (1- cos 0) -p sin 6+ cos O+12 (1- cos )

If rg preserves dyp—distance, we have equation;
dn (A1, Az) = di (rg (A1) 7 (A2)) = 2.

Let (1,0,0) can be taken the direction vector of [ in D;. Then (p,q,r) = (1,0,0).
Setting p = 1, ¢ = 0 and r = 0 in the equation dng (rg (A1) ,79 (A2)) = 2, we get
max {|cosf|,|sinf|} = 1. Solving this equation for § # 0, we obtain 0 = 7/2, 7
or 37w /2. Consequently, all Euclidean rotation about the x—axis with 0 = 7/2, 7
or 3m/2 is an isometry of R3;. Similarly, if the direction vector of [ is one of
(0,1,0), (0,0,1), then 8 = 7/2, m or 37/2.

1

Let (1,1,1) can be taken the direction vector of [ in Ds. Then (p, g, r):—3 (1,1,1).
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Setting p, ¢ and 7=1/1/3 in the equation dyg (rg (A1), 76 (A2)) = 2, we get:

1 1

= (1 —cosf) — —sind|,
3

dm (1o (A1), 719 (A2)) = Vs

1
cos 0 + 5(1 —cos&)‘

)

1 1
— (1 —cosf) + —=sinf
3 G

=1.

Solving above equation for 6 # 0, we get 0 = 27 /3 or 47 /3. Consequently, rotations
rg according to the line [ having direction (1,1, 1) with 6 = 27/3 or 47/3 is an isome-
try of R3. Similarly, if the direction vector of [ is one of (-1,1,1), (1,-1,1), (1,1,-1),
then § = 27/3 or 4m/3.
Let (1,1,0) can be taken the direction vector of [ in D3. Then (p, g, r):\% (1,1,0).
Setting p = 1/v/2, ¢ = 1/v/2 and r = 0 in the equation dng (19 (A1), 76 (A2))=2,
we get

dm (19 (A1), 79 (A2)) = max {|1 —cosb)|,|cosb|, |sinb|}

=1.

Solving above equation for 6 # 0, we get 6 = 7. That is, every Euclidean rota-
tion about the line ! that has the direction (1,1,0) with § = 7 is an isometry of
R3,. Similarly, if the direction vector of [ is one of (1,—1,0), (1,0,1), (1,0,-1),
(0,1,1), (0,1,—1), then 8 = 7.

Conversely, we must show that rotations ry € Ry, = Ry U Ry U R3 preserve
distance dpg. To show dy (O, X) = dm (0,Y), we shall consider the following
cases to check p(OX) = p(OY). One can easily calculate u (OX) = pu(0OY) for
all possible cases as in Proposition 3. 2. For example:

(1,0,00 | z@LLY | HF@LLO) |
6=n/2 | 0=2r/3 0=n
(p2,q2’7,.2) ‘ (pla_rlaQI) | (Tlaplaql) ‘ (qlaplaTl) ‘

rotation

O

Corollary 3.2. Twenty three Euclidean rotations about the lines passing through
origin are isometric rotations in ]R%,[.

Note that the inversion oo about O = (0,0,0) is the transformation such that
oo (z,y,2) = (—x,—y, —z) for each point (z,y,2) in R3;. Also, inversion oo is a
isometry in R3,;. We use o0 to prove following propositions.

Proposition 3.4. There are only six rotary reflections about O that preserve the
dn—distances.

Proof. We know that the composition of a reflection in a plane and a rotation about
an axis orthogonal to the plane is called a rotary reflection. A rotary reflection is
determined by the reflection and an angle of rotation [2]. So, rotary reflection can be
written briefly as p := ogoaor = onre such that rg € Rpy, I' and A perdendicular
to IT [7]. This means that 9 rotation axes can be selected from 13 rotation axes are
given in Proposition 3. 3, because vectors of the set Dy are not normal vectors of
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the planes is given Corrollary 3.1. Let A; = (1,1,1) and Ay = (1,—1,1) be two
points in R3;. Then dyg (A1, Ag) = 2.

If 1T is the plane having equation « = 0, then (1,0,0) is unit direction vector of
ro and p (z,y,2) = onre (x,y,2) = (—z,ycosf — zsin b, ysinf + zcosb) .

p (A1) = (—1,cos60 —sinf,sinf + z cos 9)
p(Az) = (—1,—cosf —sin6, —sinh + zcos ).

Therefore,

dm (p(A1),p(A2)) =2 < |2cosb| + [2sinf| =2 < 0 € {721-,77,3271-},

but one can easily obtain that opr, is equals to the inversiyon oo about O =
(0,0,0). Therefore, there are only two rotary reflections according to the plane
x = 0. Similarly, two rotary reflections are obtained using the planes y = 0 and
z=0.

If IT is the plane having equation x+y = 0, then (1/\@, 1/v2, 0) is unit direction

vector of rg and
-1+ cos@ . 1+ cosf n sin 0 ;
2 - 2 y \/§ )

(z,y,2) = onre (2,9, 2) = -1-cos @ n -1+ cos @ sin @
p\T,Y,z) =0nrg\T,Y,%z) = , 5 T 5 Y- NG z,

-sinf  siné

»Wm—i— ﬁy—l—(cose)z
Clearly
p(Ar) = (—1 + Si;l;, -1- Sir/l;,cos@)
p(Az) = (COS€+ Sl\;l;,—cose— Sl\;l;,COSH - \/isine)
and

dm (p (A1), p(A2)) =2 @max{\l—l—cosﬂ , |-14 cos 4], ‘ﬂsin@‘}zZ < 0e{0,n},

but one can easily obtain that opr, is equals to the inversiyon oo about O =
(0,0,0) . This means that if § = m, then there is no new rotary reflection. Similarly,
if IT are the planes having equations x —y=0, z+ z=0, = —2=0, y+ 2=0, y— 2=0,
there is no new rotary reflection. (I

Proposition 3.5. There are only eight rotary inversions about O that preserve the
dnv— distances.

Proof. We know that a rotary inversions is defined by p := cpoaor = gorg such
that rg € Rj;. To show isometric rotary inversions, we have to consider 13 axes of
rotations is given in Proposition 3. 3.

If 7y represents the rotations about the x—axis, then (1,0, 0) is the unit direction
vector of rg and

p(x,y,z) =ocore (z,y,2) = (—x,—ycos + zsinf, —ysin§ — z cos ).
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Consequently,
p (A1) =(—1,—cosf +sinf, —sinf — cos )
p(A2) = (—1,cos0 +sinf,sinf — cos )

and

dm (p (A1), p(Az)) =2 < max {|2cosf|, |2sinf|} =20 € {O,g,w,?);—}.

One can easily obtain that o7, is equals to a rotary reflection or a reflection. This
. T 3 . . . .
means that if # = —, 7 and —, then there is no new rotary inversion. Similarly,

if ry represents the rotations about the y, z—axis, then there is no new rotary
inversion.
If 7y represents the rotations about the parallel to (1,1,0), then (1/\/§, 1/v2, 0)

is unit direction vector ry and
-1-cos @ n -1+ cosf sin 6
T - z
2 2 y \/i 9

-1+ cos 0 -1-cos sin 0
p(x,y,z)zaorg(%y,z): N — |2+ | ——F— |y+ | —F= ) %

2 2 V2
sin@x sin 0 cos 0
b \/§ \/Q y
Clearly
sin 6 sin 6
p(Ar) = (—1 ———,—-14 —,—cosf
V2 V2
sin 6 sin 6
p(Ag) = ((3059 — ——,cosf + ——, —cosf + /2sinf
V2 V2
and

dv (p(41),p(A2))=2 < max{|—1 + cosd|, |1+ cosd|,

ﬁsin@’}:Q@H e {0,7}.

but one can easily obtain that oo, is equals to a reflection. This means that if
6 = 7, then there is no new rotary inversion. Similarly, it is easily seen that there
is no new rotary inversion if rg is any of the remaining rotation axes parallel to
(1,-1,0), (1,0,1), (1,0,-1), (0,1,1), (0,1,-1).

If ry represents the rotations about the parallel to (1,1,1), then (1,1,1) is

€
V3
the unit direction vector of rg and p (z,y, z) = core (z,y, ) is equals to
-1-2cos @ -1+ cos #++/3sin 6 -1+ cos 6-+/3 sin 6

3 )" 3 a 3 -

<—1—|—cos€—\/§sin9> <—1—2 cosH) (—1—1— c089+\/§sin6‘>
T+ | ———— | y+ z,

3 3 3
(—H— cos@—!—ﬁsin@) (—1—1— coS 9—\/§sin9> (—1-20089)
T+ y+ | ——— | 2

3 3 3

Clearly
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p(Al) = (_17 -1, _1)
»(A3) (—1—2c059—2x/§sin9 —1+4cosf —1—20059+2\/§Sin9>
2 pr—

3 ’ 3 ’ 3
and
-242cos 0+2+/3sinf| |4-4cosb
dM (p (Al)ap(AQ)) =2 <j>HlaX{ 3 ) ‘ 3 )
442 cos 6-24/3 sin 0 } _o
3 =

S0 e {O, %ﬂ, 4;}

Therefore, we obtain that only two rotary inversion according to rotation about
the axis parallel to (1, 1,1) . Similarly, it is easily obtained that there are two new ro-
tary inversions each of the remaining rotation axes parallel to (—1,1,1),(1,—1,1),
(1,1,—1). That is, there are eight rotary inversions that preserve dpj—distances.

O

It can be easily check that cpoa = 7, rr € R1 U R3. Thus we have the octahe-
dral group, Oy, consisting of nine reflections about planes, twenty-three rotations,
six rotary reflections, eight rotary inversions, one inversion and the identity. That
is, the Euclidean symmetry group of the cube.

Now, let us show that all isometries of R3; are in T'(3).0y,.

Definition 3.1. Given A = (aj,az,a3) and B = (b1, ba,bs) points in R3,;. The
minimum distance set of A, B is defined by

{X:dm (A, X)+dm (X,B)=dwu (A, B)}
and is denoted by [AB].

Proposition 3.6. If ¢ : R3; — R}, is an isometry, then
¢ ([AB]) =[¢(A) ¢ (B)] .
Proof. Let Y € ¢ ([AB]). Then,

Y e¢([AB) ©3IX3Y =¢(X)
& dm (4, X) + dm (X,
& dm (¢ (4),¢ (X)) (
@Y =0(X)elp(4)¢(B)] .

Corollary 3.3. Let ¢ : R}, — R3; be an isometry. Then ¢ maps vertices to
vertices and preserves the lengths of edges of [AB].

Proposition 3.7. Let f : R3; — R3; be an isometry such that f(O) = O. Then f
is in Oy,.

Proof. Let Ay = (1,1,1), Ay = (1,—1,1), A5 = (—=1,1,1), Ag = (=1,—1,1) and
D = (0,0,2). Consider the minimum distance set [OD] with corner point D (see
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Figure 3.1).

Figure 3.1
So, f(A1) € AjAj, i # j, i,j € {1,2,3,4,5,6,7,8}. Here the points A; and

A;
Aj

Ag. Also any three of f (A1), f(42), f(As)or f(A4g)

Ai or f (A5) =

Aj7 f (A5)

Since f is an isometry by Corollary

3.3, f (A1), f(A2), f(As) and f (Ag) must be the vertices of the minimum distance

set with corner point D and origin. Therefore, if f (A;) € A;A;, then f(A;)
s. Now the following eight cases are possible;
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f(A2) = A1, f(As5) = A6 , f(As) = A2

f(A2) = A1 , f(A5)=As , f(As) = A4

B f(A2) =46 , f(A5)=A1 , f(Ae) = A2
FA)=45=3 fa) = Ay, f(45) = A5, f(dg) = A7
f(A2) =As , f(As5) =46 , f(As) = A7

f(A2) =As , f(A5)=A1 , f(Ae) = A4

f(A2) = Az , f(A5)=As5 , f(As) = A1

f(A2) =As , f(A5)=Ar , f(As) = 43

_ f(A2) =As , f(A5)=Ax |, f(4¢) = A1
FA) =462 fa) = A5 |, f(As) = Ar , f(Ao) = As
f(A2) = A7, f(A5)=Ax , f(As) =43

f(A2) = A7, f(A5)=As , f(Ae) = As

f(A2) = A3 , f(A5) =46 , f(As) = A2

f(A2) = A3, f(As5) =As , f(Ae) = A4

B f(A2) = A6 , f(A5)=A3 , f(As) = A2
FA) =723 fa) = A5, f(As) = A5, f(As) = As
f(A2) =As , f(A5) =46 , f(As) =45

f(A2) = As , f(As5) = A3 , f(Ag) = A4

f(A2) = Ay, f(A5)=As , f(Ae) = A1

f(A2) = Ay, f(As5) = A7, f(As) = A3

_ f(A2) = A5, f(A5)=As , f(As) = A1
FAV =423 fa) = A5 | f(As) = A7, f(As) = Ay
f(A2) = A7, f(A5)=As , f(As) = 46

f(A2) = A7, f(A5)=As , f(As) =43

In each case it is easy to show that f is unique and is Op. For instance in the first
case:

If f(Al) = Al, f(Ag) = A27 f(A5) = A5, f(A(;) = Aﬁ, then f is the 1dent1ty

If f(Al) = Al, f(Ag) = A4, f(A5) = A5, f(AG) = Aﬁ, then f = O0OA such that
A:y—z=0.

If f(A1) = A1, f(A2) = Ay, f(A5) = Az, f(As) = Az, then [ = ry; 3 with
rotation axis || (1,1,1).

If f(A1) = A1, f(A2) = A5, f(As5) = Az, f(As) = Ag, then f = oa such that
A:z—y=0.

If f(A1) = A1, f(A2) = As, f(As) = Ay, f(As) = Asg, then f = ryr/3 with
rotation axis || (1,1,1).

The proofs of the remaining cases are quite similar to that of the first case. O

Theorem 3.1. Let f : RY; — R3; be an isometry. Then there exists a unique
T4 €T(3) and g € Op, such that f =Taoyg .

Proof. Let f(O) = A where A = (a1,a2,a3). Define g =T_4 o f . We know that
g is an isometry and g(O) = O. Thus, g € Oy, and f = T4 o g by Proposition 3.7.
The proof of uniqueness is trivial. O
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