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PRoBABlLısTıc PERT oDELS 
^ND 

ı PLlcıT BETA
DlsTRlBuTloı{ A§suı{PTloN aEHlı|D lT

ormrn UNıJTıJLIiAZ'

lİ{TnoDUcTloN

ln loxt books and as wgll as in many othqr publications, 8long wlth thg
minimum and maİirnum eclivily complglion tlm€s, ıh6 modal (mosllik6ly)
actlvlty compı€tion tlme is also eslim8led i.rdependently. Finally, ıhese
threg estlmat€d actfuity compl€tlon times a.o being us€d for calculalion ot
tho €xpoctod activiıy compl€tlon tlme of th€ b€la distribulion. Yet,
eslİnatinğ thg moslliİely or modal actfuily comphtion tlm6 along with thg
minimum and maİlmum activity clmpl€tion lim€s contr8dicts wilh lhg
thooretlcal nature of b€ia distribution. Because, lh€ modal or mostlk€ty
value of bgta dislfibution is a function of th8 minimum and maximum
values. Thal is. wion lhe mlnimum and the maılmum values ar€ o§imeted
tho mod8l valu€ can be determined. Thererorg it shall noı be ostımaled
indop€nd€nlly.

o€pondlnq on thg magn|tudo o' lie dirlargrıce belw€en the estlmat€d
and calculatgd modal values, lthlctt ls tho functlon of ıh€ dogürges of
skgwn€ss, lhe oxp€cted vaıu€ o' oach ectivity will dwirt€ frorn tlıo tİug one.
This in ıUm wii resull in incon€ct oxpectod proİect comdgtlon mo and
probabillty and/or seloctıon o' knproper crll'cal paıh.

ln ıhis pape., having summarlzed lhe thEoretlcal fac{s and the
fallacies encountergd, we havo lacigl€d a r€al lifu problem. consequgntİ/,
w€ have determİnod ıial ıhe oİp€ctod Proroct comp|etıon time diff€rs ftom
tho ons obtained using freely ostim8tgd mostlikoly values. Pıobability that
th€ projacl tak8s a certain ümo 16r complotion also diflers from the real
ollo.

'). ooç.D.,! Erğiyos Üniv. lk 3adi v€ ldari Bilimleri Faİ{thed Öğr.Üy.
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BETA oENstTY FuNcTloN AND THEonETlc^L FAcTs

The shape of lhe beta densıly is lunction of iıs shape parameters 1and
n. ln its common form it represents lhe bela density lamily. ln connection
with p.obabilistic PERT models il can be slated that when

1- T>1, ı>1 and l=n then lhe functlon is symmeırical,
2- 1>,|,1>1 and T>1l then lhe function is negaüively sk€wed, and
3- r>l, n>l and l<n then lhe funclion is positively skewed.

Tho beta density function is originally de'ined [1] as

r(l+ı)
, İ1-1, (,|_x)n-' for Po, ı>o and o<x<1l(i,Y,n)=

r (Y)+ r(ı )

Mean and the Variance of the above delined 
'uncıion 

[2] are

1, ı
and G= respeclively,

rlTl

ln a [k,b] inıervaı lhe bela funclion

f {1+ı )

(1+1+1)ı (1+1)2

is €xpl€ss9d as

y-k y-k

. (', ----: )n- '
b_k

f(y,l,ı)=
(b-k), r(^/). l.(ı) b_k

k,l+b,1

tçı
and o2=

Mosllikely (modal) value of lhe same

k!(n-l)+bİ(Y-l)

,( )' 
,'

for 1D0, ı>0. and k<y<b.

M€an and the varİance ol this funcııon may lhen be expressed as

}rn
t (b-k)2

(1+1+1),(1+ı1)2
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ln lerms of lhe modal
the beta distribulion can be

k+mı(tlı 2) +b

value m and the other parameters the mean ol
written as

1+n

|NDEPENDENTLY EST|MATED MOSTL|KELY VALUE AND CALCULA-
TloN oF THE MEAN AND THE vARlANcE lN PRoBABlLlsTlc PERT
MoDELs

Bglore calculating lhe mean and Va.iance ot activily completion
times, lhe minimum activily lime k, lhe maximum aclivily ıime b and the
mosıl]kely activity time m are eslimated and are substiluled in the
following- relaıionahipŞ in eıisting litoratureI2,3,4,5,6]. where ıhese are

k+4rm + b
p=-

6

an

-2-

Yeı, these relaıionships lor mean and lhe Valiance hold onıy il

1-1=3+t2

ol
2"Y = 3,1 2

ı=3+!z
ol

3, r=4
n=4

Undel such condilions, we end up wiih lhe {ollowing special bela
funclions- where, lhe shape of each funcıion is known.



For the 
'irst, 

s€cora and ıhjİd ca§as tho paobability donsily 
'unctbnsb8@an9

13.0oa y-k y-k

f(y,3+.,/2,3_.üi 2)- , (- )2+r2 ı ( 1_ 

- 
)2,r2b* ğk ğk

13.oo8 y-k y-İ
f(y,3-rl2,3+.J2)- )2-J2, 1 ı_ 

-;a*lZ
b{ b_k b_k

l4o y-k y-İ

,(y,4,4)=- . (- )3, ( ı_-)3
b* §k Ek

for k<y<b and bo,

and are negaljvely skewed, posiliveIy skevJed and symmetlical unimodal
tunclions respeclive|y, ln lacı |hese İunclions and lheir modal values are
only lhe lunclion oı k and b.Thus, lhe modal value relationshiPs 

'ol 
lhe

negaıively skelred, posiıively skewed and symmetrical functions b€come

(2.n2), r + (2+ i2) , b
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4

(2+{2}ı k+(2.{2)ı b
m= ard

' k+b

4

respeclively. conseqıJenıly, iı can be concluded ıhal ıhe modalvajues can nol
b€ l.€ely estimaled.B9cause. lhg modal value is ıh€ 

'unction 
ol the minimum

and maximum value €stimaı€s. ln olh€r lYords, conlrary to lhe Praclico,
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lor a oivon saı of minimum and maıimum vatue gsümatgs thg modal valu€

s-tıaıl 'ue caıcuıateo u6ing ıh9 abovg ,olationships, Estimating ıhe modal

,iır" ina"pena"nty contıadias with th€ thgorotFal facts,'',-- Ö;;5ıidİİ; ü-e magnitu<ie ot ths diflo,€nc€ bstwe€n tho sstimat€d,

*ııiclı 
-lİİs-'Ö ''ılıeoreıİcal 

İround, and the calculaı€d modal values tho

Jİİ]!İtİJ,"İİ 
"orİpİİıiJ" 

iimes wiıı ditfer ırom the thgoreüicaııy cor,€cı

;;-İİ.3j.'ffi;iıi;n'İonaitlıns, ih6 deviaıion irom the real mean task

compl€tion ıimo will b€ as much as

4,lcalculated Modal Value - E§tim8ted Modal Value]

d=
6

when tha dirle.ence between th8 calculatod and the €sımated modal value is

İ'JİİÖ,'İİİ 
-.jl'jİ,İj 

İı";jitİ 
-iİ 

sy.met,icaı ıhen ıhis etıect may be ommiıed,

in'alİs wnen lhe dirfor;nce is considorably small tho mean iob compıeıion

ıime, ttıe mean püoj8ci complelion tme and as well as the clilrcal paın may

İı"İ'ol-"İlj"t" j_ 6tterwijg, lhe result§ will be a'tecied considerably;

lİ]İr,,]"Lllr' *-l,İ-" rlıJ' rnagniİuoes ot ıhe minimum and maximum ıask
.iiiı.ii.'il i.Js ano tı,e d-it erence bgtween them are big enough,*' -'İ;;"]'İh; ,İıance is not atlecı€d by ıhis tallacy ; because, it is not

exprsssed as a funcıion of lhe modal value,

AN APPLlcATloN

ll is Dloved lhat the tolmulas used to calcuıate the mean aclivity lime

^na 
,.İi"-,6-ar-e ,aliJ only loı some special valles o' the shap6 parameteıs

İ.]'-,# "İ İİ u-"İ.'Jİrjı uİion. ıi is aıİo indicaıed ıhat the modaı values of

li.,..;: #;;"İ;; ;İrt,iurİion, ur" delined by lowe. and upper limiıs ,ol
;;; 

"-&l-;; 
İaİıle, İneİelo,". ıhe minimum and ıh9 maximum ol ıhe

ii,i-Jr-ii."'i"no"""siimaie and rhe inlormation on th€ typ€ ol the skewness

iie eiouoı, ıo ğabulaıe lhe mean activiıy times, otherwise, the expecıeo

Droiecl duration wilt not be theorelically truo,*""i#;ii;;;;;; i"i*".n tn" caıcuüıed and .xpecıed modaı vaıues .is
aıso ıunction ol ıhe lenglh of the range, lmprope, application, especlally
;;-;;;İ rİnq"s, .ai lead one ıo unıealisıic Iesulıs in prolecıs

.İ,.Jl-;tİ"" ıİme] pİoiecı completion time probabililies and in an improper

and unrealislic critical paıh seleclon...* -Wİ;;; 
İ"İJ"t"İ a ıeal lite construction pıoblem whe,e minimum,

maximum and mosllikely values are plovided,Table 1, Filsl, w9 have soNeo

itıe orotıem using ind;pendenily €slimated modal Values along wlln ue
İlİi#"İİİİrİl,,i-İİİjİ İnJ'.",i.r,i, vatues ot oach ,ange, This is ıhe way.of

;;İ;İÖ;;;; types of problems in p,actice, For this purposg, a compuıer



E.cayos Üniv€rcnosi lkli6adi v€ ldali allimlgl Eaküllğsi oolgisi, sayı 9, Kaslm 1991

program [İ is emp|oyed; prooram.equires lhal the eslimaled minimum,
maİjmum and mostlikely valu9s shall b9 loaded. Laıer, rhe same prooİam i;
modified.lo calculale the mean activ|ty times ushg lhe eslimaled m;nimum
and_maximum aclivity times: ıhe mosıiikely value Ğ cabulaled on ıhe basisof lh6 estimaled manimum and maximÜm valugs, and on ühe üyp; oi
skewness.

. cons€quenlly, we have dei€rmined that, for this specific problem, the
crilical path remained unchanged: il is due to the facithal ıh'e differenceöetwean lhe means obıained using esiimaled modal value and lhe
calculaled modal va|ua_ was nol big enowh |o chance lhe criıicJı piıı,. it ecrilacal _palh obıained passes lhrough ıhe nodes0+1_)3_+5J8J10,,lt ş.l3 +l4 )16-17 )2o)2i-43 -,49_)51. Yeı,foı the tirsı case mean projecı complelion lime is 298.g davs wiıii
variance 15.97. However, lor the second case lhe mean Droiecı comoleıion
time is_304.5 days. Tho variance ls ıhe samo. Tlıeoreıiİallj co.İecİreİuİİis ıhe 304.5 days. The probability |hal the proiect wiıı oe c6moıeıea wiiıı]n
29E.6 days will be 0.0zt. when ıhe ıheoielical disıorlbn is hot realized,
one mig}ıl ıhink thaı ıhe probabilily o' completing lhe projecl wiıtıin zgi,ddays is 0.5o,

lt should be realized lhat for calculating lhe mean aclivilv ancl meanprojecl compJelion limes correctly, one shall u;e ttıe caıcuıaıeo 'mooiı 
vajuÖ

nol lhe eslimaled one.

coNcLusloN

. Behind.lhe relaıionships developed fo. calculaling the mean and lhgvaı|ancg oı beta distribulion lhere is an impliciı assumption: one o' ıhe
three sp€cial beıa distributions are adopted ,iiıhouı reaıızing. iı,"i"ı-",'io
oe]_lheorelically coJrecl acıiviıy and the mean pl'o;ecı compieıion-ıi.es itJmodal ,valuo shall be calculaıed using ıhe minimum and riıaıimum values.lnere ls no need lo eslimate lhe modal va|Ue indgpendenlly and ii has n;
lheorolical ground al all.

. F_of lhis special case the critacal path remained the same bul theprobabilily.of projecı compl€tion ıime ior a ceıain pe,ioo- oı ii,iJ'tıai
cnangeö, However. 

'or 
som_e olher cases lhe critical paııl may also chanoe

oepend|ng on lhe diffelence beıwegn ıhe means obtained usinğ the estimaıid
and calcu|aled modal va|ues.
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TABLE 1

Job Description For Mills
company constİuctions

Event No. Elapşed Times
(oays)

P. s.
0.1
02
03
13
23

34
47
58
67
7 12
79
810
9 15

1011
1113
12 14
1314
14 16
15.'6
1617
16 21
17 19
17 20
17 18
18 20
18 24
19 20
19 22
20 25
20 27

DESCRlPTİON

sufuey and eıcavaıion
R e-ba.
Folm made
Leen conc. and Marking
Dummy activily
Bldg "c" 1st and 2nd fo.m conc.
Bldg "A"lst and 2nd folm conc,
Bldg "B" 1st and 2nd lorm conc.
Bldg 'B' back fill
2nd lorm conc.
Bldo 'c" back fill
Bıdg "c" hard core and G/F conc.
Bldg "B" hard core and G/F conc.
Bldg "A" back lilI kerp
Bldg "B" lst floor P.c Erection
Bldg "A" ha.d core and G/F conc
Bldg 'A" stail waıı
B|dg "c" lst lloor P.c Erection
Bldg "A" 1st floor P.c E.eclion
Bıdq'A-'c" 2nd fıoor p,c Ereclion
Bıdg "B" 2nd floor p,c Eleclion
water tank and side wall
Arcade p,c and penthouse p.c Erec.
8ldo "A" Block wo.k
8ldg 'B" Block work
Bldg 'c" Block wo.k
Dummy aclivily
,Bldg "c" plasıer G/F
Dummy acliviıy
Bldg "A" plasıer Gi/F
Eleckic piping
Plumbing

(m) (b)
11 19
79

11 14
67

14 1]
19 21
17 20
10 17
11 12
10 11
12 15
13 14
19 22
9 11

14 15
13 14
79

15 16
7ıJ
68

11 ı3
30 34
26 3 0
12 14
2|, 23

(a)
10

5
9
4

13
15

8
9
8

10
11
15

7
12
11

6
13

5

8
25
22
1,1
16

17
10

40 45

29 34
1 9 20
12 14
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23 29
21 48
21 17
22 28
232s
24 26
25 14
26 30
26 38
26 37
27 43
28 31
2a 32
28 3:l
29 34
29 35
29 36
30 39
30 40
31 46
31 45
32 16
33 46
34 41
34 42
.35 42
3\6 42
3J 40
3a 40
39 40
40 49
4l 4l2
42 49
43 4!)
44 4<J
45 46
46 49
47 49
48 49
49 50
49 51
50 51
51 52

Bldg 'B' plaster Gi/F
Hand ,ail ma*inq
Roorsloop conc.
Bldg 'A' Plast€r 1st
Bldg 'B" plaster ,| sl
Bldo 'c' plaster 1st
Elecıric wo.king
Bldg "c' terrazzo tile
Bldo 'c' susPnd€d ceiling
Bldg "c' all doo. windows
saniıary piping
Bldg 'A" lgrrazzo tile
Bldg 'A' suspend8d ceilin9
Bldg 'A' all dool lvindows
Bldg 'B" te(azzo tile
Bldg 'B" suspended teiling
Bldg "B' all door windows
Bldq 'c" ceramic tile
Bldg "c' maİble wolk
Bldg "A" ceramic tile
Bldg 'A' maöle woİk
Bldg 'A" putling
Bldg 'A" wooden door fixing
Bldg "B" ceramic ıile
Bldg "B' marble work
Bldg 'B' puıty
Bldg 'B" wooden doo. tixing
Bldg 'c' wooden door fixing
Bldg "c' pıltty
Dummy aclivity
Bldg -c" internal painı
Dummy actiVily
Bldg "B' antelnal paint
saniıary 

'iXin9Lightjng {ixing
oummy acıivily
Bldg 'A' inıe.nal painı
Roof waler prool and test
BIdg "A*B''c' hand raiI fixing
EXternal painl
Bldo "A"'B"c" exlernal painl lest
t.)ummy activiiy
s.ile

6
18
14
15

9
19
26

8
13
12
11
10
ti
9

13
9

13
11
10
16
15
12
10

8
10
30
18
14

10

4;
20
36

ti g

20 22
17 19
18 20
11 13
22 25
31 35
11 12
11 13
14 16
15 18
12 14
11 12
10 12
12 13
15 17
10 13
14 16,l2 14
13 ,l4

19 21
16 18
14 16
12 13
10 11
12 13
31 39
20 22
15 17

12 14

l3
22
11
,l4

19

8

58
23
43

16
28
14
18
21

11

52
21
40

14

12
16
20

10



E.dye. 0niYc..ı6si lkıi.adi Y. lds,l tİİrüi.r FalolE9i oc.gisi, s.ı 9, Xagm ı991
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