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Abstract. In this paper, several new identities are given for the k-Fibonacci
difference sequence. This is accomplished by solving a class of non-homogeneous,

linear recurrence relations. We address a sequence of the k-Fibonacci type,

called the k-Fibonacci difference sequence. This sequence is obtained by ap-
plying the finite difference operator to the k-Fibonacci sequence a finite number

of times. By taking advantage of the strong dependence this sequence has on

its initial terms, as well as on the k-Fibonacci and k-Lucas sequences, we were
able to derive a wide range of properties, including classical identities such as

those of Tagiuri-Vajda, Catalan, and Cassini identities, among others. More-
over, we obtained its extension to negative indexes with explicit expressions.

Several types of generating functions were also derived, including exponential

and Poisson-type generating functions. In addition, we present some results
concerning the limit of the ratio involving terms of the k-Fibonacci difference

sequence for both positive and negative indexes, along with various identities

for partial sums.

1. Introduction

For a positive real number k, the k-Fibonacci sequence was introduced by Falcón
and Plata in [8], in which each new element is defined by the recurrence relation

(1.1) fk,n+1 = kfk,n + fk,n−1

for all integers n ≥ 1, with initial values fk,0 = 0 and fk,1 = 1. The first few
elements are 0, 1, k, k2 + 1, k3 + 2k, k4 + 3k2 + 1, k5 + 4k3 + 3k, . . . In [3], Falcón
presents the k-Lucas (or k-Fibonacci-Lucas) sequence {lk,n+1}n≥0, which is defined
by the same recurrence lk,n+1 = klk,n + lk,n−1, for n ≥ 1, and with initial terms
lk,0 = 2 and lk,1 = k. Thus, the first seven terms are 2, k, k2 + 2, k3 + 3k, k4 +
4k2 + 2, k5 + 5k3 + 5k, k6 + 6k4 + 9k2 + 2, . . . Applications and properties of k-
Fibonacci sequence are explored, for example, in [3, 8, 11], and other works present
new results and generalizations, such as the k-Fibonacci generating matrices and
an extension of the type (k, t)-Fibonacci numbers, (see [1], [2], [4], [5], [12]).
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For a given sequence {an}n≥0, one can define the finite difference operator ∆(an),
and, recursively, one can define its iterated i-th, that is, ∆(an) = an+1 − an and
∆i(an) = ∆i−1(∆(an)) In [6], Falcón introduces the so-called k-Fibonacci difference

sequence, {F (j)
k,n}n≥0, by considering an = fk,n and F

(j)
k,n = ∆j(fk,n). However,

although several properties and identities have been presented, for example, k-
Fibonacci difference sequence verifies the recurrence relation of the k–Fibonacci
sequence. However, no classical identities have been addressed.

In this work, we present some classical identities for k-Fibonacci difference se-

quence {F (j)
k,n}n≥0. For this, we use the technique provided by the work [10] in

which the authors showed that the pair of k-Fibonacci sequences {fk,n}n≥0 and
{lk,n}n≥0 can be used as a framework to obtain a large number of identities for any
generalized k-Fibonacci sequence.

In this introduction, we situate our investigation object. In what follows, in
Section 2, we regard the k-Fibonacci and k-Lucas sequences and list key results
(known or new) with respect to these sequences that will be used in this work.
In Section 3, for all real k > 0 we exhibit the Binet formula for the k-Fibonacci
difference sequence and explore its applications. We show the connection between
k-Fibonacci-type sequences and any k-Fibonacci difference sequence; we also ex-
tend the k-Fibonacci difference sequence to include negative subscripts, and we
establish some generating functions for the k-Fibonacci difference sequence. In Sec-
tion 4, the most important for our goal, we give some identities for the k-Fibonacci
difference sequence. The classical identities are studied for this sequence; for in-
stance, the Convolution identity, the Tagiuri-Vajda identity, and its consequences
are presented. In Section 5, the limit of the quotient between two terms of the
k-Fibonacci difference sequence is analyzed, and the partial sum involving elements
of the k-Fibonacci difference numbers is studied.

2. Background and Auxiliary Results

In this section, we present some identities involving k-Fibonacci and k-Lucas
numbers, which will be used to derive several results for the k-Fibonacci difference
sequence in the following sections.

The k-Fibonacci type sequence is recognized to be linked to the characteristic
equation

(2.1) r2 = kr + 1 ,

whose two distinct roots are denoted by rk,1 and rk,2. These roots are given by

rk,1 = (k +
√
k2 + 4)/2 and rk,2 = (k −

√
k2 + 4)/2, which play a central role in

obtaining properties of the sequence.

Lemma 2.1 ([1], Proposition 2). Let {fk, n}n≥0 be the k-Fibonacci sequence. Then

(2.2) fk,n =
rnk,1 − rnk,2
rk,1 − rk,2

,

where rk,1 and rk,2 are the distinct roots from Equation (2.1).

Lemma 2.2 ([3], Theorem 2.2). Let {lk, n}n≥0 be the k-Lucas sequence. Then

(2.3) lk,n = rnk,1 + rnk,2 ,

where rk,1 and rk,2 are the distinct roots of the Equation (2.1).
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Equations (2.2) and (2.3), respectively, are the Binet formula for the k-Fibonacci
and k-Lucas sequences.

For the purpose of establishing identities involving the k- Fibonacci difference
numbers, in this article, we will consider the following identities for the k-Fibonacci
and k-Lucas numbers as support.

Lemma 2.3 ([3], Theorem 2.4). For n ≥ 1 and any positive real numbers k, we
have

(2.4) lk,n = fk,n−1 + fk,n+1 ,

where {fk,n}n≥0 and {lk,n}n≥0 are, respectively, the k-Fibonacci sequence and the
k-Lucas sequence.

Lemma 2.4 ([2], Equation (26)). For n ≥ 1 and any positive real numbers k, we
have

(2.5) (k2 + 4)fk,n = lk,n−1 + lk,n+1 ,

where {fk,n}n≥0 and {lk,n}n≥0 are the k-Fibonacci sequence and the k-Lucas se-
quence, respectively.

Lemma 2.5 ([7], Equation (6)). For n ≥ 1 and any positive real numbers k, we
have

(2.6) fk,n−1fk,n+1 − (fk,n)
2 = (−1)n ,

where {fk,n}n≥0 is the k-Fibonacci sequence.

Lemma 2.6 ([10], Proposition 2.1). For n ≥ 1 and any positive real numbers k,
we have

(k2 + 4)fk,nfk,n+1 = lk,2n+1 + k(−1)n+1,(2.7)

(k2 + 4)(fk,n)
2 = lk,2n + 2(−1)n+1,(2.8)

where {fk,n}n is the k-Fibonacci sequence and {lk,n}n is the k-Lucas sequence.

We use {gk,n}n≥0 to denote the generalized k-Fibonacci sequence, or a k-Fibonacci-
type sequence, defined by the recurrence

(2.9) gk, n+1 = kgk,n + gk,n−1, n ≥ 1

with initial terms gk,0 = a and gk,1 = b , where a and b are fixed integer constants.
According to Theorem 2.1 in [10] and its consequences, we have the next result.

Lemma 2.7. For non-negative integer values of n and m, and for any generalized
k-Fibonacci sequence {gk, n}n≥0, we have

gk, n+m = fk,m−1 · gk, n + fk,m · gk, n+1 ,

gk,−m = (−1)mfk,m+1 · a+ (−1)m+1fk,m · b ,
where {fk,n}n≥0 is the k-Fibonacci sequence.

Consider {gk,n} and {hk,n} two k-Fibonacci-type sequences. The next statement
shows some connections between them.

Lemma 2.8 ([10], Theorem 2.2). For any generalized k-Fibonacci sequences {gk,n}n≥0

and {hk,n}n≥0, that is, both satisfy (2.9), the following identity holds

(2.10) gk, n+mhk, n+l − gk, nhk, n+m+l = (−1)n(gk,mhk,l − gk,0hk,m+l).
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3. Binet’s formula and applications

In this section, we will first review the Binet formula for the k-Fibonacci dif-
ference and explore some applications. We will show the relationship between the
k-Fibonacci type sequences and any k-Fibonacci difference sequence. We will also
present an extension of the k-Fibonacci difference with negative subscripts. Finally,
we will give the generating functions for the k-Fibonacci difference sequence.

3.1. Connection of k-Fibonacci difference sequence with k-Fibonacci num-
bers. In this subsection, we will explore the relationship between k-Fibonacci type
sequences and any k-Fibonacci difference sequence.

Consider any k-Fibonacci sequence {fk,n}n≥0, and for any positive integer j

make F
(j)
k,n = ∆j(fk,n), being ∆ the difference operator. The first result follows

directly from the existence of roots of the characteristic equation (2.1), and using
the initial conditions

F
(j)
k,0 = ak,j and F

(j)
k,1 = bk,j ,

that is, ak,j and bk,j are the initial terms of the sequence F
(j)
k,n given by the j-th

application of the difference operator ∆.
Firstly, [6] proves that the k–Fibonacci difference sequences verify also the initial

relation (1.1).

Lemma 3.1 ([6], Lemma 1). Let {F(j)
k,n}n≥0 be the k-Fibonacci difference sequence.

Then {F(j)
k,n}n≥0 verifies the recurrence relation of the k–Fibonacci sequence:

(3.1) F
(j)
k,n+1 = kF

(j)
k,n + F

(j)
k,n−1

From the relation (3.1), in [6] it is deduced the Binet formula for k–Fibonacci
difference sequences.

Lemma 3.2 ([6], subsection 2.2). Let {F (j)
k, n}n≥0 be the k-Fibonacci difference se-

quence. Then

(3.2) F
(j)
k,n =

(bk,j − ak,jrk,2) r
n
k,1 − (bk,j − ak,jrk,1) r

n
k,2

rk,1 − rk,2
,

where rk,1 and rk,2 are the distinct roots of the Equation (2.1).

According to Corollary 2 in [6], it is possible to write the k–Fibonacci difference
numbers depending on the classical k–Fibonacci numbers. In a similar way, we
present the following result, where also the k–Fibonacci difference numbers depend
on the classical k–Fibonacci numbers in the manner indicated.

Theorem 3.3. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. Then

(3.3) F
(j)
k,n = bk,jfk, n + ak,jfk, n−1 ,

for all n ≥ 1, where {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. In Lemma 2.7 replace {gk,n}n≥0 by {F (j)
k,n}n≥0, since {F(j)

k,n}n≥0 being the

k-Fibonacci sequence (see Equation (3.1)). As F
(j)
k,0 = ak,j and F

(j)
k,1 = bk,j , the end

of the proof is established. □

The following result states the k-Fibonacci difference numbers as a linear com-
bination formula involving the k–Fibonacci and k–Lucas numbers.
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Theorem 3.4. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. Then, for

all n ≥ 0,

(3.4) F
(j)
k,n =

ak,j
2

lk,n −
(
kak,j
2

− bk,j

)
fk, n ,

where {fk,n}n≥0 is the k-Fibonacci sequence and {lk,n}n≥0 is the k-Lucas sequence.

Proof. The proof is given by mathematical induction on n. Note that

F
(j)
k, 0 =

ak,j
2

lk,0 −
(
kak,j
2

− bk,j

)
fk, 0 =

ak,j
2

2−
(
kak,j
2

− bk,j

)
0 = ak,j

F
(j)
k, 1 =

ak,j
2

lk,1 −
(
kak,j
2

− bk,j

)
fk, 1 =

ak,j
2

k −
(
kak,j
2

− bk,j

)
1 = bk,j .

Suppose that the result is valid for any positive integer less than or equal to n, for
some n ≥ 1. Then, by Equation (3.1), we have

F
(j)
k,n+1 = kF

(j)
k,n + F

(j)
k,n−1

= k

(
ak,j
2

lk,n −
(
kak,j
2

− bk,j

)
fk, n

)
+

ak,j
2

lk,n−1 −
(
kak,j
2

− bk,j

)
fk, n−1

=
ak,j
2

lk,n+1 −
(
kak,j
2

− bk,j

)
fk,n+1 .

So, the result is valid for any non-negative integer n. □

As a consequence, we get the next result.

Theorem 3.5. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. Then

(3.5) F
(j)
k,n+1 + F

(j)
k,n−1 = (k2 + 4)

ak,j
2

fk,n −
(
kak,j
2

− bk,j

)
lk,n

where {fk,n}n≥0 is the k-Fibonacci sequence and {lk,n}n≥0 is the k-Lucas sequence.

Proof. The result required follows from Equations (2.4), (2.5) and (3.4). □

Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. Consider the constants

c = bk,j − ak,jrk,2 and d = bk,j − ak,jrk,1, where rk,1 and rk,2 are the distinct roots
of the Equation (2.1). So, observe that

cd = [bk,j − ak,jrk,2][bk,j − ak,jrk,1]

= (bk,j)
2 − kak,jbk,j − (ak,j)

2 ,

as rk,1 + rk,2 = k and r1r2 = −1.
Following the literature (for instance, see pag. 139 in [9]), we will denote it by

letter µk,j . The product µk,j = −cd, and let us call it by the j-characteristic of the
k-Fibonacci difference sequence.

From the above discussion and notation, we have the following result.

Proposition 1. The j-characteristic µk,j of the k-Fibonacci difference sequence

{F (j)
k,n}n≥0 is given by

µk,j = (ak,j)
2 + kak,jbk,j − (bk,j)

2 ,

where rk,1 and rk,2 represent the distinct roots of Equation (2.1), ak,j and bk,j are

the initial terms of {F (j)
k,n}.
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According to [9], the constant cd appears in a lot of formulas for Fibonacci-type
numbers. It is called the characteristic of the Fibonacci sequence. The authors in
[10] showed that this remains valid for the k-Fibonacci type sequences.

3.2. Negative index for the k-Fibonacci difference sequence. In this sub-
section, we extend the definition of the k-Fibonacci difference sequence to negative
indexes. Using standard techniques for Fibonacci-type sequences, we establish a
recurrence relation for negative subscripts and derive explicit formulas consistent
with the properties of the sequence.

The Fibonacci and Lucas (or Fibonacci-Lucas) numbers with negative subscripts,
according to [9, Equations 5.19 and 5.20], have the relations

f−n = (−1)n+1fn and l−n = (−1)nln

where {fn}n≥0 is the ordinary Fibonacci sequence and {ln}n≥0 is the Lucas se-
quence. In a similar way, it has been obtained for the k-Fibonacci sequence {fk,n}
and k-Fibonacci-Lucas sequence {lk,n}, that is,

Lemma 3.6. [10, Proposition 2.2] For all non-negative integer values of n, we have

fk,−n = (−1)n+1fk,n(3.6)

lk,−n = (−1)nlk,n(3.7)

where {fk,n}n≥0 is the k-Fibonacci sequence and {lk,n}n≥0 is the k-Lucas sequence.

We will give the meaning to the numbers F
(j)
k,−n for every integer number n, and

the recurrence will remain valid. To extend the sequence {F (j)
k,n}n≥0 to negative

subscripts, we use the modified recurrence relation

F
(j)
k, n−2 = F

(j)
k, n − kF

(j)
k,n−1.

Then, we have the following pattern:

F
(j)
k,−1 = F

(j)
k,1 − kF

(j)
k,0 = bk,j − kak,j = −1(−1 · bk,j + k · ak,j)

= −1(−fk,1 · bk,j + fk,2 · ak,j) ,

F
(j)
k,−2 = F

(j)
k,0 − kF

(j)
k,−1 = ak,j(1 + k2)− kbk,j = 1(−fk,2 · bk,j + fk,3 · ak,j) ,

F
(j)
k,−3 = F

(j)
k,−1 − kF

(j)
k,−2 = bk,j − kak,j − k(ak,j(1 + k2)− kbk,j)

= −1(−fk,3 · bk,j + fk,4 · ak,j),

and so on. Thus, we have the following result, which is a corresponding result to
the Equation (3.3) for negative subscripts.

Proposition 2. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. For all

integers n ≥ 1, the general term with negative indexes n-th satisfies

F
(j)
k,−n = (−1)n ( ak,j · fk,n+1 − bk,j · fk,n) ,

where {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Let Uk,−n = (−1)n ( ak,j · fk,n+1 − bk,j · fk,n) for all integers n ≥ 1. We
want to show that Uk,n verifies the recurrence relation Uk,−n = Uk,−(n+2)+kUk,−(n+1) .
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Indeed,

Uk,−(n+2) + kUk,−(n+1)

= (−1)n+2 (ak,j · fk,n+3 − bk,j · fk,n+2) + (−1)n+1k (ak,j · fk,n+2 − bk,j · fk,n+1)

= (−1)n (ak,j · fk,n+1 − bk,j · fk,n) = Uk,−n .

Moreover, we get Uk,−1 = −(ak,j ·fk,2− bk,j ·fk,1) = Fk,−1 and Uk,−2 = ak,j ·fk,3−
bk,j · fk,2 = Fk,−2. So, since Uk,n satisfies the recurrence that defines Fk,n with the

same initial condition, we conclude that Uk,−n = F
(j)
k,−n. □

Another way of expressing the general term of the sequence {F (j)
k,−n}n≥0 is the

following result:

Proposition 3. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. For each

integer n ≥ 1, then the negative index n-th number F
(j)
k,n satisfies the following

identity:

(3.8) F
(j)
k,−n = (−1)n

(
F

(j)
k,n + 2

(
kak,j
2

− bk,j

)
fk,n

)
,

where {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Combining Equations (3.4), (3.6) and (3.7) we have

F
(j)
k,−n =

ak,j
2

lk,−n −
(
kak,j
2

− bk,j

)
fk,−n

=
ak,j
2

(−1)nlk,n − (−1)n+1

(
kak,j
2

− bk,j

)
fk,n

= (−1)n
[
F

(j)
k,n + 2

(
kak,j
2

− bk,j

)
fk,n

]
,

which verifies the result. □

3.3. Generating functions. In this subsection, we determine the generating func-
tions for the k-Fibonacci difference sequence. More specifically, we present three
types of generating functions for the k-Fibonacci difference sequence: the ordinary
generating function, the exponential generating function, and the Poisson generat-
ing function. We point out that [6] introduced the ordinary generator.

The ordinary generating function for a sequence {an}n≥0, denoted as Gan
(x), is

defined as a formal series given by:

Gan
(x) =

∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + a3x
3 + · · ·+ anx

n + · · · .

The following result provides the explicit form of the generating function for the

k-Fibonacci difference sequence {F (j)
k,n}n≥0.

Proposition 4 ([6], Equation (12)). The generating function for the k-Fibonacci

difference sequence {F (j)
k,n}n≥0, denoted by G

F
(j)
k,n

(x), is given by

G
F

(j)
k,n

(x) =
ak,j + (bk,j − kak,j)x

1− kx− x2
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The exponential generating function Ean
(x) for a sequence {an}n≥0 is repre-

sented as a power series given by:

Ean(x) = a0 + a1x+
a2x

2

2!
+ · · ·+ anx

n

n!
+ · · · =

∞∑
n=0

anx
n

n!
.

In the following result, we consider the case where an = F
(j)
k,n and apply the

Binet formula for the k-Fibonacci difference sequence. The proof of the next result
follows directly from Binet’s formula.

Proposition 5. The exponential generating function for the k-Fibonacci difference

sequence {F (j)
k,n}n≥0 is

E
F

(j)
k,n

(x) =

∞∑
n=0

F
(j)
k,n

xn

n!
=

(bk,j − ak,jrk,2)e
rk,1x − (bk,j − ak,jrk,1)e

rk,2x

rk,1 − rk,2

where rk,1 and rk,2 are the distinct roots of the Equation (2.1).

The Poisson generating function Pan(x) for a sequence {an}n≥0 is defined as:

Pan
(x) =

∞∑
n=0

anx
n

n!
e−x = e−xEan

(x).

This relationship establishes a direct connection between the two generating func-
tions, allowing the Poisson generating function to be derived from its exponential
function.

As a particular case, considering the exponential generating function for the k-
Fibonacci difference sequence given in Proposition 5 as E

F
(j)
k,n

(x), we obtain the

following result.

Corollary 3.7. The Poisson generating function for the k-Fibonacci difference

sequence {F (j)
k,n}n≥0 is:

P
F

(j)
k,n

(x) =
(bk,j − ak,jrk,2)e

(rk,1−1)x − (bk,j − ak,jrk,1)e
(rk,2−1)x

rk,1 − rk,2

where rk,1 and rk,2 are the distinct roots of Equation (2.1).

4. Some Properties

In this section, we establish some identities for the k-Fibonacci difference se-
quence. We also provide the classical Tagiuri-Vajda identity, among others.

4.1. Identities for the k-Fibonacci difference sequence. The first result is
the establishment of the multiplication formula for two consecutive terms of the
k-Fibonacci difference sequence.

Proposition 6. For all non-negative integers n and k > 0, the k-Fibonacci differ-

ence sequence {F (j)
k,n}n≥0 satisfies the following identity:

(k2 + 4)F
(j)
k,nF

(j)
k,n+1 = (bk,j)

2lk,2n+1 + 2ak,jbk,j lk,2n + (ak,j)
2lk,2n−1 + µk,jk(−1)n

where {lk,n} is the k-Lucas sequence and µk,j is the j-characteristic of {F (j)
k,n}.
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Proof. By Equation (3.3), we have

F
(j)
k,nF

(j)
k,n+1 = (bk,jfk,n + ak,jfk,n−1)(bk,jfk,n+1 + ak,jfk,n)

= (bk,j)
2fk,nfk,n+1 + ak,jbk,j [f

2
k,n + fk,n−1fk,n+1] + (ak,j)

2fk,n−1fk,n .

So, by equations (2.4), (2.5), (2.6), (2.7) and (2.8), it follows that

(k2+4)F
(j)
k,nF

(j)
k,n+1 = (bk,j)

2[lk,2n+1 − k(−1)n] + ak,jbk,j(k
2 + 4)[(−1)n + 2(fk,n)

2]

+ (ak,j)
2[lk,2n−1 + k(−1)n]

= (bk,j)
2lk,2n+1 − k(bk,j)

2(−1)n + 2ak,jbk,j lk,2n + k2ak,jbk,j(−1)n

+ (ak,j)
2lk,2n−1 + k(ak,j)

2(−1)n

= (bk,j)
2lk,2n+1 + 2ak,jbk,j lk,2n + (ak,j)

2lk,2n−1

+
[
(ak,j)

2 + kak,jbk,j − (bk,j)
2
]
k(−1)n.

Now, using µk,j we get the result. □

The next result is one of the most important in this paper and provides a direct
connection between the terms of the k-Fibonacci difference sequence with Fibonacci
and Lucas numbers.

Theorem 4.1. For non-negative integer values of n, q, k, and for the k-Fibonacci

difference sequence {F (j)
k,n}n≥0, the following identity holds:

(4.1) 2F
(j)
k,n+q = lk,qF

(j)
k,n + fk,q

(
(k2 + 4)

ak,j
2

fk,n −
(
kak,j
2

− bk,j

)
lk,n

)
,

where {lk,n}n≥0 is the k-Lucas sequence and {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Take gk,n = F
(j)
k,n, for some j, and change m by −q in Lemma 2.7. Then, by

using the Equations (2.4) and (3.6) we have

F
(j)
k,n−q = (−1)q

(
fk,q+1F

(j)
k,n − fk,qF

(j)
k,n+1

)
.

Then,

F
(j)
k,n+q + (−1)qF

(j)
k,n−q = fk, q−1F

(j)
k,n + fk,qF

(j)
k,n+1 + fk,q+1F

(j)
k,n − fk,qF

(j)
k,n+1

= (fk,q−1 + fk,q+1)F
(j)
k,n = lk,q · F (j)

k,n

and

F
(j)
k,n+q − (−1)qF

(j)
k,n−q = fk,q−1F

(j)
k,n + fk,qF

(j)
k,n+1 − fk,q+1F

(j)
k,n + fk,qF

(j)
k,n+1

= (fk,q−1 − fk,q+1)F
(j)
k,n + 2fk,qF

(j)
k,n+1

= fk,q

(
F

(j)
k,n−1 + F

(j)
k,n+1

)
.

Now, by summing the last two equations, we obtain

2F
(j)
k,n+q = lk,qF

(j)
k,n + fk,q

(
F

(j)
k,n−1 + F

(j)
k,n+1

)
.

The result follows from Equation (3.5). □
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4.2. Some classical identities for k-Fibonacci difference sequence. In this
subsection, we will provide some classical identities for the k-Fibonacci difference
sequence by considering the Binet formula and the results of the previous sections.

The convolution identity for k-Fibonacci difference sequence is shown below.

Proposition 7 (Convolution’s identity). Let m, n be non-negative integer num-
bers, then the k-Fibonacci difference sequence satisfies the following identity:

F
(j)
k,m−1F

(j)
k,n + F

(j)
k,mF

(j)
k,n+1 = bk,jF

(j)
k,n+m + ak,jF

(j)
k,n+m−1 ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence .

Proof. By Equation (3.3) we have F
(j)
k,n = bk,jfk,n + ak,jfk,n−1, then

F
(j)
k,m−1F

(j)
k,n + F

(j)
k,mF

(j)
k,n+1

= (bk,jfk,m−1 + ak,jfk,m−2)(bk,jfk,n + ak,jfk,n−1) + (bk,jfk,m + ak,jfk,m−1)(bk,jfk,n+1 + ak,jfk,n)

= (bk,j)
2fk,m−1fk,n + ak,jbk,jfk,m−1fk,n−1 + ak,jbk,jfk,m−2fk,n + (ak,j)

2fk,m−2fk,n−1

+ (bk,j)
2fk,mfk,n+1 + ak,jbk,jfk,mfk,n + ak,jbk,jfk,m−1fk,n+1 + (ak,j)

2fk,m−1fk,n

= (bk,j)
2(fk,m−1fk,n + fk,mfk,n+1) + ak,jbk,j(fk,m−1fk,n−1 + fk,mfk,n)

+ ak,jbk,j(fk,m−2fk,n + fk,m−1fk,n+1) + (ak,j)
2(fk,m−2fk,n−1 + fk,m−1fk,n)

= (bk,j)
2fk,m+n + ak,jbk,jfk,m+n−1 + ak,jbk,jfk,m+n−1 + (ak,j)

2fk,m+n−2

= bk,j(bk,jfk,m+n + ak,jfk,m+n−1) + ak,j(bk,jfk,m+n−1 + ak,jfk,m+n−2)

= bk,jF
(j)
k,n+m + ak,jF

(j)
k,n+m−1 ,

as required. □

As a direct consequence, then we recover the standard form of the ordinary
convolution identity:

Corollary 4.2. Let j a non-negative integer such that ak,j = 0 and bk,j = 1, then

F
(j)
k,m−1F

(j)
k,n + F

(j)
k,mF

(j)
k,n+1 = F

(j)
k,n+m ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence .

In the following, we will introduce the Tagiuri-Vajda identity. It is a key result
of this section as it allows us to derive a wide range of identities which we get using
Lemma 2.8.

Theorem 4.3 (Tagiuri-Vajda’s identity). Let {F (j)
k,n} be the k-Fibonacci difference

sequence and µk,j your j-characteristic, then for all non-negative integers n,m, q,
the following identity holds:

(4.2) F
(j)
k,n+mF

(j)
k,n+q − F

(j)
k,nF

(j)
k,n+m+q = (−1)n+1 µk,j · fk,mfk,q ,

where {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Taking gk,i = hk,i = F
(j)
k,i in Equation (2.10) we have

F
(j)
k,n+mF

(j)
k,n+q − F

(j)
k,nF

(j)
k,n+m+q = (−1)n

[
F

(j)
k,mF

(j)
k,q − F

(j)
k,0F

(j)
k,m+q

]
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Using the Equations (3.4) and (4.1), we have

F
(j)
k,n+mF

(j)
k,n+q − F

(j)
k,nF

(j)
k,n+m+q

= (−1)n
[
F

(j)
k,mF

(j)
k,q − ak,j

2

(
lk,qF

(j)
k,m + (k2 + 4)

ak,j
2

fk,qfk,m −
(
kak,j
2

− bk,j

)
lk,mfk,q

)]
,

= (−1)n
[
−fk,q

[(
kak,j
2

− bk,j

)(
F

(j)
k,m − ak,j

2
lk,m

)
+ (k2 + 4)

(ak,j
2

)2

fk,m

]]
= (−1)n

[
−fk,q

[
−
(
kak,j
2

− bk,j

)(
kak,j
2

− bk,j

)
fk,m + (k2 + 4)

(ak,j
2

)2

fk,m

]]
= (−1)n+1fk,mfk,q

[
(ak,j)

2 + kak,jbk,j − (bk,j)
2
]
.

Since µk,j = (ak,j)
2 + kak,jbk,j − (bk,j)

2, we conclude the proof. □

As a direct consequence of the Tagiuri-Vajda identity, the following results are
also obtained for the d’Ocagne, the Catalan and the Cassini identities for the k-
Fibonacci difference sequence.

Proposition 8 (d’Ocagne’s identity). Let h, n be non-negative integer numbers
with h ≥ n, then

F
(j)
k,hF

(j)
k,n+1 − F

(j)
k,nF

(j)
k,h+1 = (−1)n+1µk,jfk,h−n ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence and µk,j your j-characteristic

and {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Consider m+ n = h and q = 1 in Equation (4.2), then

F
(j)
k,hF

(j)
k,n+1 − F

(j)
k,nF

(j)
k,h+1 = (−1)n+1µk,jfk,h−nfk,1

= (−1)n+1µk,jfk,h−n ,

as fk,1 = 1 for all integers k > 0, which proves the result. □

Proposition 9 (Catalan’s identity). Let n and m be non-negative integer numbers
with m ≥ n, then

(4.3) (F
(j)
k,n)

2 − F
(j)
k,n−mF

(j)
k,n+m = (−1)n+m+1µk,j(fk,m)2 ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence, µk,j your j-characteristic

and {fk,n}n≥0 is the k-Fibonacci sequence.

Proof. Taking q = −m in Equation (4.2), we have

F
(j)
k,n+mF

(j)
k,m−n − (F

(j)
k,n)

2 = (−1)n+1µk,jfk,mfk,−m .

The result follows using Equation (3.6). □

A direct consequence of the Catalan identity is the following identity. To obtain
the desired result, simply substitute m = 2 into Equation (4.3).

Corollary 4.4. For all non-negative integers n ≥ 2, we have

(4.4) (F
(j)
k,n)

2 − F
(j)
k,n−2F

(j)
k,n+2 = µk,j(−1)n+1(fk,2)

2 ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence, {fk,n}n≥0 is the k-Fibonacci

sequence, and µk,j your j-characteristic.
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Another consequence of the Catalan identity, as fk,1 = 1 and by doing m = 1 in
Equation (4.3), we have the following result.

Corollary 4.5 (Cassini-Simson’s identity). For all non-negative integers n, we
have

(4.5) (F
(j)
k,n)

2 − F
(j)
k,n−1F

(j)
k,n+1 = (−1)nµk,j ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence and µk,j your j-characteristic.

A direct consequence is the Cassini-Simson identity for subscripts even, and this
is given above.

Corollary 4.6. For all non-negative integers n, we have

(F
(j)
k,2n)

2 − F
(j)
k,2n−1F

(j)
k,2n+1 = µk,j ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence and µk,j is your j-characteristic.

Now, we present the Gelin-Cesàro identity for k-Fibonacci difference sequence.
Note that, this result also follows from Catalan’s identity.

Proposition 10 (Gelin-Cesàro’s identity). The k-Fibonacci difference sequence

{F (j)
k,n}n≥0 satisfies the following identity:

F
(j)
k,n+2F

(j)
k,n+1F

(j)
k,n−1F

(j)
k, n−2 − (Fk,n))

4 = µk,j(−1)n(F
(j)
k,n)

2(k2 − 1) + k2µ2
k,j ,

where µk,j is the j-characteristic of the k-Fibonacci difference sequence, {F (j)
k,n}n≥0

is the k-Fibonacci difference sequence.

Proof. According to Equation (4.4), we have

(4.6) F
(j)
k,n−2F

(j)
k,n+2 = (F

(j)
k,n)

2 + µk,j(−1)n+1(fk,2)
2 ,

By Equation (4.5)

(4.7) F
(j)
k,n−1F

(j)
k,n+1 = F

(j)
k,n)

2 + (−1)nµk,j ,

Combining the Equations (4.6) and (4.7), we get

F
(j)
k,n+2F

(j)
k,n+1F

(j)
k,n−1F

(j)
k,n−2 − (F

(j)
k,n)

4

=
[
(F

(j)
k,n)

2 + µk,j(−1)n+1(fk,2)
2
] [

(F
(j)
k,n)

2 + µk,j(−1)n
]
− (F

(j)
k,n)

4

=
[
(F

(j)
k,n)

2 + µk,j(−1)n+1k2
] [

(F
(j)
k,n)

2 − µk,j(−1)n+1
]
− (Fk,n)

4

= (F
(j)
k,n)

4 − µk,j(−1)n+1(F
(j)
k,n)

2 + k2µk,j(−1)n+1(F
(j)
k,n)

2 − k2µ2
k,j(−1)2n+1 − (F

(j)
k,n)

4

= µk,j(−1)n+1(F
(j)
k,n)

2(k2 − 1) + k2µ2
k,j ,

as fk,1 = 1 and fk,2 = k, which verifies the result. □
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5. Some Ratio and Partial Sum

The ratio between two terms (successive or not) of a sequence {an}n≥0 is defined
as qn+t = an+t

an
, where t is a natural number. In particular, for t = 1 we have

the quotient between successive terms an+1 and an. For instance, in the classical

Fibonacci sequence {fn}n≥0, the ratio is given by qn+1 = fn+1

fn
. In this case, as n

becomes large, the sequence {qn+1}n≥0 converges to the golden ratio, α = 1+
√
5

2 .
In this section we will examine the generalized quotient qn+t = an+t

an
, for a fixed

positive integer t.

The first result shows that the sequence {qk, n+t}n≥0 for the {F (j)
k,n}n≥0 converges

to rk,1 as n goes to infinity, and t is a fixed positive integer.

Proposition 11. If F
(j)
k,n is the n-th term of k-Fibonacci difference sequence, then

(5.1) lim
n→∞

F
(j)
k,n+t

F
(j)
k,n

= (rk,1)
t ,

and

(5.2) lim
n→∞

F
(j)
k,−(n+t)

F
(j)
k,−n

= (−rk,1)
t ,

for any positive integer t, where rk,1 is a root of Equation (2.1).

Proof. According to Binet’s formula (3.2), we have

F
(j)
k,n+t

F
(j)
k,n

= (rk,1)
t
(bk,j − ak,jrk,2)− (bk,j − ak,jrk,1)(

rk,2

rk,1
)n+t

(bk,j − ak,jrk,2)− (bk,j − ak,jrk,1)(
rk,2

rk,1
)n

.

Since |rk,2/rk,1| < 1, it follows that (rk,2/rk,1)
n → 0 as n → ∞. Thus,

lim
n→∞

F
(j)
k,n+t

F
(j)
k,n

= (rk,1)
t bk,j − ak,jrk,2
bk,j − bk,jrk,2

= (rk,1)
t ,

and thus (5.1) follows.
Using the Equation (3.8), we can write

F
(j)
k,−(n+t)

F
(j)
k,−n

= (−1)t
F

(j)
k, n+t + 2(

kak,j

2 − bk,j)fk,n+t

F
(j)
k, n + 2(

kak,j

2 − bk,j)fk,n
.

Also follows from Binet’s formula that

F
(j)
k, n+t + 2(

kak,j

2 − bk,j)fk,n+t

F
(j)
k, n + 2(

kak,j

2 − bk,j)fk,n

= (rk,1)
t
(bk,j − ak,jrk,2)− (bk,j − ak,jrk,1)(

rk,2

rk,1
)n+t + 2(

kak,j

2 − bk,j)(1− (
rk,2

rk,1
)n+t)

(bk,j − ak,jrk,2)− (bk,j − ak,jrk,1)(
rk,2

rk,1
)n + 2(

kak,j

2 − bk,j)(1− (
rk,2

rk,1
)n)

.
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Therefore,

lim
n→∞

[
F

(j)
k, n+t + 2(

kak,j

2 − bk,j)fk,n+t

F
(j)
k,n + 2(

kak,j

2 − bk,j)fk,n

]

= (rk,1)
t (bk,j − ak,jrk,2) + 2(

kak,j

2 − bk,j)

(bk,j − ak,jrk,2) + 2(
kak,j

2 − bk,j)
= (rk,1)

t ,

that concludes the proof. □

In what follows, we can immediately establish the next result using fundamental
tools from the calculus of limits, along with (5.1) and (5.2).

Corollary 5.1. If F
(j)
k,n are the n-th term of the k-Fibonacci difference sequence,

then

lim
n→∞

F
(j)
k,n

F
(j)
k,n+t

=

(
1

rk,1

)t

,

and

lim
n→∞

F
(j)
k,−n

F
(j)
k,−(n+t)

=

(
− 1

rk,1

)t

,

for any integer t, where rk,1 and rk,2 are the roots of Equation (2.1).

Note that if t = 1, then F
(j)
k,n+1/F

(j)
k,n converges to rk,1 independently of j. It

is similar to what happens with both the ordinary Fibonacci and k-Fibonacci se-
quences; the positive root of the j characteristic equation is the limit of the ratio
between successive terms. This relationship is well documented in the mathematical
literature.

Now, we investigate the properties and identities associated with the partial
sums of the n+ 1 terms of the k-Fibonacci difference sequence, providing insights
into their pattern and applications. The sum of the first n+1 terms of the sequence
is expressed as:

n∑
i=0

F
(j)
k,i = F

(j)
k,0 + F

(j)
k,1 + F

(j)
k,2 + · · ·+ F

(j)
k,n−1 + F

(j)
k,n .

We begin by presenting three key results concerning the partial sums of the k-
Fibonacci difference sequence.

First, we present the sum of the first n + 1 terms of the k-Fibonacci difference
sequence.

Theorem 5.2. For all non-negative integers n, then

n∑
i=0

F
(j)
k,i =

1

k
[F

(j)
k,n + F

(j)
k,n+1 + (k − 1)ak,j − bk,j ] ,

where {F (j)
k, n}n≥0 is the k-Fibonacci difference sequence.
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Proof. According to Equation (2.9) we have the following equations:

F
(j)
k,0 = F

(j)
k,2 − kF

(j)
k,1 ,

F
(j)
k,1 = F

(j)
k,3 − kF

(j)
k,2 ,

...

F
(j)
k,n−1 = F

(j)
k,n+1 − kF

(j)
k,n .

By adding both sides of these equations, we have

n−1∑
i=0

F
(j)
k,i =

n+1∑
i=2

F
(j)
k,i − k

n∑
i=1

F
(j)
k,i ,

that is,

k

n∑
i=1

F
(j)
k,i = F

(j)
k,n + F

(j)
k,n+1 − F

(j)
k,0 − F

(j)
k,1 ,

as F
(j)
k,0 = ak,j and F

(j)
k,1 = bk,j , we conclude the result. □

In a similar way to what we have done in Theorem 5.2, we will have similar
results in the following, but here we will only present the statement. The sum of
the terms at even indexes of the k-Fibonacci difference sequence can be expressed
as:

Proposition 12. For all non-negative integers n, then
n
2∑

i=0

F
(j)
k,2i =

1

k

[
F

(j)
k,n+1 + kak,j − bk,j

]
, if n is even

n−1
2∑

i=0

F
(j)
k,2i =

1

k

[
F

(j)
k,n + kak,j − bk,j

]
, if n is odd ,

where {F (j)
k,n}n≥0 is the k-Fibonacci difference sequence.

Next, the sum of the terms with odd indexes of the k-Fibonacci difference se-
quence is given by:

Proposition 13. For all non-negative integers n, then
n
2∑

i=0

F
(j)
k,2i−1 =

1

k

[
F

(j)
k,n − ak,j

]
, if n is even

n−1
2∑

i=0

F
(j)
k,2i =

1

k

[
F

(j)
k,n+1 − ak,j

]
, if n is odd .

A direct consequence of the previous results is the result presented below. This
follows naturally from the relationships established and reinforces the conclusions
drawn from the sentence.

Proposition 14. Let {F (j)
k,n}n≥0 be the k-Fibonacci difference sequence. For all

non-negative integers m, we have the following formulas:
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(a)

m∑
i=0

(−1)iF
(j)
k,i =

1

k
[F

(j)
k,m − F

(j)
k,m+1 + (k − 1)ak,j − bk,j ]; if m is odd,

and

(b)

m∑
i=0

(−1)iF
(j)
k,j =

1

k
[F

(j)
k,m+1 − F

(j)
k,m + (k + 1)ak,j − bk,j ] ; if m is even.

To finalize, we derive an expression for the sum of the squares of the first n+ 1
terms of the k-Fibonacci difference sequence, relating it to the classical Fibonacci
sequence.

Proposition 15. The sum of the squares of the first n+1 terms of the k-Fibonacci
difference sequence is given by:

n∑
i=0

(F
(j)
k,i )

2 =
1

k
[F

(j)
k,n · F (j)

k,n+1 + k(ak,j)
2 − ak,jbk,j ] ,

for all non-negative integers n.

Proof. To begin, observe that for n ≥ 2, the following identity holds:

F
(j)
k,nF

(j)
k,n+1 − F

(j)
k,n−1F

(j)
k,n = F

(j)
k,n(F

(j)
k,n+1 − F

(j)
k,n−1) = k(F

(j)
k,n)

2 .

Thus, we find:

k(F
(j)
k,2)

2 = F
(j)
k,2F

(j)
k,3 − F

(j)
k,1F

(j)
k,2 ,

k(F
(j)
k,3)

2 = F
(j)
k,3F

(j)
k,4 − F

(j)
k,2F

(j)
k,3 ,

. . .

k(F
(j)
k,n−1)

2 = F
(j)
k,n−1F

(j)
k,n − F

(j)
k,n−2Fk,n−1,

k(F
(j)
k,n)

2 = F
(j)
k,nF

(j)
k,n+1 − F

(j)
k,n−1F

(j)
k,n .

Adding both sides of these equations yields:

k(F
(j)
k,2)

2 + k(F
(j)
k,3)

2 + · · ·+ k(F
(j)
k,n−1)

2 + k(Fk,n)
2 = F

(j)
k,nF

(j)
k,n+1 − F

(j)
k,1F

(j)
k,2 .

Since F
(j)
k,0 = ak,j , F

(j)
k,1 = bk,j and F

(j)
k,2 = ak,j + kbk,j , it follows

k

n∑
j=0

(F
(j)
k,j )

2 = k(F
(j)
k,0)

2 + k(F
(j)
k,1)

2 + F
(j)
k,nF

(j)
k,n+1 − F

(j)
k,1F

(j)
k,2

= k(ak,j)
2 − ak,jbk,j + F

(j)
k,nF

(j)
k,n+1 ,

which completes the proof. □

6. Conclusion

The present work contributes to the list of known identities for the k-Fibonacci
difference sequence with original results, including the classical Tagiuri–Vajda iden-
tity and other related results. One of our primary goals was to highlight that this
sequence remains a particular case of the k-Fibonacci family, as previously noted by
Falcon [6]. This observation has motivated us to explore several classical identities
through multiple perspectives. Following a standard methodological framework, we
also examined certain consequences derived from Binet’s formula, as exhibited by
Falcon [6]. In this context, we obtain a characterization for the k-Fibonacci differ-
ence in terms of k-Fibonacci and k-Lucas sequences by linear combination, which
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allows us to extract a wide variety of properties and identities for the k-Fibonacci
difference numbers, as well as some expressions for the negative subscripts of the
sequence. We explore some properties of a generalized k-Fibonacci sequence, that
is, a k-Fibonacci sequence with arbitrary initial terms and apply the results to the
k-Fibonacci difference sequence. Also, this allowed us to establish expressions for
the limit of the quotient of successive terms and to evaluate some partial sums
associated with the sequence. In future work, we intend to apply this approach to
other k-difference sequences, for instance k-difference Mersenne, among others.
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