JOURNAL OF UNIVERSAL MATHEMATICS
Vor.9 No.1 pp.1-17 (2026)
ISSN-2618-5660
DOI:10.33773/jum.1753190

ON SOME IDENTITIES FOR k-FIBONACCI DIFFERENCE
SEQUENCE

EUDES ANTONIO COSTA, ELIS G. C. MESQUITA, AND PAULA M. M. C. CATARINO

0000-0001-6684-9961, 0000-0003-2385-4108, and 0000-0001-6917-5093

ABSTRACT. In this paper, several new identities are given for the k-Fibonacci
difference sequence. This is accomplished by solving a class of non-homogeneous,
linear recurrence relations. We address a sequence of the k-Fibonacci type,
called the k-Fibonacci difference sequence. This sequence is obtained by ap-
plying the finite difference operator to the k-Fibonacci sequence a finite number
of times. By taking advantage of the strong dependence this sequence has on
its initial terms, as well as on the k-Fibonacci and k-Lucas sequences, we were
able to derive a wide range of properties, including classical identities such as
those of Tagiuri-Vajda, Catalan, and Cassini identities, among others. More-
over, we obtained its extension to negative indexes with explicit expressions.
Several types of generating functions were also derived, including exponential
and Poisson-type generating functions. In addition, we present some results
concerning the limit of the ratio involving terms of the k-Fibonacci difference
sequence for both positive and negative indexes, along with various identities
for partial sums.

1. INTRODUCTION

For a positive real number k, the k-Fibonacci sequence was introduced by Falcén
and Plata in [8], in which each new element is defined by the recurrence relation

(11) fk,n-‘rl = kfk:,n + fk,n—l

for all integers n > 1, with initial values fro = 0 and fr1 = 1. The first few
elements are 0, 1, k, k2 + 1, k3 + 2k, k* + 3k% + 1, k5 + 4k3 + 3k, ... In [3], Falcén
presents the k-Lucas (or k-Fibonacci-Lucas) sequence {lx »+1}n>0, which is defined
by the same recurrence li 41 = klgn + lgn—1, for n > 1, and with initial terms
lk,o = 2 and I 1 = k. Thus, the first seven terms are 2, &, k2 +2, k3 + 3k, k* +
4k% + 2, k® + 5k3 + 5k, kS + 6k* + 9k% + 2, ... Applications and properties of k-
Fibonacci sequence are explored, for example, in [3, 8, 11], and other works present
new results and generalizations, such as the k-Fibonacci generating matrices and
an extension of the type (k,t)-Fibonacci numbers, (see [1], [2], [4], [5], [12])-
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For a given sequence {a,, } >0, one can define the finite difference operator A(a,,),
and, recursively, one can define its iterated i-th, that is, A(a,) = ant+1 — a, and
Ai(a,) = A" (A(ay)) In [6], Falcén introduces the so-called k-Fibonacci difference
sequence, {Flgj,i}nzm by considering a,, = fr, and F,EJT)L = A(fr.n). However,
although several properties and identities have been presented, for example, k-
Fibonacci difference sequence verifies the recurrence relation of the k—Fibonacci
sequence. However, no classical identities have been addressed.

In this work, we present some classical identities for k-Fibonacci difference se-
quence {FIST)L}nEO- For this, we use the technique provided by the work [10] in
which the authors showed that the pair of k-Fibonacci sequences {fx n}n>0 and
{lk.n}n>0 can be used as a framework to obtain a large number of identities for any
generalized k-Fibonacci sequence.

In this introduction, we situate our investigation object. In what follows, in
Section 2, we regard the k-Fibonacci and k-Lucas sequences and list key results
(known or new) with respect to these sequences that will be used in this work.
In Section 3, for all real k& > 0 we exhibit the Binet formula for the k-Fibonacci
difference sequence and explore its applications. We show the connection between
k-Fibonacci-type sequences and any k-Fibonacci difference sequence; we also ex-
tend the k-Fibonacci difference sequence to include negative subscripts, and we
establish some generating functions for the k-Fibonacci difference sequence. In Sec-
tion 4, the most important for our goal, we give some identities for the k-Fibonacci
difference sequence. The classical identities are studied for this sequence; for in-
stance, the Convolution identity, the Tagiuri-Vajda identity, and its consequences
are presented. In Section 5, the limit of the quotient between two terms of the
k-Fibonacci difference sequence is analyzed, and the partial sum involving elements
of the k-Fibonacci difference numbers is studied.

2. BACKGROUND AND AUXILIARY RESULTS

In this section, we present some identities involving k-Fibonacci and k-Lucas
numbers, which will be used to derive several results for the k-Fibonacci difference
sequence in the following sections.

The k-Fibonacci type sequence is recognized to be linked to the characteristic
equation

(2.1) 2 =kr+1,

whose two distinct roots are denoted by 71 and 71 2. These roots are given by

1 = (k+ Vk?+4)/2 and ri 2 = (k — Vk? +4)/2, which play a central role in
obtaining properties of the sequence.

Lemma 2.1 ([1], Proposition 2). Let {fx n}tn>0 be the k-Fibonacci sequence. Then

(22 o = LTk
Tkl —Tk2
where 11,1 and ri2 are the distinct roots from Equation (2.1).
Lemma 2.2 ([3], Theorem 2.2). Let {lx, n}n>0 be the k-Lucas sequence. Then
(2.3) le =7k + 782,

where 11,1 and ri 2 are the distinct roots of the Equation (2.1).
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Equations (2.2) and (2.3), respectively, are the Binet formula for the k-Fibonacci
and k-Lucas sequences.

For the purpose of establishing identities involving the k- Fibonacci difference
numbers, in this article, we will consider the following identities for the k-Fibonacci
and k-Lucas numbers as support.

Lemma 2.3 ([3], Theorem 2.4). For n > 1 and any positive real numbers k, we
have

(2.4) lepn = foon—1+ font1s

where { fe.nn>0 and {lgn}n>0 are, respectively, the k-Fibonacci sequence and the
k-Lucas sequence.

Lemma 2.4 (2], Equation (26)). For n > 1 and any positive real numbers k, we
have

(2.5) (K> +4) fon = k-1 + lentt

where {fi.n}tn>0 and {lkn}n>0 are the k-Fibonacci sequence and the k-Lucas se-
quence, respectively.

Lemma 2.5 ([7], Equation (6)). For n > 1 and any positive real numbers k, we
have

(2.6) Sren—1frns1r — (fen)? = (=1)",
where { fintn>0 is the k-Fibonacci sequence.

Lemma 2.6 ([10], Proposition 2.1). For n > 1 and any positive real numbers k,
we have

(2.7) (k% +4) fron frons1 = e ansr + k(=1)" 1,
(2.8) (K +4)(fr,n)® = le,2n +2(=1)"F,
where { fin}n is the k-Fibonacci sequence and {lk.n}n is the k-Lucas sequence.

We use {gk.n }n>0 to denote the generalized k-Fibonacci sequence, or a k-Fibonacci-
type sequence, defined by the recurrence

(2.9) Ik, n+1 = kGkn + Gkn—1, n>1

with initial terms gr 0 = a and g1 = b, where a and b are fixed integer constants.
According to Theorem 2.1 in [10] and its consequences, we have the next result.

Lemma 2.7. For non-negative integer values of n and m, and for any generalized
k-Fibonacci sequence {gi, n}n>0, we have

9k, n4+m = fk,mfl *Gk,n + fk,m * Gk, n+1 >

G, —m = (=1)" femi1-a+ (=1)" T frm - b,
where { fin}n>0 is the k-Fibonacci sequence.

Consider {gx »} and {hy »} two k-Fibonacci-type sequences. The next statement
shows some connections between them.

Lemma 2.8 ([10], Theorem 2.2). For any generalized k-Fibonacci sequences {gi,n }n>0
and {hi ntn>0, that is, both satisfy (2.9), the following identity holds

(2.10) Gk, ntm Pk, ntt — Gk, nPk, ntm+t = (1) (Gre,mPikr — gr.0hk, mt1)-
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3. BINET’S FORMULA AND APPLICATIONS

In this section, we will first review the Binet formula for the k-Fibonacci dif-
ference and explore some applications. We will show the relationship between the
k-Fibonacci type sequences and any k-Fibonacci difference sequence. We will also
present an extension of the k-Fibonacci difference with negative subscripts. Finally,
we will give the generating functions for the k-Fibonacci difference sequence.

3.1. Connection of k-Fibonacci difference sequence with k-Fibonacci num-
bers. In this subsection, we will explore the relationship between k-Fibonacci type
sequences and any k-Fibonacci difference sequence.

Consider any k-Fibonacci sequence {fi n}tn>0, and for any positive integer j
make F,gjr)l = AJ(frn), being A the difference operator. The first result follows
directly from the existence of roots of the characteristic equation (2.1), and using

the initial conditions 4 4
F) =ap; and FO) =by;,

that is, ax,; and by ; are the initial terms of the sequence F,Eﬂ)l given by the j-th
application of the difference operator A.

Firstly, [6] proves that the k—Fibonacci difference sequences verify also the initial
relation (1.1).

Lemma 3.1 ([6], Lemma 1). Let {chjzl}nzo be the k-Fibonacci difference sequence.

Then {F,(Cjzl}nzo verifies the recurrence relation of the k—Fibonacci sequence:

(3.1) Fk(??T)H-l = kaEJT)L + FIST)L—1
From the relation (3.1), in [6] it is deduced the Binet formula for k-Fibonacci
difference sequences.

Lemma 3.2 ([6], subsection 2.2). Let {F;ijzb}nzo be the k-Fibonacci difference se-
quence. Then

G _ kg —ar;re2) iy — (brj — akTh1) 1% o
(3.2) FO = :
’ Tkl —Tk2

where 1,1 and i o are the distinct roots of the Equation (2.1).

According to Corollary 2 in [6], it is possible to write the k—Fibonacci difference
numbers depending on the classical k—Fibonacci numbers. In a similar way, we
present the following result, where also the k—Fibonacci difference numbers depend
on the classical k-Fibonacci numbers in the manner indicated.

Theorem 3.3. Let {F]Ejr)b}nzo be the k-Fibonacci difference sequence. Then
(3.3) F/ijv)l =bi i fe,n + 0k jfr,n-1,
for all n > 1, where { fi n}tn>o0 is the k-Fibonacci sequence.

Proof. In Lemma 2.7 replace {gk.n}n>0 by {F;g,)l}nzm since {Fg;}nzo being the
k-Fibonacci sequence (see Equation (3.1)). As F,Sjg = ay,; and F,Ejl) = by, j, the end
of the proof is established. ([

The following result states the k-Fibonacci difference numbers as a linear com-
bination formula involving the k—Fibonacci and k—Lucas numbers.
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Theorem 3.4. Let {F;Ej,)l}nzo be the k-Fibonacci difference sequence. Then, for
alln >0,

(34) Flgr)L = agj lk,n - < a;J - bk,j) flc,na

where { fx.n}n>0 is the k-Fibonacci sequence and {li n }n>0 s the k-Lucas sequence.

Proof. The proof is given by mathematical induction on n. Note that

) _ Qkj kay,; ak. kay ;
FJS% = L0 — ( o bk,j) fro = —l2 — ( uE A bk,j) 0=ag;

2 2 2 2
PO — %lk . kag,; —bpi ) foa = %k _ kay,j — by |1 =Dy
k,1 2 1 2 5] 1 2 2 »J 3]t

Suppose that the result is valid for any positive integer less than or equal to n, for
some n > 1. Then, by Equation (3.1), we have

@ _ @) (4)
Fk?n+1 - ka:?n + Fk?n—l

ar.j kay ar,;j kay,;
=k <2jlkn - < 5 . — bk,j) fk,n) + TJlk,nq - ( 5 . bk,j) fre,n—1

Qar i kay ;
= ;’] lent1 — ( hd _bk,j> Frntt -

So, the result is valid for any non-negative integer n. O

As a consequence, we get the next result.

Theorem 3.5. Let {F,fji}nzo be the k-Fibonacci difference sequence. Then

, . an ; kar ;
35 EOa+E = 0 0% g - (M,
where { fx.n}n>0 is the k-Fibonacci sequence and {li n }n>0 is the k-Lucas sequence.
Proof. The result required follows from Equations (2.4), (2.5) and (3.4). O

Let {F ,572}”20 be the k-Fibonacci difference sequence. Consider the constants
¢ =by;—ag;jrr2 and d = by ; — ar ;7%,1, Where 11 and 7 > are the distinct roots
of the Equation (2.1). So, observe that

cd = [bk; — ak,;jTk2)[bk,j — Qk,jTk1]
= (bky)® — kak jbr; — (ar;)*
as rg1 +7k2 =k and rirg = —1.

Following the literature (for instance, see pag. 139 in [9]), we will denote it by
letter puz ;. The product ug ; = —cd, and let us call it by the j-characteristic of the
k-Fibonacci difference sequence.

From the above discussion and notation, we have the following result.
Proposition 1. The j-characteristic uy ; of the k-Fibonacci difference sequence
{F,gi}nzo is given by

pk,g = (any)® + kanbe; — (brj)?,
where ;1 and 7y 2 represent the distinct roots of Equation (2.1), ax ; and by ; are
the initial terms of {FIEQ}
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According to [9], the constant cd appears in a lot of formulas for Fibonacci-type
numbers. It is called the characteristic of the Fibonacci sequence. The authors in
[10] showed that this remains valid for the k-Fibonacci type sequences.

3.2. Negative index for the k-Fibonacci difference sequence. In this sub-
section, we extend the definition of the k-Fibonacci difference sequence to negative
indexes. Using standard techniques for Fibonacci-type sequences, we establish a
recurrence relation for negative subscripts and derive explicit formulas consistent
with the properties of the sequence.

The Fibonacci and Lucas (or Fibonacci-Lucas) numbers with negative subscripts,
according to [9, Equations 5.19 and 5.20], have the relations

fon= (=D)"f, and 1_,= (=1)"I,

where {f,}n>0 is the ordinary Fibonacci sequence and {l,,},>0 is the Lucas se-
quence. In a similar way, it has been obtained for the k-Fibonacci sequence { fi » }
and k-Fibonacci-Lucas sequence {lx,, }, that is,

Lemma 3.6. [10, Proposition 2.2] For all non-negative integer values of n, we have
(36) fk,—n = (_1)n+1fk,n
(3.7) le,—n = (=1)"lkn

where { fi.n}n>0 is the k-Fibonacci sequence and {li n }n>0 is the k-Lucas sequence.

We will give the meaning to the numbers F; ,Ej )_n for every integer number n, and
the recurrence will remain valid. To extend the sequence {F,gjz}nzo to negative
subscripts, we use the modified recurrence relation

RO,y = D, kRO,
Then, we have the following pattern:
F;S,j)—l =R - kF;gjg =by,j — ka; = —1(=1-br; + k- ax;)
(= fra - brj+ fre2 arj),

FO oy = F9) = kE | = apj(1+ k%) — kb = 1(—fuz g+ fus - axj)
F = BN —kEy = by — kar — klai; (1+ k) = kbi)
= —1(~fk3 by + fra-ar;j),
and so on. Thus, we have the following result, which is a corresponding result to
the Equation (3.3) for negative subscripts.

Proposition 2. Let {F;Eji}nzo be the k-Fibonacci difference sequence. For all
integers n > 1, the general term with negative indexes n-th satisfies

FO = (=" (ak - frmsr = brg * frn) -
where {fx.n}n>0 is the k-Fibonacci sequence.

Proof. Let Uy, —r, = (—1)" (ak,j - fen+1 — br,j - fr.n) for all integers n > 1. We
want to show that Uy, ,, verifies the recurrence relation Uy, _, = Uy, —(ny2)+kUi —(n41) -
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Indeed,
Uk, —(n+2) + kU, —(n41)
= (=1)""*(anj - frnts — brj - Sems2) + (=" 7k (any - frnsr2 — brj - foms1)
=(=1)"(ar; - font1 — bk - fon) = Uk —n .

Moreover, we get Uy, —1 = —(ak ;- fu,2 = brj - fr,1) = Fr,—1 and Uy 2 = ag ;- fr,3 —
bi,j - fr,2 = Fl,—2. So, since Uy, ,, satisfies the recurrence that defines F}, ,, with the
same initial condition, we conclude that Uy, _, = F,gj ) (I

7_77"

Another way of expressing the general term of the sequence {F, ;Ejln}nzo is the
following result:

Proposition 3. Let {F;ij,z}nzo be the k-Fibonacci difference sequence. For each

integer n > 1, then the negative index n-th number F,EJT)L satisfies the following
identity:

, . , kay.
(3.8) F,Sln =(-1) <F,§J}L +2 < 5 L _ bk,j) fk,n> ,

where {fx.n}n>0 is the k-Fibonacci sequence.

Proof. Combining Equations (3.4), (3.6) and (3.7) we have

G) Wy Rk g
Fyln == le-n ( 5 bk,j) Jk,—n

kay,;

ag g n n
2’] (_1) lk,n - (_1) i < 2 - bk,j) fk,n

. kar
= (71)n |:F/£?T)L +2 ( 2k*1 - bk,j) fk,n:| 5

which verifies the result. O

3.3. Generating functions. In this subsection, we determine the generating func-
tions for the k-Fibonacci difference sequence. More specifically, we present three
types of generating functions for the k-Fibonacci difference sequence: the ordinary
generating function, the exponential generating function, and the Poisson generat-
ing function. We point out that [6] introduced the ordinary generator.

The ordinary generating function for a sequence {ay, },>0, denoted as G,,, (), is
defined as a formal series given by:

oo
Gan(x):Zanm":a0+a1m—|—a2x2+a3x3+---+anm"+-~- .
n=0

The following result provides the explicit form of the generating function for the
k-Fibonacci difference sequence {F, ,5?7)1}"20.

Proposition 4 ([6], Equation (12)). The generating function for the k-Fibonacci

difference sequence {F, ]Ejz}nzo, denoted by G ) (z), is given by

()
Fk,n

ak,j + (bk,; — kar,j)x
1—kx — a2

Crp) ()=
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The exponential generating function E,, () for a sequence {a,}n>o is repre-
sented as a power series given by:

02562 and

n & n
. anT
ST =2 nl

n=0

E,, (z)=ao+ a1z +

In the following result, we consider the case where a,, = F; ,5373 and apply the
Binet formula for the k-Fibonacci difference sequence. The proof of the next result
follows directly from Binet’s formula.

Proposition 5. The exponential generating function for the k-Fibonacci difference
sequence {F,gj,)l}nzo is

T‘kyzz

B, (z) = i F(j)xl _ (e —anrr2)e™ = (bry — ak rra)e
£ kol T — T
— ! kel — Tk,2

where 7y 1 and 42 are the distinct roots of the Equation (2.1).

The Poisson generating function P, (x) for a sequence {ay, }n>0 is defined as:

& n

aAnl—" o —x

Pu ()= Y e = B, (1),
n=0 ’

This relationship establishes a direct connection between the two generating func-
tions, allowing the Poisson generating function to be derived from its exponential
function.

As a particular case, considering the exponential generating function for the k-
Fibonacci difference sequence given in Proposition 5 as EFIijT)z (), we obtain the

following result.

Corollary 3.7. The Poisson generating function for the k-Fibonacci difference
sequence {Flg,j,)l}nzo 18:

bk S — Qg T 2 e(ﬁc,lfl)r _ bk C— Qg TR e(?”k,,zfl)z
5J )R, sJ IV ALD)

P_q =
Fn (@) Tk,1 — Tk2

where T 1 and i o are the distinct roots of Equation (2.1).

4. SOME PROPERTIES

In this section, we establish some identities for the k-Fibonacci difference se-
quence. We also provide the classical Tagiuri-Vajda identity, among others.

4.1. Identities for the k-Fibonacci difference sequence. The first result is
the establishment of the multiplication formula for two consecutive terms of the
k-Fibonacci difference sequence.

Proposition 6. For all non-negative integers n and k > 0, the k-Fibonacci differ-
ence sequence {F,EJT)L}"ZO satisfies the following identity:

(k2 + ) FDFD) | = (bej)*lkanss + 20k,b sl 20 + (k)2 20-1 + pirk(—1)"

where {lx,} is the k-Lucas sequence and py, ; is the j-characteristic of {F,gjr)L}
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Proof. By Equation (3.3), we have

F;SJZFIEJBLH = (bk,j fren + @k j fron—1) Ok j fent1 + akjfrn)
= (bkj)* frnSrms1 + b [fon + Frn—1fems1) + (k) fen—1frm -
So, by equations (2.4), (2.5), (2.6), (2.7) and (2.8), it follows that

R+ ED = ) lznis = K1)+ anbi (8 + D=1 +2(fin)?]
+ (ak ) [lk2n—1 + k(=1)"]
= (bk,j)* Lozt — k(br,j)* (= 1) + 2aik bx, il 2n + K ag by, (—1)"
+ (arg)?Izn—1 + k(ak,;)*(~1)"
= (brj)lkons1 + 2ak b il on + (ar )l 201
+ [(ak,j)* + kak,jbrj — (br,;)*] k(—=1)".
Now, using uy ; we get the result. O
The next result is one of the most important in this paper and provides a direct

connection between the terms of the k-Fibonacci difference sequence with Fibonacci
and Lucas numbers.

Theorem 4.1. For non-negative integer values of n, q, k, and for the k-Fibonacct
difference sequence {F,i]g}nzo, the following identity holds:

, . an kag ;
(A1) 20, = g + frg <(k2 )5 fen = ( 2~ bk,j) l) ’
where {li n}n>0 is the k-Lucas sequence and { fin}n>0 is the k-Fibonacci sequence.

Proof. Take g n = F,gjr)l, for some j, and change m by —¢ in Lemma 2.7. Then, by
using the Equations (2.4) and (3.6) we have

Flgv)z—q = (=1 (fk7q+1Flgi - fkqulSr)H-l) .
Then,
Flggﬁq + (_1)qF1§,Jr)z—q = fkﬂ*lFlg,]v)n + fkﬁqu(I?’V)L-‘rl + thﬂﬂiﬂ - fk,qFlgiﬂ
= (frg—1+ frgr) P = le g FY)
and
ED o= CV)IED = it B 4 fraFO) L — gt B 4 fraFO)
= (fk,q—l - fk7q+1)Flgr)L + 2fk7qFlg,]71+1
e (L EDL)
Now, by summing the last two equations, we obtain
2Flg7)w+q = lkv‘IFli,jv)z + fr.q (Flijy)lq + F15]7)1+1> .

The result follows from Equation (3.5). O
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4.2. Some classical identities for k-Fibonacci difference sequence. In this

subsection, we will provide some classical identities for the k-Fibonacci difference

sequence by considering the Binet formula and the results of the previous sections.
The convolution identity for k-Fibonacci difference sequence is shown below.

Proposition 7 (Convolution’s identity). Let m, n be non-negative integer num-
bers, then the k-Fibonacci difference sequence satisfies the following identity:

Flgjv)n—lFlE]v)L + F]EJQI’LFISJ’r)l-‘rl = bk,szgfﬁm

+ ak’jF]EJ)

n+m—1"

where {F, ,577)1}”20 is the k-Fibonacci difference sequence .
Proof. By Equation (3.3) we have FIEJBL = by jfe.n + @k jfin—1, then
PO
= (bk,j fr,m—1 + arj fom—2) Ok, j frn + arj frn—1) + (O j fom + arj fem—1) (Okj frns1 + akj frn)
= (bk i) fesm—1Srm + Ak jbk i Frm—1Srm—1 + @k bk j fosm—2frm + (ak5)? from—2fen—1
+ (brj)? Froym fron+1 + @ jbi g froom foon + ak 0k j From—1Frnt1 + (@n.5)? feom—1frn
= (brj)* (Frum—1Srm + fromSrns1) + @k big (fom—1fon—1 + feom fen)
+ g jbri (frm—2fen + fem—1fem+1) + (@) (fom—2fon—1 + fom—1fen)
= (brj)* fromtn + @k, Ok, frmrn—1 + @k 0k, frman—1 + (an,;)* fomtn—2
= b (kg froman + @k j feomin—1) + @k (Orj fromin—1 + Gk jfrmin—2)
= bk,jFlgv)Hm + akijlgv)H-m—l )
as required. O

As a direct consequence, then we recover the standard form of the ordinary
convolution identity:

Corollary 4.2. Let j a non-negative integer such that ar ; =0 and by ; = 1, then

PO A4 LD = Pl

where {F,E]z}nzo is the k-Fibonacci difference sequence .

In the following, we will introduce the Tagiuri-Vajda identity. It is a key result
of this section as it allows us to derive a wide range of identities which we get using
Lemma 2.8.

Theorem 4.3 (Tagiuri-Vajda’s identity). Let {F,gjgl} be the k-Fibonacci difference
sequence and . ; your j-characteristic, then for all non-negative integers n,m,q,
the following identity holds:

(4.2) Fé%szﬁ%q - F]gQFlgr)L+m+q = (- frej  Jrem Fra s
where { fintn>0 s the k-Fibonacci sequence.

Proof. Taking gi; = hi,; = F,gj) in Equation (2.10) we have

K3

E e Fira = B F ey = (V" [FOLED — FRFD |
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Using the Equations (3.4) and (4.1), we have
P g = P e

j N Ok j ak,j kay,;
= 1 [FOLRG) 22 (P04 02+ 0% g — (P22 b1y Y i)

= (D" |~ fraq [(ka;’j - blm‘) (Flgjr)n - a;’j lk,m) + (K +4) (%7])2 fk.,mH
— (71)” *fk,q |: <ka2k7j - bk,j) (ka;,j - bk,j) fk,m + (kQ + 4) (CLkTJ)Q fk,m:|:|

= (71)n+1fk7mfk7q [(ak,j)z + kakyjbkd- — (bk,j)z] .

Since k. = (ak.j)? + kak, ;b j — (br,j)?, we conclude the proof. O

As a direct consequence of the Tagiuri-Vajda identity, the following results are
also obtained for the d’Ocagne, the Catalan and the Cassini identities for the k-
Fibonacci difference sequence.

Proposition 8 (d’Ocagne’s identity). Let h,n be non-negative integer numbers
with h > n, then

FIE‘,]}?LF,g]’r)L—‘,-l - FIEJT)LFISi)z-s-l = (_1)n+1ﬂk,jfk,hfn )
where {F]gi}nzo is the k-Fibonacci difference sequence and ju, ; your j-characteristic
and {fx n}n>o0 is the k-Fibonacci sequence.
Proof. Consider m +n = h and ¢ = 1 in Equation (4.2), then
FIS})LFIE,jr)Hl - Flgjv)zFIE?i)L+1 = (_1)n+1ﬂk7jfk,h—nfk,1
= (=1)"" ik fen—n »
as fr1 =1 for all integers k > 0, which proves the result. O

Proposition 9 (Catalan’s identity). Let n and m be non-negative integer numbers
with m > n, then

(43) (F)? = B i = (1" g (frm)?

m”> k,n+m

where {Féji}nzo is the k-Fibonacci difference sequence, p ; your j-characteristic
and {fx.n}n>o0 is the k-Fibonacci sequence.

Proof. Taking ¢ = —m in Equation (4.2), we have
FIE]’V)L-Fka(:jgn—n - (Flgjr)L)Q = (=1)"" s Fro, m Fr,—m -
The result follows using Equation (3.6). O

A direct consequence of the Catalan identity is the following identity. To obtain
the desired result, simply substitute m = 2 into Equation (4.3).
Corollary 4.4. For all non-negative integers n > 2, we have
(4.4) (Fen)? = B 0B o = s (<" (fi2)?

where {F,gj%}nzo is the k-Fibonacci difference sequence, { fi n}n>0 s the k-Fibonacci
sequence, and . ; your j-characteristic.
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Another consequence of the Catalan identity, as f; 1 = 1 and by doing m =1 in
Equation (4.3), we have the following result.

Corollary 4.5 (Cassini-Simson’s identity). For all non-negative integers n, we
have

(4.5) (FIN? =) PO = (1) "y,

where {F,gr)l}nzo is the k-Fibonacci difference sequence and ju, ; your j-characteristic.

A direct consequence is the Cassini-Simson identity for subscripts even, and this
is given above.

Corollary 4.6. For all non-negative integers n, we have
(5) \2 (4) (4) _
(Fk72n) - Fk,jzank?an = Hk,j >
where {F,gr)l}nzo is the k-Fibonacci difference sequence and iy ; is your j-characteristic.

Now, we present the Gelin-Cesaro identity for k-Fibonacci difference sequence.
Note that, this result also follows from Catalan’s identity.

Proposition 10 (Gelin-Cesaro’s identity). The k-Fibonacci difference sequence
{F,iji}nzo satisfies the following identity:

FaFmanFen 1P = (Frm)' = (D" (F) (R = 1) + K2
where py, ; is the j-characteristic of the k-Fibonacci difference sequence, {F;Eji}nzo
is the k-Fibonacci difference sequence.

Proof. According to Equation (4.4), we have

(4.6) FO) L FD) = (FI)? + g (—1)" (fr2)?

By Equation (4.5)

(4.7) FO_FD = FIN 4 (1)

Combining the Equations (4.6) and (4.7), we get

F) o B B = (B

= [(EO)? + g (1" (f2)?] [(BED? + s (—1)"] = (B

= (B 4+ g (1R (B2 = s (D)™ = (i)

= (FO)* = pury (1) (BN + g (—1)" T (FE)? = k2 5 (1) — (B
= ey (1) ED)2 (B2 = 1) + k2

as fr,1 = 1 and fi 2 =k, which verifies the result. O
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5. SOME RATIO AND PARTIAL SUM

The ratio between two terms (successive or not) of a sequence {ay, } >0 is defined
as Qqpit = aZ—:*, where ¢ is a natural number. In particular, for ¢ = 1 we have
the quotient between successive terms a,41 and a,. For instance, in the classical
Fibonacci sequence { f,, }n>0, the ratio is given by ¢,+1 = f’}“ In this case, as n
becomes large, the sequence {¢n+1}n>0 converges to the golden ratio, o = 1+T‘/5
In this section we will examine the generalized quotient gni; = “**, for a fixed
positive integer t.

The first result shows that the sequence {qk, n+t¢ }n>0 for the {F éj,)L}nzo converges
to 1,1 as n goes to infinity, and ¢ is a fixed positive integer.

Proposition 11. If FISJ% is the n-th term of k-Fibonacci difference sequence, then

.,
(5.1) Jim —5= = (i)
Fk,n
and
F(Jl
o2 e B
Fk,fn

for any positive integer ¢, where 71 is a root of Equation (2.1).

Proof. According to Binet’s formula (3.2), we have

F,Ejr)wrt ( . (br,j — ar,j7r2) — (bij — ak,ka,l)(Tk - )t
=Tk
FY) (brj = akjrk,2) = (kg — akTe1) (522)"

Since |rg2/rg 1| < 1, it follows that (rg2/7%,1)" — 0 as n — oo. Thus,

i F]i{r)z+t t bk,j — 0k, jTk,2 t
nroo F9 = (i) brj = bijTh2 (i)
and thus (5.1) follows.
Using the Equation (3.8), we can write

(4) j kakj

ij—(n-s-t) _ tFlg,sz-t +2( an, — bk,j) frentt

- j ka j .

F, F 2055 = big) o

Also follows from Binet’s formula that
FIE 21+t + 2(kak = ka)fk,nth
F;EL + 20252 — by ) frm

(g — ahg2) — (bhg — @i e, ) (22)H 4 2(RUd — py ) (1 — (222

Tk,1

= (re)’

(b — hjTh2) = (B — angren) (E2)7 4 2055 — by ) (1 — (22)7)
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Therefore,
lim FIEJZL-H + 2(% - bk )fk n+t
n—00 (J) _|_ Q(kak N bk,j)fk,n
bk,‘ — Qk,jTk,2 Rk — by
— (Tk,l)t ( J »J ) (]w j) _ (Tk,l)t;
(brk.j — arjTr2) + 2532 — br
that concludes the proof. ([

In what follows, we can immediately establish the next result using fundamental
tools from the calculus of limits, along with (5.1) and (5.2).

Corollary 5.1. If F,EJBL are the n-th term of the k-Fibonacci difference sequence,

then
i, 12— (L)
n— 00 Flg,j}urt Tha )
and
o By
nne 0) T
Fk —(n+t) k.1

for any integer t, where v, 1 and ri 2 are the roots of Equation (2.1).

Note that if ¢ = 1, then Flijr)7.+1/Fl£]2L converges to 71 independently of j. It
is similar to what happens with both the ordinary Fibonacci and k-Fibonacci se-
quences; the positive root of the j characteristic equation is the limit of the ratio
between successive terms. This relationship is well documented in the mathematical
literature.

Now, we investigate the properties and identities associated with the partial
sums of the n 4+ 1 terms of the k-Fibonacci difference sequence, providing insights
into their pattern and applications. The sum of the first n+1 terms of the sequence
is expressed as:

SoE = B B D B+ F

k,i

We begin by presenting three key results concerning the partial sums of the k-
Fibonacci difference sequence.

First, we present the sum of the first n + 1 terms of the k-Fibonacci difference
sequence.

Theorem 5.2. For all non-negative integers n, then

Lipo) 4 g
ZF E kn+Fkn+1+(k_1)ak7j_bkaj]7
=0

where {Fgl}nzo is the k-Fibonacci difference sequence.
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Proof. According to Equation (2.9) we have the following equations:
R = E k)
)
Ehy = Fa —kE

By adding both sides of these equations, we have

n—1 n+1 n
ZFIEJZ) = ZFI&) _kZFlgz‘)v
=0 =2 i=1

that is,

kS RS =F0) + FY)

(9) (4)
kn+1 Fk,Jo - kau
=1

as F,Ejg = ay,; and F,Ejl) = by, j, we conclude the result.

15

(]

In a similar way to what we have done in Theorem 5.2, we will have similar
results in the following, but here we will only present the statement. The sum of
the terms at even indexes of the k-Fibonacci difference sequence can be expressed

as:

Proposition 12. For all non-negative integers n, then

U
Z F,EJQ)I = {F,EJ)LH + kay ; — bk,j] , if n is even
i=0

n

)

1\
=2
o

| =

{F]g]) +kag — bm] . if n is odd,

where {F, ISQ}HZO is the k-Fibonacci difference sequence.

Next, the sum of the terms with odd indexes of the k-Fibonacci difference se-

quence is given by:
Proposition 13. For all non-negative integers n, then

. 1 .
Flgz)i—l — [F;E],)L - ak,j] , if n is even

'Mm\:

N
I
3 O

—1

2
. 1 )
ZFI§]2)1 =% [FISJZH - ak,j] , if n is odd.
i=0

A direct consequence of the previous results is the result presented below. This
follows naturally from the relationships established and reinforces the conclusions

drawn from the sentence.

Proposition 14. Let {F]ng)L}nZO be the k-Fibonacci difference sequence. For all

non-negative integers m, we have the following formulas:
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m
y 1 . .
(a) D (-O'F) = L IF, = B+ (k= Daw —begls if mis odd,

=0

and
™ o 1 ) .

(b) Y (-1)'FY) = %[F,gg,;ﬂ ~ FP) 4 (k+ 1ar — b 5 if m is even.
1=0

To finalize, we derive an expression for the sum of the squares of the first n + 1
terms of the k-Fibonacci difference sequence, relating it to the classical Fibonacci
sequence.

Proposition 15. The sum of the squares of the first n+1 terms of the k-Fibonacci
difference sequence is given by:

n . 1 . .

D (FL = L IF - Bl + ko) = angbig),
i=0

for all non-negative integers n.

Proof. To begin, observe that for n > 2, the following identity holds:

PRy~ FE RO = P~ FEL ) = R
Thus, we find:
MEGY = R - RO
MEG) = ARG - RO
KEGD? = FOLF =B oFea,
MEL = FOF— 0P,

Adding both sides of these equations yields:

L)+ KD+ 4 BEOL )+ bFL)? = FEEC,, ~ FERLD

Since F,gjg = a,j, F}ng) = by,; and Féjg = ay,; + kby, ;, it follows

N

S L) = K+ KOS + RO, PP
j=0

= k(ak;)* — ak,jbr; + Flgjr)LFlgjszrl ;

which completes the proof. ([l

6. CONCLUSION

The present work contributes to the list of known identities for the k-Fibonacci
difference sequence with original results, including the classical Tagiuri-Vajda iden-
tity and other related results. One of our primary goals was to highlight that this
sequence remains a particular case of the k-Fibonacci family, as previously noted by
Falcon [6]. This observation has motivated us to explore several classical identities
through multiple perspectives. Following a standard methodological framework, we
also examined certain consequences derived from Binet’s formula, as exhibited by
Falcon [6]. In this context, we obtain a characterization for the k-Fibonacci differ-
ence in terms of k-Fibonacci and k-Lucas sequences by linear combination, which
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allows us to extract a wide variety of properties and identities for the k-Fibonacci
difference numbers, as well as some expressions for the negative subscripts of the
sequence. We explore some properties of a generalized k-Fibonacci sequence, that
is, a k-Fibonacci sequence with arbitrary initial terms and apply the results to the
k-Fibonacci difference sequence. Also, this allowed us to establish expressions for
the limit of the quotient of successive terms and to evaluate some partial sums
associated with the sequence. In future work, we intend to apply this approach to
other k-difference sequences, for instance k-difference Mersenne, among others.
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