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ON INVARIANT SUBMANIFOLDS OF ALMOST
a-COSYMPLECTIC f-MANIFOLDS

SELAHATTIN BEYENDI, NESIP AKTAN, AND ALI IHSAN SIVRIDAG

ABSTRACT. In this paper, we investigate some properties of invariant subman-
ifolds of almost a-cosymplectic f- manifolds. We show that every invariant
submanifold of an almost a-cosymplectic f- manifold with Kaehlerian leaves is
also an almost a-cosymplectic f- manifold with Kaehlerian leaves. Moreover,
we give a theorem on minimal invariant submanifold and obtain a necessary
condition on a invariant submanifold to be totally geodesic. Finally, we study
some properties of the curvature tensors of M and M.

1. INTRODUCTION

In 1963, Yano [13] introducted an f-structure on a C'*° m-dimensional manifold
M, defined by a non-vanishing tensor field ¢ of type (1,1) which satisfies ¢®>+¢ = 0
and has constant rank r. It is know that in this case r is even, r = 2n. Moreover.
T M splits into two complemantary subbundles Imy and kery and the restriction
of ¢ to Imy determines a complex structure on such subbundle. It is know that the
exixtence of an f-structure on M is equivalent to a reduction of the structure group
to U(n) x O(s) [2], where s = m — 2n. The geometry of invariant submanifolds
of a Riemannian manifold was studied by many geometers (see [3], [4], [6], [7], [8],
[9], [10]). In general, the geometry an invariant submanifold inherits almost all
properties of the ambient manifold. In 2014, Oztiirk et.al. introduced and studied
almost a-cosymplectic f-manifold [7] defined for any real number o which is defined
a metric f-manifold with f-structure (p,&;,n¢, g) satisfying the condition dn® = 0,
dQ) = 2am A Q.

In this paper, we introduce properties of invariant submanifolds of an almost
a-cosymplectic f-manifold. In Section 2, we review basic formulas and definitions
for almost a-cosymplectic f-manifolds. In Section 3, we show that every invariant
submanifold of an almost a-cosymplectic f- manifold with Kaehlerian leaves is also
an almost a-cosymplectic f- manifold with Kaehlerian leaves. Further, we give
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a theorem on minimal invariant submanifold and obtain a necessary condition on
a invariant submanifold to be totally geodesic. In last section, we obtain some
relations of curvature tensors M and M.

2. PRELIMINARIES

Let M be a real (2n+ s)-dimensional framed metric manifold [12] with a framed
(0,&ism',9), i € {1,..., s}, that is, ¢ is a non-vanishing tensor field of type (1,1) on

M which satisfies ¢ + ¢ = 0 and has constant rank r = 2n; &;,...£, are s vector
fields; n',...,n* are 1-forms and g is a Riemannian metric on M such that

(2.1) ¢* = —I+Z77i®§i,
=1
(2.2) n'(&) =06, o(&) =0, nlop =0,
(2.3) n'(X) = g(X, &),
(2.4) 9(X,pY) +g(pX,Y) =0,
(2.5) 9(eX,0Y) = g(X,Y) =Y n'(X)n'(Y)
=1

for all X,Y € F(T]Tf) and i,j € {1,...,s}. In above case, we say that M is a metric
f-manifold and its associated structure will be denoted by M(gp, &,nthg) [12].

A 2-form Q is defined by Q(X,Y) = g(X,¢Y), for any XY € F(T]T])7 is called
the fundamental 2-form. A framed metric structure is called normal [12] if

[0, 0] +2dn" © & =0
where [, ¢] is denoting the Nijenhuis tensor field associated to ¢. Throughout this
paper we denote by 7 = nt+n?+...4n°, € = &+ +...+& and gf =6 +0%+...+68.

In the sequel, from [7] we give the following definition.

Definition 2.1. Let M(gp, &,m', g) be a (2n + s)-dimensional a metric f-manifold
for each n', (1 < i < s) 1-forms and each 2-form €, if dn’ = 0 and dQ = 2a7 A Q
satisfy, then M is called almost a-cosymplectic f-manifold [7].

Let M be an almost a-cosypmlectic f-manifold. Since the distribution D is
integrable, we have L¢;n? =0, [§;,&;] € D and [X, ;] € D for any X € I'(D). Then
the Levi-Civita connection is given by [7]:

(2.6) 29((Vxp)Y, Z) = 2ag (Z(g(sDX, V)& —n'(YV)eX), Z)

+9(N(Y, Z),pX)

for any X,Y € T(TM). Putting X = & we obtain V¢, = 0 which implies Ve¢,&; €
D+ and then V¢ & = Ve, &, since [§;,&;] = 0. We put A;X = —Vx§ and h; =
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(Lg, ), where L denotes the Lie derivative operator. If M is almost a-cosymplectic
f-manifold with Kaehlerian leaves [6], we have

S

(Vxp)V = Z [~9(p A X, Y)E + 7' (Y)p A X]

S

27) (Vxe)Y =D [a(9(pX, V)& = 7' (V)X ) + g(hi X, Y)& — n'(Y)h: X] .
=1

Proposition 2.1. ([7]) For any i € {1,...,s} the tensor field A; is a symmetric
operator such that

() Ai(&) =0, for any j € {1,...5}
(ii) A; 0<p+<poA = 20y
(iii) tr(4;) = —2an
( ) Vsz - _a@QX - LphiX-
for any X € F(TM).
Proposition 2.2. ([2]) For any i € {1,...,s} the tensor field h; is a symmetric
operator and satisfies

() i(gj)zov fO?” any j € {15""8}
(ii) hsop 4+ @oh; =0
(iii) trh; =0
(iv) tr(gh;) =0

Let M be an almost a-cosymplectic f-manifold with respect to the curvature ten-
sor field R of V, the following formulas are proved in [7], for all X, Y € T(T M), i,j €
{1,...,s}.

(2.8) R(X, V)& =0a> (F(V)e*X — " (X)e?Y)

—a ) (0 (X)ehiY — n*(Y)phi X)

+ (ey@hi)X — (6)“0}”)}/,

(2.9) R(X,&)¢ Zak 202X 4 aphX)
k=1
+ aphiX — hih; X + (Ve hi) X

(2.10) R(&;, X)& — @R(&,0X)& = 2(—0?9*X + h;h; X).

Moreover, by using the above formulas, in [7] it is obtained that

(2.11) S(X,&) = —2na? Zn — (divph;) X,

(2.12) S(&:,&5) = —2na® — tr(h;hy)
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for all XY € F(T]\Aj), i,j € {1,...,s}, where S denote, the Ricci tensor field of the
Riemannian connection.
From [7], we have the following result.

Proposition 2.3. Let M be an almost a-cosymplectic f-manifold and M be an
integral manifold of D. Then

(i) when o =0, M is totally geodesic if and only if all the operators h; vanish;
(ii) when a # 0, M is totally umbilic if and only if all the operators h; vanish.

Theorem 2.1. [2] A C-manifold M2+ s g locally decomposable Riemannian
manifold which is locally the product of a Kaehler manifold M#" and an Abelian
Lie group M.

3. ON INVARIANT SUBMANIFOLD OF ALMOST a -COSYMPLECTIC f-MANIFOLDS

Let M be a submanifold of the a (2n + s)-dimensional almost a-cosymplectic
f-manifold M. If o(T,M) C T,M, for any point p € M and §; are tangent to M
for all i € {1,..., s}, the M is called an invariant submanifold of M.

Let V be the Levi-Civita connection of M with respect to the induced metric g.
Then Gauss and Weingarten formulas are given by

(3.1) VxY = VxY + B(X,Y)

(3.2) VxN =V%N — Ay X
for any X,V € I'(TM) and N € I'(TM)+. V< is the connection in the normal
bundle, B is the second fundamental form of M and Ay is the Weingarten en-

domorfhism associated with N. The second fundamental form B and the shape
operator A related by

(3.3) g(B(X,Y),N)=g(AnX,Y).

The curvature transformattion of M and M will be denote by
(3.4) R(X,Y)Z =VxVyZ —VyVxZ —Vxy1Z
and

(3.5) R(X,Y)Z =VxVyZ - VyVxZ —VixyZ,
respectively. Using (3.1) and (3.2) in (3.4) and (3.5), we obtain
(3.6) R(X,Y)Z = R(X,Y)Z — Apy. )X + Apx.2)Y

+(VxB)(Y,Z) - (VyB)(X, Z)
for any X,Y,Z € T(TM). Then, if W is tangent to M, then using (3.6), we get
(37 g(RX.Y)Z,W) = g(R(X.Y)Z,W) +g(B(Y.W), B(X, Z))
Proposition 3.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we have
(3.8) (Vx@)Y = (Vxp)Y
and

(3.9) B(X,9Y) = ¢B(X,Y) = B(pX,Y)
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for any XY e T(TM).
Proof. For any X, Y € T'(TM), using (3.1) we get
(Vx@)Y = VxpY — pVxY

In above equation, comparing the tangential and normal part of last equation, we
obtain B(X,pY) = ¢B(X,Y). Then (3.9) follows in both cases by the symmetry
of B. O

From (3.9) and using symmetry of B, we have the following result.

Corollary 3.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we get

(3.10) B(pX,pY) = —B(X,Y)
for any XY e T(TM).

Definition 3.1. A submanifold of an almost a-cosymplectic f-manifold is called
totally geodesic if B(X,Y)=0, for any X,Y € I'(TM).

Proposition 3.2. Let M be an invariant submanifold of the almost c-cosymplectic
f-manifold. Then we have

(3.11) ﬁxfj =Vx§;
and

for any X € T(TM).
Proof. From (3.8), we obtain
(Vx9)& = (Vx9); = oVx§ = oVx§
= Vng = ngj.
Then, using (3.11) we have
Vxé = Vxé +B(X,§)
= B(X,§;) =0.
O

Proposition 3.3. An invariant submanifold of an almost a-cosymplectic f-manifold
with Kaehlerian leaves is also almost a-cosymplectic f-manifold with Kaehlerian
leaves.

Proof. For any X,Y € I'(T M), using (3.1) we get

(Vxp)Y = VgV — p(VxY)
=VxpY + B(X,¢Y) —p(VxY) —¢B(X,Y).
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From (2.7) and the above equation, we get by considering the submanifold as in-
variant and comparing tangential and normal compenents, we obtain

(3.13) (Vx@)V =) [a(geX, V)& — 7' (V)eX) + g(hiX, Y& — 7' (V)b X] .

i=1

From (3.13), we get the proof. O

Theorem 3.1. Fach invariant submanifold of almost a-cosymplectic f- manifold
is minimal.

Proof. Suppose that M minimal submanifold of an almost a-cosymplectic f-manifold
and dimM = 2m + s(m < n). From (3.3), one can write,

(2m + s)tr(An) = Zg (ei,e:), N)
+Zg (pei, pei), N)

+Zg (&.&),N)
—0.

Hence from above calculations, mean curvature of M, so tr(Ay) = 0. O

4. CURVATURE PROPERTIES

Proposition 4.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we

(4.1) R(X,Y)& = R(X,Y)
for any X, Y € T(TM).

Proof. For any X,Y € I'(TM), using (3.1) in (3.6) we get

R(X,Y)& = R(X,Y)§ — ApvenX + Apxe)Y + (VxB)(Y,&) — (Vy B)(X, &)
= R(X,Y)& — B(Y, V&) + B(X, Vy&)
— R(X,Y)& + ap?B(Y, X) — ag® B(X,Y) + ¢B(Y, hiX) — oB(X, hi,Y)
= R(X,Y)&.

O

Corollary 4.1. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then R(X,Y)¢ is tangent to M for any X, Y € T'(TM) and
1=1,..,8
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Proposition 4.2. Let M be an invariant submanifold of the almost a-cosymlectic
f- manifold M. Then, we have

(4.2) R(&;, X)& = R(&5, X)&,

(4.3) R(X,&)6 = R(X. &),

(4.4) R(&.&)6 = R(&k, )& = 0,

(4.5) R(&, X)Y = R(&, X)Y

for any XY e T(TM).

Proof. Using (4.1), we obtain (4.2), (4.3), (4.4) and (4.5). O

Proposition 4.3. Let M be an invariant submanifold of the almost a-cosymlectic
f-manifold M. Then, following relations hold

(4.6) P(ANX) = Apn X = —AnpX

for any X € T(TM),

Proof. For any X,Y € I'(TM), using (3.3) and (3.9) we have
9(p(ANX),Y) = —g(AN X, Y)

= —g(B(X,¢Y),N)
= _g(B((anY)’N)
= —g(ANpX,Y)

and then,
(p(ANX) = —ANQOX.
Moreover, we have
=—9(¢B(X,Y),N).
On the other hand, using (3.3) we have
and then we get
(p(ANX) = AwNX.
O

Proposition 4.4. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. Then we have

J(R(X, pX)pX, X) = g(R(X, pX)pX, X)

for any X e T'(TM).
Proof. In (3.6), if we take Z =Y = ¢X and W = X, then we obtain (4.7). O

Proposition 4.5. Let M be an invariant submanifold of the almost a-cosymplectic
f-manifold M. And let M be of constant ¢ sectional curvature [2]. Then M is
totally geodesic if only if M has constant ¢ sectional curvature.
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Proof. Let M be totally geodesic then from (4.7), the sectional curvature of M is

the same as M. Vice versa we suppose that the sectional y-curvature determined
by {X,pX} is the same for M and M for any X € I'(TM). Hence from (4.7), we
get that B(X,X) =0and B =0. O

Proposition 4.6. Let M be an invariant submanifold of the almost o cosymplectic
f-manifold M and let o = 0. Then B is parallel if only if M is totally geodesic.
Proof. An easy calculation, we get

(VxB)(Y,&) = —aB(Y, X) + hipB(Y, X).
for any X,Y € I'(TM). Hence, if B is parallel, then B(Y,X) =0, for any X,Y €
D(TM). Vice versa, it is clear that if B =0, then VB = 0, so B is parallel. O

Let M be a submanifold of a Rieamannian manifold M. An isometric immersion
i: M — M is semi- parallel if
R(X,Y)B =Vx(VyB) - Vy(VxB) — Vixy;B=0
where R is the curvature tensor of V [3], where R curvature tensor of the Van der

Waerden-Bortolotti connection V and B the second fundamental from. In([1]), K.
Arslan et al. defined and studied 2-semi parallel submanifold if

R(X,Y)VB =0
for any X, Y e I'(TM).
Theorem 4.1. Let M be an invariant submanifold of the a-cosymplectic f-manifold.
If M is semi-parallel, then .
1) When a = 0, M totally geodesic and M is a locally decomposable Riemannian
manifold which is locally the product of a kaehler manifold M#" and an Abelian Lie
group M5 .
2) When o # 0, M totally geodesic.

Proof. V is the connection in TM &T M~ built with V and V+, where R (resp.R*)
denotes curvature tensor of the connection V(resp.V+). If R denotes the curva-
ture tensor of V+ then we have

(4.8) (E(X7 Y)B)(Z,U) = RJ‘(X, Y)B(Z,U)
— B(R(X,Y)Z,U)
— B(Z,R(X,Y)U)
for any X,Y,Z,U € T'(TM). Now, we suppose that M is semi-parallel. Then

R(X,Y)B =0 for any X,Y € I'(T'M). Using (4.8), we get
RY(X,Y)B(Z,K) — B(R(X,Y)Z,K) — B(Z,R(X,Y)K) = 0.
If we take X = ¢&;, K = ¢, then we obtain,
RH(&,Y)B(2,€)) — B(R(&,Y)Z,¢;) — B(Z,R(&,Y)&;) = 0.
From (3.12), we have
B(Z,R(&,Y)&) =0
and from the above equation, we arrive

o’B(Z,Y) =0.
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,wegeta =0or B=0. O
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